0. Cviceni: Opakovani derivace a integraly
Derivace

Priklady: Urcete derivace nasledujicich funkci

1. f(z) =e"(—5cosx + 12sinz)

f'(z) = 5e’*(=5cosz + 12sinz) + e (5sinx + 12 cos x) = —13€>” cos z + 65¢°” sin

2. f(w) = —h— = 4(—10 + 2)"!

—10+x
fa) = =4(=10 +2)% = —5iop
3. f(x)=3In (%)
_ 11—z l1l(—2)—(O+4x)(=1) _ 11—z 2 _ _1
@) =1~ e = 2 1r2 (1oa)? — 127

0 — g TE O _ el _x

FO = e e = !
) = g T@ O el e
fo=lp == ==

— derivace v bodé xy = 0 neexistuje (limita zprava se nerovna limité zleva)

5. Najdéte rovnici te¢ny a normély funkce f(z) = LIn 2 v bodé M = [1,7].

Tz

Rovnice te¢ny ¢ : y — yo = f'(xo)(x — x0),
rovnice normaly n : y — yo = —m(x — xp).

F1)=4mi=0-M=[1, /1) = [0



Integraly

Piiklady: Vypoctéte nasledujici neurcité integréaly (tpravy):

L[ (1= 3) Vavade= [ (1-8272) (z-2Y2)Y2dx = [ (1 — 8272) (2%/2)"/2 da

23/4

:f(x3/4 8x_5/4) dr = 4 A48 Ax VAL O = 4 T/t 3207V C

o, [T gy = VO gy = [N gy = [ (14 L) de =~ Infe] - g+

5

Piiklady: Vypoctéte néasledujici neurcité integraly (per partes):

Na otevieném intervalu plati [u(z)v(z) dz = u(z)v(z) — [u(z)'v(z)d
1. [Inzdzx
D I

=|Inz, 1 |=zlhz— [ldr=alhz—2+C
+
1\
z 7T
-

2. [a?cosxdx

D I

2
x? 4+ cosx :
= L =a?sinz + 2z cosx — 2 [coszdr ==

2r _ sinx

2sinx + 2z cosx — 2sinx + C

2— —cosx
+J

Piiklady: Vypoctéte nasledujici neurcité integraly (substituce):

t—lna: 1 1

sinz t=2+cosx | L. B
2 f\/m ‘dt:—sinxdx ——fﬁdt——2ﬁ+0——2v2+cos:p—l—0

Piiklady: Vypoctéte nasledujici neurcité integraly (rozklad na parcidlni zlomky):

3
x
L. fx2+3:1:+2 dx

Tx +6

3+ 2 2) = o v

(" +3r+2)=x 3+x2—|—3x—|—2
Tr+6 Tr +6 A N B Alr+1)+ Bz +2)
24+32+2 (24+2)(x+1) x+2 2+1 (z+2)(z+1)

2



7r+6 8 1
dx = -3+ ———— | dz = — —
’ /(I +x2+3x—|—2) ’ /(x 3+x—|—2 x+1

—Tx+6=Ax+1)+B(zr+2)=(A+B)x+A+2B

R 7 = A+ B
2 6 = A+2B

=A=8 B=-1

Tx +6 8 1
= - —
24+3x+2 z+2 z+1

2
:%—3x+81n|$+2|—1n]x+1]—|—0

)



1. Cviceni: Funkce vice proménnych
Defini¢ni obory

Priklady: Urcete a nacrtnéte defini¢ni obor nasledujicich funkei

L. f(z,y) = cotg(2z +y)

Dy pro f(z,y) = cotg(2z +y)

e +y £ kr, keZ

Di = {[z,y] € R? : y # k1 — 22,k € Z} . \f:ff\\

2. f(z,y) =5—In(2x +y)

Dy pro f(z,y) =5 —1In(2z +y)

20 +y >0
Dy = {[z,y] e R? : y > —2x}

3. f(z,y) = VI —a?+ /1 -2
Dy pro f(z,y) = VI—a®+/1—¢?

1—2?>0A1-y*>0 .

1>2°A1>y°
Dy ={lz,yl e R : 1> [z| A1 > Jy[}

=1

y=-1




4. flz,y) =z +y
Dy pro f(z,y) =z +y

r+y=>0
Dy ={lz,y] eR*:y > —a}

Hladiny funkci

Priklady: Urcete a nacrtnéte hladiny nasledujicich funkci

L. f(x7y) :_‘TQ_ya Df:RZ

flry)=—a>—y=c
y=—-1—c ceR




Diferencialni pocet funkci vice proménnych
Parcialni derivace

Priklady: Urcete vSechny 1. parcialni derivace nésledujicich funkeci

L f(z,y) =y°
fi(z,y) =y oy,  fl(z,y) = ay™
2. f(x,y) = ye™
iz y) =y'e™,  fy(x,y) = aye™ + e

3. Urdete vSechny parcialni derivace 2. fddu pro funkci f(x,y) = €.

2 Y
(T, y) = ee™
vy (T, Y) = eye:ey + evee . fey = eyemz + erye“Z
e (T, Y) = e“ey e - xe¥ + e eyy: eYe™ + xejye“ ,
(T, y) = e - xe¥ - eV + e - eV = 2% e 4 ze™e!
~ ~ . .. 92 52
4. Ukazte, ze funkce f(z,y) = ygfﬁ vyhovuje rovnici 8—;; = a_yj;
ﬂ . 2xy
Or — (y?—a?)?
I = Pf _ 2y(P—a?)?—2zy2(y*—2?)(—2x) _ 234623y
- 8$2 - (yQ—I2)4 - (y2_x2)3
% _ {E2+y2
oy~ (y*—a?)?
p = f _ _2—a?)?—(yPe?) 2y —a?)2y _ 2y 4627y
ooyt (y2—a?)* T (yPa?)3
L=P
Gradient a smérova derivace
1. Urcete smér a velikost nejvétsiho ristu funkce f(x,y) = -2~ v bodé M = [1, —1]. Déle

2y+x
derivaci funkce f v bodé P = [1, 1] ve sméru vektoru s = (1, —2).

grad f(.%', y) - ((Q;Exp T (gy%fx)2>
grad f(M) = (-2, -2)
jgrad F(M)] = 2v/2




2. Urdete derivaci funkce f(z,y,2) = 2? + 3> + 2% v bodé M =

= (1,1,1).

grad ¢(x, g); z) = (2z,2y,22)

grad p(M) = (2,—4,0)
Is| = V3
0D _ grad p(M) - & = (2,—4,0) - (g, &, 1) = — 28

[1,—2,0] ve sméru vektoru

3. Ur¢it maximalni hodnotu derivace ve sméru pro funkci f(z,y, z) = 22 + 4> + 2zyz v bodé

M =11,3,2].

grad p(z,y,z) = (2x + 2yz, 2y + 2xz, 2xy)
grad (M) = (14, 10, 6)
lgrad o(M)| = /332

4. Uréete derivaci funkce f(z,y) =4 — 2z — 3y v bodé P = [2,0] podle vektoru s = (—2,0).

Js
x(t)=2-2t, y(t)=0+4+0t, teR
F(t) = f(x(t),y(t) =4 —2(2—2t) =4t
F'(t)=4— F'(0) =4 — 2 =4

5. Urcete gradient a jeho velikost pro funkci f(z,y) = 22°+y* vbodé A = [1,1], B = [—1,2],
nakreslete obrazek. Déle urcete, ve kterych bodech roviny je gradient kolmy k ose x.

Tlustra¢ni obrazek pro f(x,y) = 222 + 2

grad f(z,y) = (4z,2y) grad f(B)

gradf(A) = (47 2)7 |gradf( >| = \/_
gradf(B) = (_474)7 |gradf( ) = \/_

(4z,2y) - (1,0) =0

dr=0—=>x=0 -2

Gradient je kolmy k ose x v bodech |a, 0], ‘
a € R




6. Urcete gradient a jeho velikost pro funkci f(z,y) = z2+2y* vbodé A = [1,1], B = [—1, 2],
C' = [2, —1] a nakreslete obrazek. Déle urcete, ve kterych bodech roviny svira gradient s
osou z uhel p = 7.

Tlustraéni obrazek pro f(z,y) = 22 + 2y?

grad f(z,y) = (27, 4y) ’
grad f(A) = (2,4), |grad f(A)] = V20

grad f(B) = (—2,8), |grad f(B)| = V68 "
grad f(C) = (4,—4), |grad f(B)| = V32
(2z,4y) - (1,0) = |(2z,4y)| - |(1,0)] - cos & <]

20 = \/4x* + 16y? -
lr? = %( {22 + 16y2)
202 = 8>
szl =1yl

N . =~
2 N P

Totalni diferencial, te¢na nadrovina

1. Urcete totélni diferencial funkce f(x,y) =

__z
2 +y2 .

df = — Pz dr — m22y32 zdy + x21 sdz
(z2+y?) (z%+y?) +y

2. Urcete te¢nou nadrovinu funkee f(x,y) = 9z% + y*> — 25 v bodé T = [1, 3, 7).
T =11,3,-7]

Rovnice tecné nadroviny 7 : z — 29 = f,(T)(x — x0) + f,(T)(y — v0)

fi(x,y) = 182, f1(T) = 18
fi(,y) = 2y, f1(T) =6

T:z+7=18(x —1)+6(y —3)
0=18z + 6y — 2 — 43
Derivace implicitni funkce

Priklady: Urcete derivace implicitné zadané funkce F(x,y(z)) = 0.

l.y=x+Iny

Fl(z,y) =

< = =



2. y—axel 4+ =0, A=[2,0]




2. Cviceni: Diferencialni pocet funkci vice proménnych
Lokalni extrémy funkce vice proménnych
Priklady: Najdéte lokalni extrémy nasledujicich funkci
1. f(z,y) =3zy
D; = R?
Nutné podminky: Flz,y) = 3zy
folz,y) =3y=0 — y=0
filzy)=3z=0 — 2=0
— Stacionarni bod: P, = [0, 0]

Postacujici podminky:

0 3
Dy(Py) =0, Dy(P1) = —9 < 0 — nelze rozhodnout.

2. f(x,y) = 2% + 2zy + 2y* — 32 — by
Dy =R

fulz,y) =20+2y—-3=0/-1 fz,y) = 2% + 22y + 24> — 3z — by
fow,y) =22 +4y —5=0

1

=>2y—2=0 — yzl,x:§

Staciondrni bod: P, = [3,1]

A =HR) = |5 ]

Dy(Py) =2> 0, Dy(P;) =4 >0 — vbodé P, nastava
lokdlni minimum f(P;) = —1.
3. flx,y) = 22% + zy* + 52® + ¢*
D; = R?
folx,y) = 62° + > + 10z =0
fowy) =22y +2y=0 — yl@+1)=0

f(z,y) = 22% + zy? + 5a® + y?

- x=-1Vy=0
r=-1: y’=4 — y==2

)
y=0: 32°+5z=0 — r=02=—2
Stacionarni body: P, = [—1,2], P, = [-1,—2], N 2 -2y

P3: [070]7 P4: [_270]



[12z4+10 2y
H(x’y)_[ 2y 2x+2]

w = 35w =[5

Di(P) =—2<0, Dy(P;) = =16 < 0 — v bodé P, nenastava lokalni extrém.
Di(Py) = =2 <0, Dy(P,) = —16 < 0 — v bodé P, nenastava lokalni extrém.

H(P3):[100 g} H(P4):{—&o 0}

Dy(P3) =10 > 0, Dy(P3) =20 > 0 — v bodé P nastava lokdlni minimum, f(P;) = 0.

Dy (Py) = =10, Dy(Py) = % — v bodé Py nastava lokalni maximum, f(Py) = %

4. f(x,y) = 2® + 3zy* — 150 — 12y
f(x,y) =23 + 32y? — 15z — 12y

D; = R?
filr,y) =32 +3y>—15=0 — 2°+3y*—-5=0
2
filz,y)=6ay—12=0 — y==,2#0 50
x
Vyloucené = = 0 rovnici nespliuje.
2, 4 4 2 2 2
=5 = — "=bhr*44=0 — (2°—-1)(z°—4)=0 — zx==£1Ver==£2
x

r=1y=2 z=-1:y=-2 z2=2:y=1 z=-2:y=-1
Stacionarni body: P, = [1,2], P, = [-1,-2|, Py = [2,1], P, = [-2, —1]
| 6z 6y

H(P) = [ 162 162 } H(p) = { —_162 __162]

Dy(P) =6 >0, Dy(P)) = —108 < 0 — v bodé P, nenastava lokalni extrém.
D(Py) = —6 <0, Dy(P2) = —108 < 0 — v bodé P, nenastava lokalni extrém.

- 5] o[ % )

Di(P;) =12 > 0, Dy(P3) = 108 > 0 — v bodé P; nastava lokalni minimum, f(Ps;) = —28.
Dy(Py) = —12 < 0, Dy(Py) = 108 > 0 — v bodé P, nastava lokalni maximum, f(P,) = 28.



3. Cviceni: Integralni pocet funkci vice proménnych
Dvojny integral

Piiklady: Pro integral [[ f(x,y) dzdy uréete oba typy mezi a nacrtnéte mnozinu M:
M

1. Mnozina M je trojahelnik s vrcholy A =[0,0], B = [2,1], C' = [-2,1].

M, : —2<z<0, My: 0<2<2
Tey<1 Toy<i
T = Y= 5= Y=
0 1 2‘ 1‘
[ s@wdsty= [ [ repayics [ [ iz
M 2 /2 0 z/2
Typ II
M: 0<y <1,
—2y <x <2y

J[ sty dody - /1 7 f(z,y) du dy

0 —2y

2. Mnozina M je definovana rovnostmi y = x — 4, y* = 2z.

Msy: 2<zx<8,

r—4<y<+V2
2 2z 8 @
//f(x,y) dwdy:/ / f(z,y) dydx+/ /./'(Jzy) dy dx
M 0 _\2zx 2 o4



%Sx§y+4
4 y+4
//f(x,y)dxdy=//f(x,y)d:vdy
M S22/

Priklady: Jsou dany néasledujici integraly, nacrtnéte integrac¢ni oblast a zaménte potradi inte-
grovani:

11—z

1
L.I=[ [ f(z,y)dydz
0 0

Y

4% 6 6—y
2. 1= [ [ flzy)dedy+ [ [ flz,y)dxdy
00 4 0




Priklady: Spoctéte nasledujici dvojné integraly a nacrtnéte integrac¢ni oblasti:

1. I = [[ay*dxdy, kde M je urCena vztahy: 2° +y*> —1 <0,z +y—1>0.
M

1 -y 1 y
1 = .
:/ / ry? dx dy:/{ﬁgﬂy?} dr = //\31 g 1
0 1—y 0 1-y /, \
l’ 1
1 1, 1% 1 ; AN
3 4 4 5 \\ // \y=1—x
= [ =y de = | 7' - 20| = .
/(y v Lly 540 20

0

2. I = [[ydzdy, kde M je urdena vztahy: 2> —y +2=0, 2 +y —4 = 0.
M

1 4—zx 1 A
1 —T
—92 2242 ) 242
1 1
= 5/(—$4—3$2—8$+12)dx:
—92 : :
1 1 1 ]1 -2 1 =
= |—=2® — 2% — 42 + 122 = —.
2 5 . 5

3. I = ff ev dxdy, kde M je uréena vztahy: =0,y =1,y = 2, y*> = x.
M

2 y2 2
= / /ez dz dy = / [ye%
1 0 1 i
D I |
=y €& |= [yey —e¥ — —y? >
1 e¥ 27 |

4. I = [[ dxdy, kde M je ur€ena vztahy: x +y =4, z +y = 12, y* = 2z.

M
8 [ Vaz 18 [ 12—x
:/ /dy dl‘—l—/ / dy | dov =
2 4—x 8 2z
8 18
Z/(v2x+x—4) d$+/(\/2x—x+12> dr =
2 8
21/2 1 i
[ 3 x +2£E T 2+

18
2v2 1 4 122 1
+ [ixm — a4 12:1:] T %6
8

3 33 3



5. 1= [[(z*+y)dxdy, kde M je ur€ena vztahy: y = £, y = 2z, xy = 2, x > 0.
M

2
2 2 T

/(x2+y)dy d:v—l—/ /(x2—|—y)dy dx =

dr =

~
Il

NI
<

& 1
o
<
_I._
IS
[
o
8
QU
&

+
—
&

<
_I_
<
o
[
8
o
<
|
o
8

[SIE]

S

~
I
O\H
—
8
no
_I_
<
[N}
S—
Q
<
Q
S
I
—
|l
8
(Y]
<
_l’_
wl|S,
_
o Ht\::

:1:4—1—3:—6 dr = x_5+9c_71_1+i
3 5 21f, 5 21

fei dxdy, kde M je uréena vztahy: x =0,y =0,y =1, y*> = x.
M

I
O\H

7.1

1 y? 1 1

=/ /ezd:v dy:/[yez]zzdy:/[yey—y]dyz

0 \O 0 0
D I 271
_| oy e :P&_&_z}zi
1 o 21, 2

8. I = [[xy®dxdy, kde M je uréena vztahy: © =0, y = —z, v = 2, y = 2°.
M

!
/

2 x? 2 y3 22
1 :/ /xy2 dy | dx :/ {xg] dy =
0 \ 0 e




9. I=[[ ;—i dzdy, kde M je ur¢ena vztahy: xy = 1, y = 4, x = 3.
M

)
12
Az 3
2 1 4z
I:/ /x_zdy dx:/xQ{——} dx =
Yyl
12 \3 1/2
; 3
_/(—E-i—m?’) dr = x_4_x_2 _ 1225
= 4 B 4 8 12 64 )
1/2
%

10. I'= Afif xfyz dzdy, kde M je urcéena vztahy: y =1, y = 3

1 4—q? 1
— y . 2 47y2 o
_/ / e dy—/[yln|x+y 157 dy =
3 \¢ 1
1 ) \ |
:/(yln|4—y2+y2|—yln|2y2|) dy = ::::(\::
% | || AT - - ¥
/ 1 §
3 1
2 2
1_l) I y2 y2 y2 1 3
?1J z:/yz [ N 2 ny+ 2]1 n +8
y 2 3

2 4—y? 9 o dy?
0
) 0 %

2
9
= / (64y — 64y° +249° — 4y" + %) dy

— 2 4 6 1 g ?Jlo 2
2 1 + 4% — = I _
{39 6y Y 2@/ +40]2—0



12. I = [[(2* + y*) dzdy, kde M je urdena vztahy: y =1,y =2, x = —y*, © = y*.
M

1

2
(gyG + 2y4) dy =

p) 512
2 A 202
21 5], 105

2
/
20 3 Y
_3 —y2
1
7
1



4. Cviceni: Integralni pocet funkci vice proménnych
Dvojny integral - substituce

Piiklady: Vypoctéte integral [[ f(xz,y) dzdy a nacrtnéte mnozinu M:
M

1. I = [[arctg £ dxdy, kde M je uréena nerovnostmi = > 0, y > 0, 2% 4+ y* < 1.

M
Yy
71
T =TCos, 0<r<i1, s
. ™ : .
Yy =rsingp, Oggogg, \ 1)z
|J|:74 \\\\—_’///

ks ™

7 /2 /1 ¢ rsin ar | a / r? ld 1 [¢? B
= arc rdr = — =-|=| ==
&\ reosp 4 27, T 22 16

0 \o 0

0

2. I = [[2(2* + y*) dzdy, kde M je urdena nerovnostmi || <y, 1 < 2%+ y* <4
M

y
Sy=lal 2yy2oa
T =1Cos, 1<r<2,
i Tep<l ; .
= rsin - 27 / \
Yy ®, 4 =P=70 ) > “ Y
|J| -7 vl / AN \\1x2+y%:1
1 2
3 .
TG [ 2 i
4712
I'=2 r?cos? ¢ + r?sin® ) rdr | d :/ T go = 2t = 27
/ /( o+ ?) o 7| de=5 i =
T M T
3. I = [[ ——— dxdy, kde M je ur¢ tmi y > 0, 1 < 2? +y? < 4.
&f x2+y2 x y, e Je urcena nerovnostimai y =0, <z +y <
Yy
2 +y? =4
L =TCcosp, 1<r <2
Y = 7rsin e, 0<¢<m,
|J| =7 /\ﬁ_’_y -
1 2

™ ™

= ] /2 N ¢)21+ G ] = / i de = / do=lelo =




4. I = [[ zarctg? dzdy, kde M je uréena nerovnostmi z > 0, y > 0, 1 < 2% 4 y* < 4.
M

372
I:/ /(r2<pcoscp) rdr d(p:/gocosgo{%} dp = =
1
0

=| ¥ cosg Zg[sosinso+cosw]§=

T = T Cosp, 1 <r <2,
Yy = rsinp, OSQOSg,
|| =r
X

5 /2 z

0 \1
D I

Wl

G-

1 sinep

= L dxdy, kde M j é tmi vy > >0, 1< 22 24,
5 Af/ff e ray, kde je urCena nerovnostmi y >z, y > 0, 1 < 2° 4 y° <

(]

Y
y=x
T = 7 COoSp, 1<r <2,
. T
Yy = Trsinp, Zggogw,
Il =7

rcosgo

\/ (rcosp)?

3 3 3
rdr | dp= [ Scospdp = = [sing]z = —-v2
+ (7 sin )2 4 /2 vay 2[ SD]Z 4

4

6. [ = [[ dxdy, kde M je uréena nerovnostmi y > 0, z* + y* < 4.

M

T = T CoSp, 0<r <2,
Yy =rsiny, 0<p<m,
|J| =7

o
IS8
AS)
I
—
)
QU
AS)
I
N
3

m 2 T ,',.22
I:/ /rdr dgpz/{;]
0 0 0



7. I = [[/2? +y?dxdy, kde M je urdena nerovnostmi =* + y* — 2z < 0.
M

8 2
Zlo_Z
1(2-3)-3

x=rcosp, y=rsing, |J|=r
x2+y2§2az — r2§2rcosg0 — 0<r<2cosp,
3 s
= cosp>0 — —7m<p<—
2 2
2 [ 2cosp 2 2
37 2cosp ]
:/ /r2dr d@z/[r—] d@z—/ cos® ¢
3 0 3 3 0 33 2
S s S (1—sin® ) cos
t=singp .3 1%
= dt = cos pdyp zg{singo—smggp} =
fa-t)dt=t-L +C g

de

(=12 +y* =1

32

8. I = [[xydzdy, kde M je uréena nerovnostmi z* + y* — 2z > 0, 2% + y* — 4z < 0, y > 0.
M

oy

r=rcosp, y=rsing, |J|=r
Yy
2 +y*>2 — r*>2rcosg — 1 >2cosgp >0,
x2—|—y2§4x — r2§47“cos<,0 — O§r§4cos<p,2
2cosp <r <4dcosyp 1
cosp >0
y>0 — rsing>0 — sinpg>0
cosp>0 A sinp>0 = goE(O,g>
% /4cose 3 4 dcose
/ / 73 sin ¢ cos p dr dgo:/singocosgo[%] dy
J ko ) 2cos
t=cosp 1 z
dt = —sin@dr = —60 {6 cos® 40 de =10

—[Pdt=-L +C

o
[VE]

60 sin ¢ cos® @ dp =



9. I = [[/2? +y?dxdy, kde M je urfena nerovnostmi z? + y* < 1, 2% + y* — 2y < 0.
M

2 +(y—-1)2=1

r=rcosp, y=rsing, |J|=r

P+ <1l — 0<r<i1,
Py <2y — rP<2rsing — 0<r<2singp,

0<2sinp<1 — 0<sinp<si: — @e<o,g5>u<g,%ﬂ>
1 <2sing — %Ssingp — v €%, 5)
T OT
= re(0,1) e (=, —
re(0,1) pe(Z, o)
= re (2sinp,1) ¢ €0, %)
=
% 1 % 1 T 1
I:/ /'err d<p+/ /rzdr d<p+/ /7’2dr do =
= 0 0 2sin 5% 2sin
5 5
371 371 7r_3 1
:/H dw/H i+ | T_} do—
3 0 3 2sin _3 2sin
s 0 5m
6 6
ke jus
61 6 1 8 ™ 1 8
:/éd“/(g—gsmg"”) dw*/(é—gmgw) do =
™ 0 5w
6 6
1/5 5 s f 8 [
_§<%_%+6_0 W—%)—g/singo(l—COSQ@)dgo—g/singo(l—0082<p)dgo—
0 T
t=cosyp 3 [ 1 g ™ 1
= dt = —sinpdr :5/(c0sg0—§cos3go)d<p+§/(cos<p—50083<p)dgoz
3
—[A-*)dt=—t+5+C . 4
_6V3 32
3 9



10. I = [[ a®dxdy, kde M je ur€ena rovnostmi vy = 1, zy = 3, y =
M

transformaci: zy = u a % = v.
€T

2
xT

5, Y = 227, Pouzijte

y
3§/g \\’y:212
1§u§3, 3 , 2y = x2
—<v<2 \/15 ) < _ay=3
20 Vi Ym=a
3% f/g T
U
y=—, y:U£U2
T
u U
- —=or? = ==
x v
— xr = 3 — — y: 3u2rU
Jacobian:
U
=a2(uv)= ¢ -, y=y(uv)= Vv
v
dr Oy 1,,~2/3,=1/3  _1,1/3,,—4/3 1 9 1
|J‘ = % 3_5 ': 2,,~1/3,1/3 1,,2/3,-2/3 §1} 1+§U 1:3_
ov ov 3 3 v
2 3 9 )
u 1 1 U2 1 3 4 1 4 1 2
——du | dv=— | dv==[ —=duv==1]-Z] =2
/ /v?w 3/[21)2}1 3/1;2 3[1}}1
3 ! 1 1 2



5. Cvic¢eni: Trojny integral
Piiklady: Vypoctéte integral [[[ f(z,y,z) dzdydz a nacrtnéte mnozinu
Q

1. I = [[[xy*zdedydz, kde Q@ = {[z,y,2] ER},0<2<2,1<y<31<z<2}.
O

- ff sty [ [o05] -

Qay

3 3
3 227?
de:cdyzi/ {yQT] dx=3/y2dx:
1 0 1

|
| W
\w &
o\w —

2. I—fff“ydxdydz kde € je ur¢ena vztahy z =0,y =0,z +y=3,0< z < 4.

I—// /x+ydz dxdy =
// (z +y)In|z + 4]y dedy =

Quy

3 T 3 2 3w
=//(x+y)1n2dydx=1n2/[:cy+ ] dx =

0 0 0




4. I = [[[ dzdydz, kde Q je ur¢ena vztahy =0,y =0,2=0,z=1, 2 +y + 2z = 2.
Q

2—y—=z 1 2—2
I:// / dxdydz://(Q_y_z)dde:
Qy. 0 0 0
1 z

5. I = [[[ dxdydz, kde Q je uréena vztahy x =0,y =0, 2 =0,z +y + z = 1.

Q
1—z—y 11—z
[://dzdxdy://(l_x_y)dydx: .
Qoy 0 0 0
1

21 1—2x 1
:/[y—xy—%]o dr =




6. [ = fof m dxdydz, kde () je urcena vztahy v =0, y =

0, 2=0,z4+y—2z=1.

1
I = dz dxdy =
///(:c—i—y—z—i—l)?’zxy “
Qupy zt+y—1
1 1—=x
et e 2
= — y.l’: zy
2 24+ 1)2 >
00 (JH-?J Z+) z+y—1 /1 ya1l—g // 1\y>
111—:0 . z A
1 y
= — _—_— = dd = v
2//((a:+y+1)2 4) yaor g
0 0 —17
1
1/ 1 117"
2 r+y+1 47,
0
/11 13 2 ! 1/3 1 1 5
X
— 4 (1—2)— dr = —= |22 — 2= 1 1] =—=(2-Z)=-m2-——
2/(2 -0 1> 2{4:” g ~lnles |L 4(2 4> 2 %716
0

7. I = [[[ydxdydz, kde 2 je uréena vztahy = > 0, y > 0, /22 +y?> < z < 2.
O

2

— J— 2 —

—// / ydzdxdy—//[yz]\/mdxdy—
Q;cy \/m Qxy

2 \4—22

2/ /(2y—yM)dydx:

t=a”+y
= dt = 2ydy =
[(=yv/22+y?) dy = -3 [Vidt = —1VE
2 . N
I/{yQ—— (:C2+y2)31 do =
3 0
0
2 1 1
_ _ 2 34 2)3 —
/ 4—z 3\/84_—%3\/@) dx
0 3
I PP Ol
B 337 12], 3




8. I = [[[1dxdydz, kde Q je uréena vztahy + =0,y =0,2=0, —z +y + 2z = 2.
O

24x—y 0 24z

I:// / dzda:dyz//(2+x—y)dyda:=
Quy 0 Z2 0
0

0
yz 2+ 1
=/{2y+xy—?} d:c=§/(2+x)2d:c=

0

-2 -2




9. Vypoctéte objem télesa Q = {[x,y,2] ER3,0< 2 <3y,0<y <1,0 < 2 < 2%+ ¢%).

x2+y2

///1dwdydz:// / dz | dxdy =
Q Quy 0

1 3y 1

3 3y
://(x2+y2)dydx:/{%+xy2] dy =
0 0 0 0
1

= /12y3dy= [3y'], =3
0




Trojny integral - substituce do valcovych souradnic

1. Vypoctéte integral I = [[[(2? + y?) dedydz Q je uréena nerovnostmi 2 + y* < z < 1.
O

z
r=rny re
yoreme p € (0,27)
= ze (r’1
|| =7 ’

I:///r2-rdzdrdg0://r3 drdgp://r — ) drdy =
0 0

2. Vypoctéte integral [

V242 <2 <6— 22—y

[[[ V2?4 y*dedydz € je urdena nerovnostmi
O

T =TCosp

Yy =rsing re{0,2)
L p € (0,2m)
= z € (r,6 —r?)

V242 <z2<6—a2—y? = r<z2<6-172
Polomér spole¢né kruznice:

2= g2 4P
z2=6—a22—9y* — 22+’ =6—2

- b6—z=z — 2242-6=0 — 71 =2,20=—3

27 2 6—12
I = ///r rdzdrdng:// 67"2drd<p:// r? —rt — ) drdp =
00 0
R N
[l g = [ gp=2
L/h[7" 5 4:L] T )T ET
0 0



Trojny integral - substituce do sférickych souradnic

1. Vypoctéte integral [ = [[[ zdxdydz Q je uréena nerovnostmi 0 < z < /9 — 22 — 2,
0
z>0,y>0.

z
X = T COoS P cos v
. r € (0,3)

y = rsin g cos v i
z =rsind » €10, 3)

. v e (0,%)
|J| = r? cosd ’2

3 3y

0

3 3 3
473
I:///rsinﬁ-rQCOSﬁdrdwdﬁ://sin'ﬁcosﬁ [TZ] de dd =
00 0 00
3 3

jus

t = sin?d

1 1
:%//sinﬁcosﬁdgpdﬁz%W/Sinﬁcosﬁdﬂz dt = cos¥dl) | =
0 0 0 ftdtzg-l-c
81 = 81
= 16" [Sln2 19}5 =167

2. Vypoctéte integrdl [ = ——L—dadydz Q] ¢ tmi
ypoctéte integra | Qf i T xdydz je uréena nerovnostmi

2y 4+ 2<1,y>0,2<0.

T =1 Ccospcost

. re(0,1)
= rsiny cos v '
Z:rsing # € {0, )
|J| = 72 cos ¥ Ve (-30)

T 1 0

0 T 1
1 1
]:/// T2COS?9d7”dg0dQ9:/// r+4+—6 cosdrdy dy =
r—4 r—4
-2 0 0 0 0

Wl

m m

0

) 1

/[%+4r+161n|r—4|] cos v dp di = (g—i—lfiln%)//cosﬁdgpdﬁ:
0

0

0

0
(9 3 (9 3N g0 (9 3
_7r<2+161n4)/cosﬁdﬂ—ﬂ(2+16ln4) [s1n19]_72r—7r(2+161n4>

™

2

Il
—

[ME]

[ME]



6. Cviceni: Vektorova analyza
Priklady:

1. Je déna kfivka C: 7#(t) = (1,%), t € (0,00). Nadrtnéte kiivku C. Urcete teény vektor v
bodé t = % a nacrtnéte. Dale urcete bod, ve kterém je tecna rovnobézna s ptimkou y = .

Eliminace parametru t: t = 2 — y = 2%, = > 0 —

parabola.

Piimka y = x ma smérovy vektor: § = (1,1), tj.
vSechny rovnobézné vektory jsou libovolné nasobky:
S, = (k,k), ke R.

1 2 1 2
kRN TR e s

11 1 1

Priklady: Urcete a na¢rtnéte vektorové ¢ary vektorového pole d(z,y).

)

1. d(z,y) = (z,y).

dalt) e _ SN B
dt dt NN W g
dx dy NN LT
N R I
x y ~o ~\::\\ /,:”: _-"

lnjz|=t+Cy, CL€R  Inly|=t+Cy Gy €R P S,
2| = e = e“1et ly| = et = C2et LT NI

— // ,,/ \\ \\\ h
l’(t) = Klet, Kl eR y(t) = ngt, K2 eR “ ?’ v ,/ / A AN ™~ \\Tj
% S Vo N

F(t) = (Klet,ngt), te R, Kl,KQ eR

Obecné rovnice (eliminujeme parametr ¢):



\\ y /,
dy(t)  dx(t oo N /7 //
ﬁ — ﬂ, x’ y # 0 \\\ \\ 7 //
_y _I \\\t ~\A ~>‘\ \\\ //// )‘? / f"/k/
/ dy(t) _ / da(t) ERERRRCNONY ot e
y B ':E _ - - ',:’/%‘\\:: S o
Infy| = Inja|+Cy = Infa| +nCo, Cy ER, Cy >0 L=/ | x0T
Infy| = In(Csz]) e B
2 P AU
y=Kuz, K €R g y
Parametrizace:

r(t) = (t,kt), teR, keR

: EI:(QZ,y) = (y7 —SL’).

Y
/” \\\
I, \\
-t
dx(t) y dy(t) / ,,/ N
— —_— = — 1 N
dt dt L TN
d233' dy d2gj 1 ?' ’ \ \ \
1 1 1 1
_ = —_— — ] 1
ez~ dt dt? Voo S
\ \\ RS i ’ !
e 4 1
\\ \\ /,/ ,/
" AN B el e
r4+x=0 AN .

Charakteristickd rovnice: A2 +1 =0 — Ao = +i
Fundamentalni systém: FS = {cost,sint}

x(t) = Cycost + Cysint

dz(t
y(t) = xd(t) = —C)sint + Cycost

7(t) = (Cicost + Cysint, —Cysint + Cycost), t € R, C1,Cy € R

Obecné rovnice:
22 +y? = C? cos?t +2C,Cy costsint + C2sin® t + C?sin? t — 20,C cost sint + C2 cos? t =
C?%(cos®t + sin*t) + C2(cos? t + sin®t) = C% + C2



4 (xvy) (—y,x)
yl
d d efs
_y:_x7x7y7£0 ”—— )
X — ,/ ol .
’ - N N
/ydy: —/x,da: ,,' // 1. N
2 2 II ! //’ \\\ ‘\
Y x : J | L RN
—=-——+4+CC,C;€R . y i T
9 9 + 1, 1 \ Ji\ ' X ,l
y2+$2:201202,C€]R ' \\\ I )
\\ ‘\~_-’_-‘>—’/‘Y /,/
Parametrizace: N
7(t) = (csint,ccost), te(0,2m),ceR
5. d(z,y) = (y,1)
y N

da(t d 1 :

(t) .y, y() _1 L

dt 4

/d’y—/dt Il

/dm-/t—l—C’l

(t+ Cy)?

x(t) = 5 +Cy, CyeR

2

() = (M

Obecnéa rovnice: y — Cy =t — x =

—t—l—Cl,Cle]R "

+Cg,t+01), teR, C;,Ch R

%JrCz,CgeR




6. J(I,y) = (:Ev _y)'

I/I y] \\\
da(t) _ ) _ _, | "
dt dt - I \\
d d
/—xZ/dt,w%O —y:—/dt,y7é0 |
X Y ] ,
|| =—t+C, CL R Inlyl=t+Cy C R |
x(t) = Kie™, K1 € R y(t) = Kye', Ky € R \\\ I .-
F(t) = (Kle_t,ngt) , L€ ]R, Kl, Ky, eR \r\ ‘ ///
Obecnd rovnice: et = = y= %
y=— KeR x#0
7. d(x,y,2) = (z, —y, —2).
da(t) _ dy(t) _ d=(t)

ln\x]:t—i-C'l,ClE]R ln|y‘:—t—|—02,02€R hl‘Z‘:—t—i-C?,,CgER
x(t) = K¢, K, €R y(t) = Kee™, Koy €R y(t) = Kze™', K3 €R

7(t) = (Kie', Kye™  Kse™"), t € R, K1, Ky, K3 € R

/




Piiklady: Urcete, zda je vektorové pole @ virové x nevirové, ziidlové x neziidlové.

1. @ = (2z,3y)

ik
roti=Vxi=|4Z a% 2 1 =(0,0,0)
2¢ 3y O
= zT¥idlové, nevirové pole
2. d=(2z,2y)
divi=Va=2+2=4
ik
roti=Vxa=|Z a% 2 1=1(0,0,0)
2¢ 2y O
= zTidlové, nevirové pole
3. d=(2z +y,32?)
divi=Va=2
i ik
rota =V xa= % % %
20 +y 32 0
= (0,0,62 — 1)

diva
A
~_|l o B2 o
rota = ox Oy Oz
LC?) Ty eryz

= zridlové, virové pole

0 = 32 + x + xye™?”

= (xze™*, —yze™* y)




Priklady: Pro vektorové pole @ urcete, zda je pole potencidlové a najdéte potencidl .

— 2 2
1. @ = (2ze™ 7Y 2e™ +%)

Pole je definovdno na R? - jednoduse souvislé oblast.

i ; k 0 0
- 9 9 o | a2 ai
al(xvy) az(f,y) 0

Oar o arvay o 002 ) a2y
y ox
da oa .
8_1 8_2 = rota=0
Yy x
= Pole je potenciilové.
0
@ =gradp — —= =2ze" WA 9P _ gert+2y
dy
5 t=a2+2y
2 2 2
8—90 = 2ze” T o= /2xew Wy = dt = 2z dx ="t C
v [etdt =€+ K
g_j — 2exz+2y N 0= /2€x2+2y dy _ 612+2y X 8.
= p(r,y) ="+ C CeR
2. d= (e "siny,—e *cosy)
Pole je definovano na R? - jednoduse souvisla oblast.
8(11 —x 8a2 o
8_y:e cosy A 8—I:e CcosyY
0 0 .
% = % = rota=0
Yy x
= Pole je potenciilové.
0
a=grady — 8—('0 =e “siny A a_go = —e “cosy
x y
0
a—@:e_xsiny — g0:/e_wsinydx:—e_xsiny+0
x
dp . _x e
8_y:_6 cosy — p= | —e Fcosydy = —e “siny+ C

= p(r,y) = —e Tsiny+C, C €R



3. d=(z,y,2)

Pole je definovano na R? - jednoduge souvislé oblast.

ik
roti=| & & &% |=10,0,00=0
x Yy =z
= Pole je potencidlové.
dp I dg
a — d — — = /\ _— = R
A S ox dy Y8, =%
dp Oy d¢
—_— =X _— _—=Z
ox dy 4 0z
72 y? 2
-~ 4C —Z 40 -2 4C

:¢'¢($ay72):: E?

4. da= (r+yz,y+zz,2+2Y)

Pole je definovano na R? - jednoduse souvisla oblast.

i i k
rotd = 2 3% 2 =(rx—z,y—y,z—2)=0
r+yz y+zxrz z+axy
= Pole je potencialové.
0 0 0
a=grady — —90:$+yz/\—(p:y+xz/\—gp:z+my
ox oy 0z
dg g dg
(%—x—iryz ay—y+:vz 8Z—z~|—a:y
72 2 2
g0=?+xyz+0 @=%+xyz+0

$2 y2 22
:>90(357?J72’)=§+5+5—|—93yz+0,CE]R

5. d@ = (z,y? —2)

Pole je definovano na R? - jednoduse souvislé oblast.

k
rotd = 2 1=(0,0,0)=0
—Z

8 Flo =
S

= Pole je potencidlové.

<,0=§+xyz+(]



ar " Y o
2 y3 2

_ — —_ — = —_—— C

%) 2—|—C © 3+C % 2+

= 90(557% Z) = ?

Priklady: Ukazte, 7e funkce f(x,y) je harmonicka, tj. spliuje rovnici Af = 0.

1. f(z,y) = 2* — 62%y% + ¢

fi=42% —12z9°,  fV =122" — 12°
1

fr=—122% +4y°, fr =—122% + 12y
Af=fr+ fr, =120" — 129> — 122° + 12y* = 0



7. Cviceni: Krivkové integraly 1. druhu

Priiklady: Vypoctéte dané kiivkové integraly 1. druhu.

L v [ xd—_sy, kde kiivka K je secka AB, A =1[0,-2], B = [4,0].
i

Y

§=B—A=(4,2) .
F(t) = (4, —2+2t); € (0,1)
=) = (4.2); [IF(0)]] = V20 HE

1 1

dS 1 1 1

= V20dt = ——dt=+V5|In|t+1]|,=v5In2

/x—y /4t+2—2t 0 \/g/t—i-l \/_[n| * HO Vhln
K 0

0

kde kiivka IC je tsecka AB, A =[1,-2]|, B = [3,0].

ds
2. \/’{x_zy,
Yy

F=B—A=(22)
F(t) = (1+42t,—242t); te(0,1)
—'(t) = (2,2); ||l =2V2 |

1 1
1 1 5)
0

r—2y ) 14+2t+4—4t
K 0

3. v [(2* + y?) ds, kde kiivka K je tisecka AB, A =[1,0], B =[0,1].
K

§=B—A=(-1,1) BN

(t)=(1—tt); te{(0,1)

—7(t) = (-1, 1); [0l = V2 a
(@2 4+ ) ds= [ (1=t +t)V2dt = V2 [ (1 -2t +2%)dt = V2 fo g 2
[eres] / o
_ W2



v [(a® + y*)ds, kde kiivka K je lomend ¢dra spojujici body A = [0,0],
K
B

=[1,0], C[1,1]
ki:5=DB—A=(1,0) "
7(t) = (t,0); te{(0,1) X c
—7(t) = (1,0); [IF"@)|l =1
k22§:C—B:(0,1) 1
7(t) = (1,t); te(0,1) A kB =
—7(t) = (0,1); [IF"@)|l=1

Il
O\H
~

N
QL
~
+

O\H
—~
—_
-+
~
N
SN—
QL
~
Il

(2% + ) ds = /(:ﬁ +?) ds+/(m2+y2)ds

ko

A —

k

2.,]" 5

= |t+ 2t} =2
|:+3 :|0 3

5. v [(xz+vy)ds, kde kiivka K je obvod trojihelniku ABC, A =[0,1], B =[2,1], C = [0, 3].

K
y

y
7(t) = (2t,1); t€(0,1) 3l
—=7'(t) =(2,0); ||[7(t)]] =2
ky:§=C — B =(-2,2) 5 ks
At) = (2— 26,1+ 2t); te(0,1)
—i'(t) = (-2,2); |[F(#)]] = V8
A
1 . B
ky 5= C—A=(0,2)
A1) = (0,1+20); te(0,1)
—7'(t) =(0,2); ||7(t)]] =2
2

/(:v+y)ds:/(93+y)ds—I—/(:zc+y)ds+/(:v+y)ds:

K k1 ko k3
1

1 1
:/(2t+1)2dt+/(2—2t+1+2t)\/§dt+/(1+2t)2dt:
0 0 0
=2 [ +t], + V8[3t]y +2 [t +12], =8 +3V8



6. [ xyds, kde kiivka K je obvod obdelniku uréeného piimkami z =0,z =4,y =0, y = 2.

0§
7715) = (4, Qt); t e <0, 1> k3

k4 k’?

ks :5=10,2] — [4,2] = (—4,0)
m(t) = (4 —4t,2); te€(0,1) k1 4
—7(t) = (=4,0); |l (@)|] =4

ky:§=1[0,0]—[0,2] = (0, —2)
F(t) = (0,2—2t); te(0,1)
—=7(t) = (0,=2); [|F'(#)[| =2

/:cyds:/xyds—l—/xyds—l—/:cyds—l—/xyds:

ko ks k4
1 1 1

/4t 0- 4dt+/4-2t-2dt+/(4—4t)2-4dt+/0-(2—2t)-2dt:

0 0

=]

= [8t%], + [32t—16t] =24

7. v [a?ds, kde kiivka K = {[z,y] e R* : z € (1,2) A y =Inz}.
K

y A

(t) = (t,Int); te(1,2)

1
—>F,(t> - (]., ;) In2

NI SR 2+1 V241 X
POl = (14 5 = /= == 1 -

2 2 z=t>+1

V2 +1
/:czds:/t2 t+ dt:/t\/t2+1dt: dz = 2tdt
3
K 1 1 Qf\/_dz—%z +C

[(t2 + 1)3]i - é(&s\/g— 21/2).



A

8. v [ ds, kde kiivka K je &st paraboly y* = 2z, y € (v/2,2).
K

Yy
o t? 2
i) =(5.t) te(V2,2) /
() = (1) v
7 ()| = V2 +1 .
1 2 z
) ) z2=1t"+1
x2 14 1 dz = 2t dt
. — N 2t — _ 3./42 — )
K 5 3
v v — 12,5123 ¢
1 s 1 ;12 5 1
— | =21 — — 2+ 1)z =B VB
{20( BT )QLE AR

9. v [yds, kde kiivka K je ¢tvrtina kruznice 2 + y* = 4 v 1. kvadrantu.
K
Yy
. . ™
7(t) = (2cost,2sint); t € (0, 5)
—7'(t) = (—2sint, 2 cost)
17 (£)|| = V4sin?t + 4dcos?t = 2

INIE]

/yds:/2sint- 2<1lt:4[—cost]0g =4.

K 0

10. v [z ds, kde kiivka K je ¢tvrtina kruznice 2 + y? = 9 v I. kvadrantu.
K
Yy
. . m
7(t) = (3cost,3sint); t € (0, 5)

—7'(t) = (—3sint, 3cost)
II7'(t)]] = V/9sin®t + 9cos? t = 3

jus

/xds:/?)cost- 3dt = 9[sint]; = 9.

K 0



11. v [2?yds, kde kiivka K je oblouk kruznice z* 4+ y* = a* s pocateénim bodem [a, 0] a
K

koncovym bodem [0, a], kde a > 0.

y
7(t) = (acost,asint); t € (0, g>
—7'(t) = (—asint,acost)
Hfl(t)H:\/a28in2t+azcos2t:a —
: : Z = cost
/$2yd82/a2cos2t-asint' adt:/a4cos2t-sintdt: dz =sintdt
K 0 0 —a4f22dz:—a4§+0

2 -

,feos®t]? o
=—a :
0 3

12. v [(2® + y?) ds, kde kiivka K je popséna rovnici 2% + y* = 2.
K

A

)

(=1 +¢y*=1
7(t) = (14 cost,sint); t € (0,27)
— 7' (t) = (—sint, cost)

|7/ (t)|| = Vsin®t + cos?t =1

\_/

27 27
/(ar:2 +y?)ds = / ((1+ cost)® +sin’¢t) dt = /(2 +2cost)dt = [(2t + 2sint)]2" = 4r.
K 0 0

13. v [(2®4+y?) ds, kde kiivka K je popsana parametrickymi rovnicemi x(t) = a(cost+tsint),
K
y(t) = a(sint — tcost), t € (0,27), a > 0.

7(t) = (a(cost + tsint),a(sint — tcost)); t € (0,2m)

— 7' (t) = (a(—sint +sint + t cost),a(cost — cost + tsint)) = /\)

= (atcost,atsint)

|7 ()] = Va2t cos? t + a2t2sin®t = at




/(a:2 +9?) ds = / (a®(cost +tsint)® + a®(sint — tcost)?) at dt =
K 0

2w t? t4 o
:ag/(t+t3)dt:a3 — 4+ —| =d*@2n® +47Y).
2 1,
0

14. v Vypottéte délku asteroidy K : Va2 + /42 = Va2, a > 0.

y

7(t) = (acos®t,asin®t); t € (0,2r) ¢

—7'(t) = (—3acos® tsint, 3asin® t cost)
|7 ()] = \/9a2(cos4 tsin?t + sin® ¢ cos? t)
= 3al costsint|
z = sint
/1ds:4/3acostsintdt: dz =costdt |=
0 [zdz= % +C
= 6afsin® t]og = 6a.

15. v f 2+ 5 ds, kde kiivka IC je prvni zavit Sroubovice z(t) = cost, y(t) = sint, z(t) = t.

A
z

2

7(t) = (cost,sint, t); t € (0,2m)
— 7 (t) = (—sint, cost, 1)

17" (1)|] = Vsin?t + cos?t +1 = +/2

2

[ue [t e va[f] v

x? + y? cos?t +sin“t 3], 3
K

0



16. v [(2/2%+ y*> — z)ds, kde kiivka K je 1. zavit kuZelové Sroubovice z(t) = tcost,
K
y(t) = tsint, z(t) = t.

7(t) = (tcost,tsint,t); t € (0,2m)

7' (t) = (cost — tsint,sint + t cost, 1)
|7 (t)]] = v/(cost — tsint)2 + (sint + tcost)? + 1 =
= V2 -+t

2m

/(2 224+ y? —z)ds = /2\/132008275—1—7523111 t—1)- V24 t2dt =
K 0

27 2+t2 =12 ) -
3747 3
:/t\/2+t2dt: 2tdt = dz =5 [(2+t2)§] :5((2+47r2)§_2\/§)‘
0 LfVzdz=1s 40 °
17. v [(z +y)ds, kde K je prinikova kiivka ploch 22 +y? + 2% = a?, a > 0, z = y v prvnim
K
oktantu.
Parametrizace kruznice K(o,S,7) o poloméru r = a, se stitedem S = [0,0,0], lezici v
roviné o o rovnici (X — S): 7(t) = (51 +rcost-uy +rsint - vy, 9+ rcost - ug +rsint -
U9, S + 1 cost - ug + rsint - v3), kde u, U jsou bazové vektory lokalni kartézské souradné
soustavy roviny o. Lze brat o fx_| kde A je bod na kruznici K(o,S,r) a ¥ = u X |q|.

q= (\if \if ),U:(0,0,a)

7(t) = [ —= cost —2(:ost,a sint |,
T
2

/ 2 a2 ,
7 (t) = | ——=sint, ——=sint,a” cost
V2 V2 )

y at ., at ., o

[|7 ()] = Esin t—i—Esin t+atcos?t




8. Cviceni: Krivkové integraly 2. druhu

Piiklady: Vypoctéte dané kiivkové integraly 2. druhu (prace, po uzaviené kiivce - cirkulace)

1. f (z+y) iﬁ v Wy kde kiivka K je kladné orientovana kruznice 22 + y2 = a2, a > 0.

y

7' (t) = (—asint, acost)

7(t) = (acost,asint); t € (0,2n) /\\

souhlasna orientace

- t —asint t
(acost — asint) (acos )dt _

a?

/ r+y)de—(z—y / (acost+ asint) (—asint)
r? 4 2
K 0

(— costsint —sin®t — cos®t + sint cost)dt = —/ dt = —2m
0

2

o\

2. [ fdr, kde f = (y+1,2?) a kiivka K je ¢4st paraboly y = 1 — 2 s po¢4teénim bodem
K

[1,0] a koncovym bodem |0, 1].
y

14
F(t) = (t,1—1); te(0,1) \\PB

(t) = (1,—2t)

nesouhlasnd orientace

1

/(y+1)dx+x2dy:—/((1—t2+1)-1+t2-(—2t))dt= {5+§—2t
K 0



3. [ fdr, kde f = (y,2?) a kiivka K je &st paraboly y = 4 — 2% s po&atenim bodem [2, 0]
K

a koncovym bodem [1, 3].

y
5 | KB
F(t) = (t,4 —t*); t€(1,2)
7 (t) = (1,—2t)
nesouhlasnd orientace
‘ PB
- ; :
/ g3 2
/wm+ﬁ@=—/«4%%ﬂ+ﬂ+JMﬁz{§+§—u}:
K 1 L
8 1 1 35
=84 -—-—8—=-—=—+4=—
+ 3 2 3 + 6

4. [ fd?“, kde f: (r —y,x) a kiivka K je kladné orientovand hranice ¢tverce ABCD, kde
K
A=[1,1, B=[-1,1],C=[-1,-1], D = [1,1].

AB:7(t) = (t,1); te(—1,1) v

7'(t) = (1,0)

nesouhlasné orientace B 1 le A
BC :#(t) = (—1,8); te(-1,1)

7' (t) = (0,1) M

nesouhlasnd orientace
CD :#(t) = (t,—1); te (1,1 / ] K

7(t) = (1,0) =1 *

souhlasnd orientace
DA :7(t) = (1,1); te(~1,1)

7'(t) = (0,1) =1,

souhlasnd orientace c D

a)
1 1

/(x—y)da:—l—xdy: —/((t—1)-1+t-0)dt—/((—1—t)-0+(—1)-1)dt+
K -1 -1

1 1 t2 tQ 1
—+/ku+1y1+¢-mdr+/fu—¢yo+mn-Ddt:[—§+¢+¢+~§+t+t
—4+4=38



b) Greenova véta

11
%(m—y)dm%—xdy://(1+1)dmdy:2//dxdy:2SABCD:8

K M —-1-1

5. [ fdr,kde f = (0,22) a kiivka K je kladné orientovand hranice trojihelniku ohrani¢eného
K

osami x, y a kiivkou £ + £ = 1.

5 R
AB :7(t) = (3 —3t,5t); te(0,1)
7' (t) = (=3,5)
souhlasné orientace
K
BC :#(t) = (0,5t); te(0,1)
7' (t) = (0,5)
nesouhlasnd orientace
:7(t) = (3t,0); t€(0,1)
7'(t) = (3,0)

souhlasnd orientace

2

C 3 [x

b) Greenova véta

3 -3z 3
j{xQdy://Qxdxdy:2/ / xdyd$:2/(5w—§x2) dr =
K M 0 0 0

5, 5 4]°
—2|222— 243 =45-30=1

6. [ f d}, kde f = (xy,2?) a kiivka K je kladné orientovana hranice obrazce ohrani¢eného
K

kiivkami y? = z a 22 = v.
y

Ki:7(t) = (t,t%); te(0,1) 1l
7(t) = (1,2t)
souhlasné orientace

ICy :7(t) = (£2,t); t€(0,1)
(t) = (2t,1)

nesouhlasnd orientace




1 1
3t 3570 3
/a:yda:+x2dy:/(t3+2t3)dt—/(2t4+t4)dt: =T ==
4 51, 20
K 0 0
b) Greenova véta
1L V& 1
j{xydx+x2dy://xdxdy://xdydxz/(xg —$3> dr =
K M 0 22 0
2 5 24! 3
—= —-r2 — — e —
5 4], 20
Ir, kde f = (y,z) a kiivka K je kladné orientovana kiivka 22+ = 1.

e
!

y

7' (t) = (—sint, cost)

souhlasné orientace

IC1 :7(t) = (cost,sint); ¢ € (0,2m) /

2 27 1 o
=0

/ydx+xdy:/(—sin2t+0052t)dt:/cothdt: {ﬁsith]
0
K 0 0

b) Greenova véta

fydx—i—xdy://(l—l)dxdy:()

K M
c¢) Potencialové pole L
i 7k

rotf=| & & & [=(0,01-1)
y x 0

Pole je potencidlové — prace po uzaviené kiivce je 0.



Priklady: Vypoctéte dané kiivkové intergraly 2. druhu
1. Ukazte, ze krivkovy integral druhého druhu vektorového pole f = (y*2° + z,2zyz° —
z,3xy?2% + r — y) nezavisi na integracni cesté v oblasti R? a vypoctéte praci, kterou pole

vykoné z bodu A = [1,1,1] do bodu B = [-2,1, —1].

R? jednoduse souvisl4 oblast

; b i
F_| o ¥ o _
rot f o ox Oy 0z -

23+ 2 2y’ — 2 3wyt 4o —vy
_ 2 4 2 2 2 (2,22 3_ 9,3\ _ ¢
= (6xyz® — 1 — (6zyz” —1),3y“2" + 1 — (3y°2° + 1),2yz" — 2y2°) =0

= pole je potencidlové — KI 2. druhu nezavisi na integracni cesté.

Potencial:

%—i:y%?’—kz — p=xy* + 12+ C
a_jzzxyzi’*_z — p=ay*23 — 2y +C o(r,y,2) =2y?2* + 12 —yz + C
92 =3xyPtta—y = p=ay? +ar—yz + C

/(y223 +2)dx + (2ry2® — 2) dy + (32y*2* + v — y) dz = p(B) — p(A) = 4
K

2. Ukaite, Ze kiivkovy integral druhého druhu vektorového pole f = (22 —2yz, y? — 2z, 22 —
2zy) nezavisi na integra¢ni cesté v oblasti R3 a vypoctéte praci, kterou pole vykond z bodu
A=1,1,1] do bodu B = [-1, 2, —2].

R? jednoduse souvisl4 oblast

7 ] x
P s ¥ o _
rot f - Ox Oy Oz -

2?2 =2z y?—2xz 22— 2xy

= (=20 422, -2y +2y,—22+22) =0

= pole je potencidlové — KI 2. druhu nezavisi na integrac¢ni cesté.

Potencial:
g—i x2—2yz—>g0:$—£—2xyz+(] B
Py -2z =% —2myz+C w(ﬂf,y,Z)—§+§+§—2Iyz+C
% =220y — p=% —2ayz+C
2 2 2 22
(x° —2yz)de + (y° — 2x2)dy + (2° — 2zy) dz = p(B) — p(A) = 3
K



9. Cviceni: Plosné integraly 1. druhu
Priklady: Vypoctéte dané plosné integraly 1. druhu.

1. Vypoctéte [[ ayzdS, kde S je East roviny x4+ y+ 2z = 1 v prvnim oktantu (z > 0, y > 0,
5
z > 0).

glr,y)=z=1-x—y
gulz,y) = =1, g (z,y) = —1

1711 = /(64)? + (g})2 + 1= V3

—T

11—
//xyzdS \/_//xyl—x— d:vdy—@//(xy—ﬁy—xyz)dydx:
00

S S:cy
; 2 2 3 r | 1 2 1 3
:\/ﬁ/ {x%—ﬁ%—x%} dw=x/§/(m(1—x)< —2:15) —x( ;m))dx:
0
0 0
D I
_ﬁ/ e P I VI e DY BN ) O C St ) R
- GG S I RN =0 L Y 20 |,
’ 0 — [ @2
120
V3
~ 120



2. Vypoctéte [[ (% +y+ z) dS, kde S je ¢ast roviny x+y+2z = 1 v prvnim oktantu (z > 0,
S
y>0,2z>0).

//(g“/“) dSZ\/g//(g+y+1—x—y> dxdy:\/g/ll/_$<1—g> dy dx —

/ly——y_dx_f (1——x+2>d ﬁ{x_zxuf}l_u’)_\/?

%)

6|, 12



3. Vypoététe [[1dS, kde S je 2 +y? + 2* = R*.
S

7(u,v) = (Rcosucosv, Rsinucosv, Rsinv),

e (0,27, v € <—g,g>,

l

t, = (—Rsinucosv, Rcosucosv,0)
t, = (—Rcosusinv, —Rsinusinv, R cosv)
5 i X
n=t, Xt,=| —Rsinucosv Rcosucosv 0 =

—Rcosusinv —Rsinusinv Rcosv
= (R*cosucos® v, R? sinu cos® v, R? sin® usin v cos v + R* cos® usin v cosv) =

= (R? cosu cos® v, R? sinu cos® v, R? sin v cos v)

17| = V R4 cos? ucost v + R4sin? ucost v + R4 sin® v cos? v =

= V/Rtcostv + Risin®vcos?v = VR cos? v = R?*| cosv| = R*cosw

jus
2 m

//1dS://R2\cosv\dudv:2R2//cosvdudv:27rR2
s Q 0

cosvdv =

[
NE \N\ﬂ

[NIE]

= 27 R? [sin v]% =47 R?

jus
2



4. Vypoctéte [ m dS, kde S je valcova plocha 22 +y?> =4, 0 < z < 3.
S

(u,v) = (2 cosu,2sinu, v)
we (0,21, wve(0,3),

7 = (—2sinu, 2 cosu,0)

7?; - (0a071)
n=r, X7 =| —2sinu 2cosu 0 | = (2cosu,2sinu,0) =
0 0 1

7| = V4 cos?ucostv + 4sin®u = 2

2

3
1 1 9
//$2+y2+z2 //40082u+4sin2u+112 uaw //44—'02 wav
S Q 0 0
3 3
2dU:W[2arCtgg]0:2ﬂarctg§

> 1
:_zﬁ/—
4
) 1+ (3)

[\11SS



5. Vypoctéte [[ (2 +y?) dS, kde S = {[z,y,2] e R*: 2 =1—2* —y*> A z > 0}.
s

7(u,v) = (ucosv,usinv, 1 —u?)
u € (0,1), v € (0, 2m),

t, = (cos v, sinv, —2u)

t,

= (—usinv,ucosv,0)

[ J k
n=t,xt,=| cosv sinv —2u | = (2u®cosv, 2u” sinv, u) =
—usinv ucosv 0

7| = VAu* + u? = uv4u? + 1

2

1
//(x2+y2)d5’://u2uv4u2+1dudvz/ uw? uv4u? + 1dudv =
0 00

S
t=4u?>+1

=1 — g2 1 5 1 1 !
_ 4 _ 2 5 _ 2 5 _
- dt = Sudu —/ [80(4u +1)2 (4u +1)2] dv =
[ENEdt = L25 — 24| O

27

o) oo (- ) <o ()

ool

Il
VR
o0
c>| =
Ot
ot



6. Vypoctéte [[ dS, kde S = {[:U,y, NERY 2= /L EA2> 2> o}.
S

(u,v) = (ucosv,usinv, u)
u € (0,2), v € (0,2m),
t, = (cosw,sinwv, 1)

—

t, = (—usinv,ucosv,0)

T 2 2y

7 J k
m=t,xXty,=| cosv sinv 1 |=(—ucosv,—usinv,u)
—usinv wcosv 0

17T = Vu? +u? = Vou

2

// dS:/ \/iududvzx/ﬁ7/2ududv=ﬂ/{gTdv:2\/§7dv:4ﬂ\/§.



7. Vypoctéte [[ /1 + 2%+ y2dS, kde S = {[z,y,z] e R* : 2z = 2? + y* A 2z < 1}.
s

u?
7(u,v) = (ucosv,usinv, 5)

u € (0,V2), v € (0,27),
ty = (cos v, sinv, u)

t, = (—usinv,ucos v, 0)

i J
n=1t, Xt, = CoS v sin v
—usinv u%Ccosv

7] = Vut + u? = uvu? + 1

k
U
0

= (—u®cosv, —u’sinv,u) =

//\/1+x2+y2d52/ \/1+u2008211+u2$in2UU\/u2+1dudv:

S Q
271\@ ; 27 u2 u3
_ l+ @) dudo= [ S+
//u( +u) dudv /[2—1-3]
0 0 0

V2

27
23 42
dv = (14—?2)/6&):271'—1-7\/_7(

0



8. Vypoctéte [[ arctg £ dS, kde S = {[z,y,2] e R® : z = 2” + ¢y N 1 < 2 < 2},
s

7(u,v) = (ucosv,usinv, u?)
u e (1,v2), v e (0,27),

tu = (cosv,sinv, 2u)

t, = (—usinv,u cos v, 0)

{ J k
n=1t,Xt,=| cosv sinv  2u | = (—2u?cosv, —2u’sinv, u) =
—usinv wcosv 0

17| = Vdu* + u? = uvdu? + 1

27r\/§
//arctggdS://arctg <us1nv) uv4u2+1dudv://vux/4u2+1dudv:
x U CoS v
S Q 01
t =1+ 4u? 2m

= dt = 8udu = 1—12/1; [(1+4u2>3/2](\)/§ dv = %(93/2_1)/1;01@: T (93/2_1)
LiVidt =182+ ¢ ]



9. Vypoctéte ffﬁds, kde Sje 22 +1y?> +22=9, 2 <0.
S

7(u,v) = (3 cosucos v, 3sinucos v, 3sinv),

E7T37T €<_EZ>
Y\ g /" 2°2/"

«w = (—3sinwucosv, 3 cosucosv,0)

l

~

ty, = (=3 cosusinv, —3sinusin v, 3 cosv)
5 i X
=1y Xt, =| —3sinucosv 3cosucosv 0 =

—3cosusinv —3sinusinv 3coswv

= (9 cos ucos® v, 9sinu cos? v, 9sin? usin v cos v + 9 cos? usin v cosv) =
= (9 cosucos® v, 9sinu cos? v, 9 sin v cos v)

7| = V3% cos? u cost v + 34 sin® wcost v + 34 sin® v cos? v =

= \/34cos4v+34sin2vcos2v =V3%cos2v =9cosv

7 % z
// dS = // dudv—// Jcosv dudv:w/gﬂdv:
2249 9sinv + 9 sin“v + 1

5 —

to\:l
[NIE]

t:Slnt - T T 7_‘_2
dt = costdt = 7 [arctg (sinv)] 2« :W(Z—l—Z) =3
[ =5 dv = arctgt + C ’



10. Cviceni: Plosné integraly 2. druhu
Priklady: Vypoctéte dané plosné integraly 2. druhu.
1. Vypoctéte [[ fdS, kde f = (z,y,2) a S je ¢ést roviny = + y 4+ z = 2 v prvnim oktantu
S

(x >0,y >0, z>0) orientované smérem k pocatku.

I

(u,v) = (u,v,2 —u —v)
{[u, U]GQ u€ (0,2) Ave(0,2—u)},
(1,0,-1)
=(0,1,-1)

=y

I

X by =

S
$H
O = =y

—_
|
—_

= (1,1,1) — nesouhlasné orientace .

=

(u v,2—u—v)-(1,1,1)dudv:—//(u+v+2—u—v)dudv:

Q Q

(Ql
||
Q

/]

[\

—u

2
dvd —2/(2—u)du:[u2—4u]§:—4
0

2
-/
0

2. Vypoctéte [[ fdS, kde f = (z,y,22) a S je plast rotaéniho paraboloidu z = 2% + 32 < 1

S —

S
orientovaného dovnit¥.

7(u,v) = (ucosv,usinv, u?)
€ (0,1), v € (0,27),

ty = (cosv,sinwv, 2u)

=

t, = (—usinv,ucos v, 0)

i J k
n=1t,Xt,=| cosv sinv  2u | = (=2u®cosv, —2u’sin v, u) — souhlasn4 orientace

—usinv wcosv 0

// fds = //(ucosv,usinv,ZuQ) - (—2u? cos v, —2u? sin v, u) dudv =
S 0

N // (—2u® cos? v — 2u® sin v + 2u®) dudv = 0



3. Vypoctéte [[ fdS, kde f = (z,y,2) a S je plast rota¢niho paraboloidu z = 2% + 32 < 1
S

orientovaného dovnit¥.

=y

(u,v) = (u,v,u* +v°)

Q= {[u,v] € R*v* +v* <1},
t. = (1,0, 2u)
t, = (0,1,20)
R A
n=t,xt,=|1 0 2u |=(—2u,—2v,1) — souhlasna orientace
01 2v
//fdt?://(u,v,u2+v2)‘(—2u, —2v,1)dudv://(—2u2—2v2+u2+02)dudv=
S 0 0
polarni s.:
U =1rCcosy 1 on 1 )
) 4
_ 9 9 _ V=Trsme _ 3 _ 3 _ r_ _
— //(u + v7) dudv r e (0,1) //r dpdr 27r/7" dr 27?[4}0
Q 90€<0727T> 0 0 0
[ =r

T
2

4. Vypoctéte [[ fdS, kde f=(y,—z,1) a S jea®+y*+22 =1, z > 0 orientovand ven.
S

7(u,v) = (cosu cos v, sinu cos v, sinv),

u € (0,27, v € (0, g),

ty = (—sinucosw, cosucosv,0)

t, = (— cosusinv, — sin u sin v, cos v)

) J k
n=t,Xt,=| —sinucosv COSUCOSV 0 =
—cosusiny —sinusinv coswv
= (cosu cos® v, sin u cos® v, sin® u sin v cos v + cos® usin v cos v) =

= (cosu cos? v, sinu cos® v, sin v cosv) — souhlasné orientace



//de = //(sinucosv, —cosucosv, 1) - (cosu cos® v, sin u cos® v, sin v cos v) dudv =
S Q

% 2T
//(COSUSiIlu cos® v — cos usinu cos® v + sin v cos v) dudv = / /Sinv cosv dudv =
Q 00

™

2 t = sinwv in? 1%
:27r/sinvcosvdv: dt = cosv dv :27r{ 5 } =T
i’ [tdt="L +C 0

5. Vypoctéte [[ j‘?dTS’, kde f: (z,y,2%) a S je ¢ast jednotkové sféry pro z > 0 orientované
S

ven.

B!

; j u v
n= t_q; X t_;; =|120 _—‘/211 = ( ) ) 1)
0 1 AT V1I—u2—v?2 V1 —u2 -2
2v1—u2—v2?

—  souhlasné orientace

FdS = 1—u?—0?)- Y Y 1) dudv =
//f 5 /(u,v, w =) (\/1—u2—02’\/1—u2—v2’ uaw

S 0
polarni s.:
U =1rCcosp
u? v? 5 o v=rsing
//<m+m“‘“ ‘”)d“d”: re(0,1) |~
@ @ € (0,2m)
|J| =7

2w

/1/ ( r +1 r2> rdpdr =2 /1 ( r +1 7’2) rdr
= _— — . = 27T —_— — . =
) V1—1r2 4 J vV1—1r2



t=1-—12
_ dt = —2rdr

—r [ (S Ht) de = —x (202 =282 4+ £) 4 C

1—7r2)2]" 2 1\ 11
= - 1—2——1—“/2 U=r) (e )Y
77{ r 7)Y 4+ 5 7r 313 5

0

6. Vypoctéte tok vektorového pole f: (0,1,0) plochou § = {[z,y, 2] € R}z € (0,1),y =

0,z € (0,1)} orientované v kladném sméru osy y.

i = (0,1,0)

// *-ﬁdsz//(o,l,())-(0,1,0)d5:
S S

1 1

//ldxdz:l. 1 .
0 0




11. Cviceni: Integralni véty
Priklady: Vypoctéte pomoci Gaussovy veéty.
1. Vypoctéte tok vektorového pole f = (y%, 22, 22) vné orientovanym povrchem vélce z% +

y2:4,0§2§5.

div f = 2z

cylindrické soutadnice:

x=rcosp 1re€(0,2)
y=rsing ¢ € (0,2m)

z2=2z z € (0,5) A
I =r = = -
5 2w 2
//fd@z///divfd:cdydz:///%d:cdyd :///22 rdrdpdz
1% 000
5 27 5 2w
// dgpdz-él//zdapdz:&r/z z:8w{%} = 1007
0 0 0 0 0

2. Vypoététe tok vektorového pole f = (22, (1 — 2x)y, 42) vné orientovanym povrchem ku-
Zele z = /2?2 + 9%, 0 < z < 2.

divf=2z4+1-2x+4=5
Polarni souradnice:

x=rcosp 1r€(0,2)
y=rsing ¢ € (0,2m)

[J] =7
//fd@:///divfdxdydz:///5dxdydz_5// / dz dedy =
S 1% VLy £E2+y
2r 2 2m T3 9
_5// a:2+y dxdy—5//2—rrdrdgp—5/{r2—§] dp =
ny 0 0 0 0
= 77
3



3. Vypoctéte tok vektorového pole f = (z,z,y) vné orientovanym povrchem ¢tyfsténu:
r>0,y>0,2>20,z4+y+2<a,a>0.

div f =1

YT Y T ——
| (m—mwm-z— BN ) /

St

\

A\

a a—ra—zT—Yy

a

/(a—x a;x)2> dx:%/(a—xfdx

0

4. Vypoctéte tok vektorového pole f = (y,z,x) vné orientovanym povrchem ¢ty¥sténu:
r>0,y>0,y>0,z+y+2<a,a>0.

div f =0

/ fdS =0
S

M

A



Priklady: Vypoctéte pomoci Stokesovy véty.
1. Vypoctéte praci, kterou vykona vektorového pole f = (y—=x, 2z —vy, z) po obvodu ¢tverce
ABCD, kde A =10,0,0], B=13,0,0], C = [3,3,0], D =0, 3,0], jehoz orientace je dana

poradim bodia ABCD.

. i ik
rot f=| 2 5w | =(0,0,1)
y—xr 2xr—y =z ‘
- y

7 =(0,0,1) — souhlasna orientace

3 3
ffd ://rotde //001 001d5://1da;dy:9.

= (y — z,z — x,x — y) po kruznici

2. Vypoctéte praci, kterou vykona vektorového pole f
x® + z* = 4, y = 1 orientovanou smérem z bodu [0, 1,2] do bodu [2, 1, 0]

i j k
rotf=| & & £ |=(-2-2-2
Yy—2 22— T—Y
2’...

i =(0,1,0) — souhlasna orientace

(u,v) = (ucosv, 1, usinv)
u € (0,2), v e (0,2m)
i ]k
T=| cosv 0 sinv |=(0,—usin®v—wucos?v,0)=(0,—u,0)

—usinv 0 wcoswv
7| = u

0

2 or 2 52
-:—2//ududv:—2//udvdu:—47r/udu:—47r {%] = —8&m
0
Q 0 0



3. Vypoctéte praci, kterou vykona vektorového pole f = (y?, 2%, 2%) po obvodu trojihelnika
ABC, kde A= [3,0,0], B=10,0,3], C =0, 3,0], orientace je dana pofadim bodd ABC.

= (—2z,—2x, —2y)

ROSER
8,9 7=y

1

rot f = 8%
2

)

™(u,v) = (u,v,3 —u —v)
Q= {[u,v] e R*:ue(0,3),ve(0,3—u)}

n=|10 —-1|=(1,1,1)
01 —1
—  nesouhlasné orientace 3 R
%fd}://rotfdfg:—//(—2(3—u—’u),—2u,—2v)-(1,1,1)dS:
K S S
3 3—u 3
://(6—2u—21)—|—2u+21))d526//dudv:6// dvdu:6/(3—u)du:
Q 0 0 0

S

213
:6[3u—u—] =6<9—9)=27
2 |, 2



