
Př́ıklad 10001 Určete interpolačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti −1 0 2 4
f(ti) 5 4 14 120

.

Jaká je hodnota interpolačńıho polynomu v bodě t = 1?

Řešeńı 10001

P3(t) = a0 + a1t+ a2t
2 + a3t

3

⎡
⎢⎢⎣

1 −1 1 −1
1 0 0 0
1 2 4 8
1 4 16 64

⎤
⎥⎥⎦ ·

⎡
⎢⎢⎣
a0

a1

a2

a3

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

5
4
14
120

⎤
⎥⎥⎦

a0 = 4, a1 = −3, a2 = 0, a3 = 2

P3(1) = 3

1



Př́ıklad 10002 Určete interpolačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti −2 0 2 3
f(ti) 6 4 14 49

.

Jaká je hodnota interpolačńıho polynomu v bodě t = 1?

Řešeńı 10002

P3(t) = a0 + a1t+ a2t
2 + a3t

3

⎡
⎢⎢⎣

1 −2 4 −8
1 0 0 0
1 2 4 8
1 3 9 27

⎤
⎥⎥⎦ ·

⎡
⎢⎢⎣
a0

a1

a2

a3

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

6
4
14
49

⎤
⎥⎥⎦

a0 = 4, a1 = −4.8, a2 = 1.5, a3 = 1.7

P3(1) = 2.4

2



Př́ıklad 10003 Proved’te interpolaci trigonometrickým polynomem π-periodické funkce f =
f(t), která je zadána tabulkou hodnot

ti 0 π/4 π/2 3π/4
f(ti) 0 0 1 0 .

Interpolačńı polynom volte ve tvaru ϕ(t) = A0
2 +A1 cos 2t+B1 sin 2t+A2 cos 4t.

Řešeńı 10003

ϕ(t) = A0
2 +A1 cos 2t+B1 sin 2t+A2 cos 4t.⎡

⎢⎢⎣
1/2 1 0 1
1/2 0 1 −1
1/2 −1 0 1
1/2 0 −1 −1

⎤
⎥⎥⎦ ·

⎡
⎢⎢⎣
A0

A1

B1

A2

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

0
0
1
0

⎤
⎥⎥⎦

⎡
⎢⎢⎣

1 0 0 0
0 2 0 0
0 0 2 0
0 0 0 4

⎤
⎥⎥⎦ ·

⎡
⎢⎢⎣
A0

A1

B1

A2

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

0.5
−1
0
1

⎤
⎥⎥⎦

A0 = 0.5, A1 = −0.5, B1 = 0, A2 = 0.25
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0.5

1

3



Př́ıklad 10004 Proved’te interpolaci trigonometrickým polynomem 4π-periodické funkce
f = f(t), která je zadána tabulkou hodnot

ti 0 π 2π 3π
f(ti) 0 1 1 0 .

Interpolačńı polynom volte ve tvaru ϕ(t) = A0
2 +A1 cos t2 +B1 sin t

2 +A2 cos t.

Řešeńı 10004

ϕ(t) = A0
2 +A1 cos 2t+B1 sin 2t+A2 cos 4t.⎡

⎢⎢⎣
1/2 1 0 1
1/2 0 1 −1
1/2 −1 0 1
1/2 0 −1 −1

⎤
⎥⎥⎦ ·

⎡
⎢⎢⎣
A0

A1

B1

A2

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

0
1
1
0

⎤
⎥⎥⎦

⎡
⎢⎢⎣

1 0 0 0
0 2 0 0
0 0 2 0
0 0 0 4

⎤
⎥⎥⎦ ·

⎡
⎢⎢⎣
A0

A1

B1

A2

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

1
−1
1
0

⎤
⎥⎥⎦

A0 = 1, A1 = −0.5, B1 = 0.5, A2 = 0

0 2 4 6 8 10 12 14
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Př́ıklad 10005 Určete interpolačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti −2 0 2 3
f(ti) −6 4 14 49

.

Jaká je hodnota interpolačńıho polynomu v bodě t = 1?

Řešeńı 10005

P3(t) = a0 + a1t+ a2t
2 + a3t

3

⎡
⎢⎢⎣

1 −2 4 −8
1 0 0 0
1 2 4 8
1 3 9 27

⎤
⎥⎥⎦ ·

⎡
⎢⎢⎣
a0

a1

a2

a3

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

−6
4
14
49

⎤
⎥⎥⎦

a0 = 4, a1 = −3, a2 = 0, a3 = 2

P3(1) = 3

5



Př́ıklad 11001 Určete interpolačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti −1 0 1 2
f(ti) −2 0 0 −2

Jaká je hodnota interpolačńıho polynomu v bodě t = −2?

Řešeńı 11001 Interpolace polynomem 3. stupně

ϕ(t) = a0 + a1t
1 + a2t

2 + a3t
3

A =

⎡
⎢⎢⎢⎢⎢⎣

1.0 −1.0 1.0 −1.0

1.0 0 0 0

1.0 1.0 1.0 1.0

1.0 2.0 4.0 8.0

⎤
⎥⎥⎥⎥⎥⎦ b =

[ −2.0 0 0 −2.0
]

a0 = 0; a1 = 1; a2 = −1; a3 = 0;

Hodnota v bodě ϕ(−2) = −6.
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Př́ıklad 11002 Určete interpolačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti 0 1 2 3
f(ti) 0 0 −2 −6

Jaká je hodnota interpolačńıho polynomu v bodě t = −1?

Řešeńı 11002 Interpolace polynomem 3. stupně

ϕ(t) = a0 + a1t
1 + a2t

2 + a3t
3

A =

⎡
⎢⎢⎢⎢⎢⎣

1.0 0 0 0

1.0 1.0 1.0 1.0

1.0 2.0 4.0 8.0

1.0 3.0 9.0 27.0

⎤
⎥⎥⎥⎥⎥⎦ b =

[
0 0 −2.0 −6.0

]

a0 = 0; a1 = 1; a2 = −1; a3 = 0;

Hodnota v bodě ϕ(−1) = −2.

0 0.5 1 1.5 2 2.5 3
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Př́ıklad 11003 Určete interpolačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti −1 0 1 2
f(ti) 2 1 0 −1

Jaká je hodnota interpolačńıho polynomu v bodě t = −2?

Řešeńı 11003 Interpolace polynomem 3. stupně

ϕ(t) = a0 + a1t
1 + a2t

2 + a3t
3

A =

⎡
⎢⎢⎢⎢⎢⎣

1.0 −1.0 1.0 −1.0

1.0 0 0 0

1.0 1.0 1.0 1.0

1.0 2.0 4.0 8.0

⎤
⎥⎥⎥⎥⎥⎦ b =

[
2.0 1.0 0 −1.0

]

a0 = 1; a1 = −1; a2 = 0; a3 = 0;

Hodnota v bodě ϕ(−2) = 3.

−1 −0.5 0 0.5 1 1.5 2
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0
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1

1.5

2
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Př́ıklad 11004 Určete interpolačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti 0 1 2 3
f(ti) 1 0 −1 −2

Jaká je hodnota interpolačńıho polynomu v bodě t = −1?

Řešeńı 11004 Interpolace polynomem 3. stupně

ϕ(t) = a0 + a1t
1 + a2t

2 + a3t
3

A =

⎡
⎢⎢⎢⎢⎢⎣

1.0 0 0 0

1.0 1.0 1.0 1.0

1.0 2.0 4.0 8.0

1.0 3.0 9.0 27.0

⎤
⎥⎥⎥⎥⎥⎦ b =

[
1.0 0 −1.0 −2.0

]

a0 = 1; a1 = −1; a2 = 0; a3 = 0;

Hodnota v bodě ϕ(−1) = 2.

0 0.5 1 1.5 2 2.5 3
−2
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−1

−0.5

0

0.5

1
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Př́ıklad 11005 Určete interpolačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti −1 0 1 2
f(ti) −2 −1 0 7

Jaká je hodnota interpolačńıho polynomu v bodě t = −2?

Řešeńı 11005 Interpolace polynomem 3. stupně

ϕ(t) = a0 + a1t
1 + a2t

2 + a3t
3

A =

⎡
⎢⎢⎢⎢⎢⎣

1.0 −1.0 1.0 −1.0

1.0 0 0 0

1.0 1.0 1.0 1.0

1.0 2.0 4.0 8.0

⎤
⎥⎥⎥⎥⎥⎦ b =

[ −2.0 −1.0 0 7.0
]

a0 = −1; a1 = 0; a2 = 0; a3 = 1;

Hodnota v bodě ϕ(−2) = −9.
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Př́ıklad 11006 Určete interpolačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti 0 1 2 3
f(ti) −1 0 7 26

Jaká je hodnota interpolačńıho polynomu v bodě t = −1?

Řešeńı 11006 Interpolace polynomem 3. stupně

ϕ(t) = a0 + a1t
1 + a2t

2 + a3t
3

A =

⎡
⎢⎢⎢⎢⎢⎣

1.0 0 0 0

1.0 1.0 1.0 1.0

1.0 2.0 4.0 8.0

1.0 3.0 9.0 27.0

⎤
⎥⎥⎥⎥⎥⎦ b =

[ −1.0 0 7.0 26.0
]

a0 = −1; a1 = 0; a2 = 0; a3 = 1;

Hodnota v bodě ϕ(−1) = −2.

0 0.5 1 1.5 2 2.5 3
−5

0

5

10

15

20

25

30

11



Př́ıklad 11007 Určete interpolačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti −1 0 1 2
f(ti) 2 0 0 −4

Jaká je hodnota interpolačńıho polynomu v bodě t = −2?

Řešeńı 11007 Interpolace polynomem 3. stupně

ϕ(t) = a0 + a1t
1 + a2t

2 + a3t
3

A =

⎡
⎢⎢⎢⎢⎢⎣

1.0 −1.0 1.0 −1.0

1.0 0 0 0

1.0 1.0 1.0 1.0

1.0 2.0 4.0 8.0

⎤
⎥⎥⎥⎥⎥⎦ b =

[
2.0 0 0 −4.0

]

a0 = 0; a1 = 0; a2 = 1; a3 = −1;

Hodnota v bodě ϕ(−2) = 12.

−1 −0.5 0 0.5 1 1.5 2
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0
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Př́ıklad 11008 Určete interpolačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti 0 1 2 3
f(ti) 0 0 −4 −18

Jaká je hodnota interpolačńıho polynomu v bodě t = −1?

Řešeńı 11008 Interpolace polynomem 3. stupně

ϕ(t) = a0 + a1t
1 + a2t

2 + a3t
3

A =

⎡
⎢⎢⎢⎢⎢⎣

1.0 0 0 0

1.0 1.0 1.0 1.0

1.0 2.0 4.0 8.0

1.0 3.0 9.0 27.0

⎤
⎥⎥⎥⎥⎥⎦ b =

[
0 0 −4.0 −18.0

]

a0 = 0; a1 = 0; a2 = 1; a3 = −1;

Hodnota v bodě ϕ(−1) = 2.
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Př́ıklad 11009 Určete interpolačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti −1 0 1 2
f(ti) −2 −1 0 7

Jaká je hodnota interpolačńıho polynomu v bodě t = −2?

Řešeńı 11009 Interpolace polynomem 3. stupně

ϕ(t) = a0 + a1t
1 + a2t

2 + a3t
3

A =

⎡
⎢⎢⎢⎢⎢⎣

1.0 −1.0 1.0 −1.0

1.0 0 0 0

1.0 1.0 1.0 1.0

1.0 2.0 4.0 8.0

⎤
⎥⎥⎥⎥⎥⎦ b =

[ −2.0 −1.0 0 7.0
]

a0 = −1; a1 = 0; a2 = 0; a3 = 1;

Hodnota v bodě ϕ(−2) = −9.
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Př́ıklad 11010 Určete interpolačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti 0 1 2 3
f(ti) −1 0 7 26

Jaká je hodnota interpolačńıho polynomu v bodě t = −1?

Řešeńı 11010 Interpolace polynomem 3. stupně

ϕ(t) = a0 + a1t
1 + a2t

2 + a3t
3

A =

⎡
⎢⎢⎢⎢⎢⎣

1.0 0 0 0

1.0 1.0 1.0 1.0

1.0 2.0 4.0 8.0

1.0 3.0 9.0 27.0

⎤
⎥⎥⎥⎥⎥⎦ b =

[ −1.0 0 7.0 26.0
]

a0 = −1; a1 = 0; a2 = 0; a3 = 1;

Hodnota v bodě ϕ(−1) = −2.
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Př́ıklad 11011 Určete interpolačńı polynom pro 4 π periodickou funkci f = f(t), která je
zadána tabulkou hodnot

ti −1π 0π 1π 2π
f(ti) −1.5 0.5 −1.5 0.5

Interpolačńı polynom volte ve tvaru: ϕ(t) = A0
2 +A1 cos(t1/2) +B1 sin(t1/2) +A2 cos(t1)

Jaká je hodnota interpolačńıho polynomu v bodě t = 4 π?

Řešeńı 11011 Interpolačńı polynom volte ve tvaru: ϕ(t) = A0
2 +A1 cos(t1/2)+B1 sin(t1/2)+

A2 cos(t1)

A =

⎡
⎢⎢⎢⎢⎢⎣

1/2 0 −1 −1

1/2 1 0 1

1/2 0 1 −1

1/2 −1 0 1

⎤
⎥⎥⎥⎥⎥⎦ b =

⎡
⎢⎢⎢⎢⎢⎣

−3/2

1/2

−3/2

1/2

⎤
⎥⎥⎥⎥⎥⎦

A ≈

⎡
⎢⎢⎢⎢⎢⎣

0.500 0 −1.0 −1.0

0.500 1.0 0 1.0

0.500 0 1.0 −1.0

0.500 −1.0 0 1.0

⎤
⎥⎥⎥⎥⎥⎦ b =

⎡
⎢⎢⎢⎢⎢⎣

−1.50

0.500

−1.50

0.500

⎤
⎥⎥⎥⎥⎥⎦

a0 = −1; a1 = 0; a2 = 0; a3 = 1;

Hodnota v bodě ϕ(4 π) = 0.5.

−1π −1/2π 0π 1/2π 1π 3/2π 2π
−1.5

−1

−0.5

0

0.5
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Př́ıklad 11012 Určete interpolačńı polynom pro 4 π periodickou funkci f = f(t), která je
zadána tabulkou hodnot

ti 0π 1π 2π 3π
f(ti) 0.5 −1.5 0.5 −1.5

Interpolačńı polynom volte ve tvaru: ϕ(t) = A0
2 +A1 cos(t1/2) +B1 sin(t1/2) +A2 cos(t1)

Jaká je hodnota interpolačńıho polynomu v bodě t = 4 π?

Řešeńı 11012 Interpolačńı polynom volte ve tvaru: ϕ(t) = A0
2 +A1 cos(t1/2)+B1 sin(t1/2)+

A2 cos(t1)

A =

⎡
⎢⎢⎢⎢⎢⎣

1/2 1 0 1

1/2 0 1 −1

1/2 −1 0 1

1/2 0 −1 −1

⎤
⎥⎥⎥⎥⎥⎦ b =

⎡
⎢⎢⎢⎢⎢⎣

1/2

−3/2

1/2

−3/2

⎤
⎥⎥⎥⎥⎥⎦

A ≈

⎡
⎢⎢⎢⎢⎢⎣

0.500 1.0 0 1.0

0.500 0 1.0 −1.0

0.500 −1.0 0 1.0

0.500 0 −1.0 −1.0

⎤
⎥⎥⎥⎥⎥⎦ b =

⎡
⎢⎢⎢⎢⎢⎣

0.500

−1.50

0.500

−1.50

⎤
⎥⎥⎥⎥⎥⎦

a0 = −1; a1 = 0; a2 = 0; a3 = 1;

Hodnota v bodě ϕ(4 π) = 0.5.

0π 1/2π 1π 3/2π 2π 5/2π 3π
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0
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Př́ıklad 11013 Určete interpolačńı polynom pro 2 π periodickou funkci f = f(t), která je
zadána tabulkou hodnot

ti −0.5π 0π 0.5π 1π
f(ti) −1.5 0.5 −1.5 0.5

Interpolačńı polynom volte ve tvaru: ϕ(t) = A0
2 +A1 cos(t1) +B1 sin(t1) +A2 cos(t2)

Jaká je hodnota interpolačńıho polynomu v bodě t = 2 π?

Řešeńı 11013 Interpolačńı polynom volte ve tvaru: ϕ(t) = A0
2 + A1 cos(t1) + B1 sin(t1) +

A2 cos(t2)

A =

⎡
⎢⎢⎢⎢⎢⎣

1/2 0 −1 −1

1/2 1 0 1

1/2 0 1 −1

1/2 −1 0 1

⎤
⎥⎥⎥⎥⎥⎦ b =

⎡
⎢⎢⎢⎢⎢⎣

−3/2

1/2

−3/2

1/2

⎤
⎥⎥⎥⎥⎥⎦

A ≈

⎡
⎢⎢⎢⎢⎢⎣

0.500 0 −1.0 −1.0

0.500 1.0 0 1.0

0.500 0 1.0 −1.0

0.500 −1.0 0 1.0

⎤
⎥⎥⎥⎥⎥⎦ b =

⎡
⎢⎢⎢⎢⎢⎣

−1.50

0.500

−1.50

0.500

⎤
⎥⎥⎥⎥⎥⎦

a0 = −1; a1 = 0; a2 = 0; a3 = 1;

Hodnota v bodě ϕ(2 π) = 0.5.

−1/2π −1/4π 0π 1/4π 1/2π 3/4π 1π
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Př́ıklad 11014 Určete interpolačńı polynom pro 2 π periodickou funkci f = f(t), která je
zadána tabulkou hodnot

ti 0π 0.5π 1π 1.5π
f(ti) 0.5 −1.5 0.5 −1.5

Interpolačńı polynom volte ve tvaru: ϕ(t) = A0
2 +A1 cos(t1) +B1 sin(t1) +A2 cos(t2)

Jaká je hodnota interpolačńıho polynomu v bodě t = 2 π?

Řešeńı 11014 Interpolačńı polynom volte ve tvaru: ϕ(t) = A0
2 + A1 cos(t1) + B1 sin(t1) +

A2 cos(t2)

A =

⎡
⎢⎢⎢⎢⎢⎣

1/2 1 0 1

1/2 0 1 −1

1/2 −1 0 1

1/2 0 −1 −1

⎤
⎥⎥⎥⎥⎥⎦ b =

⎡
⎢⎢⎢⎢⎢⎣

1/2

−3/2

1/2

−3/2

⎤
⎥⎥⎥⎥⎥⎦

A ≈

⎡
⎢⎢⎢⎢⎢⎣

0.500 1.0 0 1.0

0.500 0 1.0 −1.0

0.500 −1.0 0 1.0

0.500 0 −1.0 −1.0

⎤
⎥⎥⎥⎥⎥⎦ b =

⎡
⎢⎢⎢⎢⎢⎣

0.500

−1.50

0.500

−1.50

⎤
⎥⎥⎥⎥⎥⎦

a0 = −1; a1 = 0; a2 = 0; a3 = 1;

Hodnota v bodě ϕ(2 π) = 0.5.

0π 1/4π 1/2π 3/4π 1π 5/4π 3/2π
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Př́ıklad 11015 Určete interpolačńı polynom pro 4 π periodickou funkci f = f(t), která je
zadána tabulkou hodnot

ti −1π 0π 1π 2π
f(ti) −1 1 1 −1

Interpolačńı polynom volte ve tvaru: ϕ(t) = A0
2 +A1 cos(t1/2) +B1 sin(t1/2) +A2 cos(t1)

Jaká je hodnota interpolačńıho polynomu v bodě t = 4 π?

Řešeńı 11015 Interpolačńı polynom volte ve tvaru: ϕ(t) = A0
2 +A1 cos(t1/2)+B1 sin(t1/2)+

A2 cos(t1)

A =

⎡
⎢⎢⎢⎢⎢⎣

1/2 0 −1 −1

1/2 1 0 1

1/2 0 1 −1

1/2 −1 0 1

⎤
⎥⎥⎥⎥⎥⎦ b =

⎡
⎢⎢⎢⎢⎢⎣

−1

1

1

−1

⎤
⎥⎥⎥⎥⎥⎦

A ≈

⎡
⎢⎢⎢⎢⎢⎣

0.500 0 −1.0 −1.0

0.500 1.0 0 1.0

0.500 0 1.0 −1.0

0.500 −1.0 0 1.0

⎤
⎥⎥⎥⎥⎥⎦ b =

⎡
⎢⎢⎢⎢⎢⎣

−1.0

1.0

1.0

−1.0

⎤
⎥⎥⎥⎥⎥⎦

a0 = 0; a1 = 1; a2 = 1; a3 = 0;

Hodnota v bodě ϕ(4 π) = 1.

−1π −1/2π 0π 1/2π 1π 3/2π 2π
−1

−0.5

0

0.5

1

1.5
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Př́ıklad 11016 Určete interpolačńı polynom pro 4 π periodickou funkci f = f(t), která je
zadána tabulkou hodnot

ti 0π 1π 2π 3π
f(ti) 1 1 −1 −1

Interpolačńı polynom volte ve tvaru: ϕ(t) = A0
2 +A1 cos(t1/2) +B1 sin(t1/2) +A2 cos(t1)

Jaká je hodnota interpolačńıho polynomu v bodě t = 4 π?

Řešeńı 11016 Interpolačńı polynom volte ve tvaru: ϕ(t) = A0
2 +A1 cos(t1/2)+B1 sin(t1/2)+

A2 cos(t1)

A =

⎡
⎢⎢⎢⎢⎢⎣

1/2 1 0 1

1/2 0 1 −1

1/2 −1 0 1

1/2 0 −1 −1

⎤
⎥⎥⎥⎥⎥⎦ b =

⎡
⎢⎢⎢⎢⎢⎣

1

1

−1

−1

⎤
⎥⎥⎥⎥⎥⎦

A ≈

⎡
⎢⎢⎢⎢⎢⎣

0.500 1.0 0 1.0

0.500 0 1.0 −1.0

0.500 −1.0 0 1.0

0.500 0 −1.0 −1.0

⎤
⎥⎥⎥⎥⎥⎦ b =

⎡
⎢⎢⎢⎢⎢⎣

1.0

1.0

−1.0

−1.0

⎤
⎥⎥⎥⎥⎥⎦

a0 = 0; a1 = 1; a2 = 1; a3 = 0;

Hodnota v bodě ϕ(4 π) = 1.

0π 1/2π 1π 3/2π 2π 5/2π 3π
−1.5

−1

−0.5

0

0.5

1

1.5
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Př́ıklad 11017 Určete interpolačńı polynom pro 4 π periodickou funkci f = f(t), která je
zadána tabulkou hodnot

ti −1π 0π 1π 2π
f(ti) 1 −1 −1 1

Interpolačńı polynom volte ve tvaru: ϕ(t) = A0
2 +A1 cos(t1/2) +B1 sin(t1/2) +A2 cos(t1)

Jaká je hodnota interpolačńıho polynomu v bodě t = 4 π?

Řešeńı 11017 Interpolačńı polynom volte ve tvaru: ϕ(t) = A0
2 +A1 cos(t1/2)+B1 sin(t1/2)+

A2 cos(t1)

A =

⎡
⎢⎢⎢⎢⎢⎣

1/2 0 −1 −1

1/2 1 0 1

1/2 0 1 −1

1/2 −1 0 1

⎤
⎥⎥⎥⎥⎥⎦ b =

⎡
⎢⎢⎢⎢⎢⎣

1

−1

−1

1

⎤
⎥⎥⎥⎥⎥⎦

A ≈

⎡
⎢⎢⎢⎢⎢⎣

0.500 0 −1.0 −1.0

0.500 1.0 0 1.0

0.500 0 1.0 −1.0

0.500 −1.0 0 1.0

⎤
⎥⎥⎥⎥⎥⎦ b =

⎡
⎢⎢⎢⎢⎢⎣

1.0

−1.0

−1.0

1.0

⎤
⎥⎥⎥⎥⎥⎦

a0 = 0; a1 = −1; a2 = −1; a3 = 0;

Hodnota v bodě ϕ(4 π) = −1.

−1π −1/2π 0π 1/2π 1π 3/2π 2π
−1.5

−1

−0.5

0

0.5

1
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Př́ıklad 11018 Určete interpolačńı polynom pro 4 π periodickou funkci f = f(t), která je
zadána tabulkou hodnot

ti 0π 1π 2π 3π
f(ti) −1 −1 1 1

Interpolačńı polynom volte ve tvaru: ϕ(t) = A0
2 +A1 cos(t1/2) +B1 sin(t1/2) +A2 cos(t1)

Jaká je hodnota interpolačńıho polynomu v bodě t = 4 π?

Řešeńı 11018 Interpolačńı polynom volte ve tvaru: ϕ(t) = A0
2 +A1 cos(t1/2)+B1 sin(t1/2)+

A2 cos(t1)

A =

⎡
⎢⎢⎢⎢⎢⎣

1/2 1 0 1

1/2 0 1 −1

1/2 −1 0 1

1/2 0 −1 −1

⎤
⎥⎥⎥⎥⎥⎦ b =

⎡
⎢⎢⎢⎢⎢⎣

−1

−1

1

1

⎤
⎥⎥⎥⎥⎥⎦

A ≈

⎡
⎢⎢⎢⎢⎢⎣

0.500 1.0 0 1.0

0.500 0 1.0 −1.0

0.500 −1.0 0 1.0

0.500 0 −1.0 −1.0

⎤
⎥⎥⎥⎥⎥⎦ b =

⎡
⎢⎢⎢⎢⎢⎣

−1.0

−1.0

1.0

1.0

⎤
⎥⎥⎥⎥⎥⎦

a0 = 0; a1 = −1; a2 = −1; a3 = 0;

Hodnota v bodě ϕ(4 π) = −1.

0π 1/2π 1π 3/2π 2π 5/2π 3π
−1.5

−1

−0.5

0

0.5

1

1.5
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Př́ıklad 11020 Určete interpolačńı polynom pro 2 π periodickou funkci f = f(t), která je
zadána tabulkou hodnot

ti 0 π/2 π 3π/2
f(ti) −1 −1 1 1

Interpolačńı polynom volte ve tvaru: ϕ(t) = A0
2 +A1 cos(t) +B1 sin(t) +A2 cos(2t)

Jaká je hodnota interpolačńıho polynomu v bodě t = 2π?

Řešeńı 11020 Interpolačńı polynom volte ve tvaru: ϕ(t) = A0
2 + A1 cos(t1) + B1 sin(t1) +

A2 cos(t2)

A =

⎡
⎢⎢⎢⎢⎢⎣

1/2 1 0 1

1/2 0 1 −1

1/2 −1 0 1

1/2 0 −1 −1

⎤
⎥⎥⎥⎥⎥⎦ b =

⎡
⎢⎢⎢⎢⎢⎣

−1

−1

1

1

⎤
⎥⎥⎥⎥⎥⎦

A ≈

⎡
⎢⎢⎢⎢⎢⎣

0.500 1.0 0 1.0

0.500 0 1.0 −1.0

0.500 −1.0 0 1.0

0.500 0 −1.0 −1.0

⎤
⎥⎥⎥⎥⎥⎦ b =

⎡
⎢⎢⎢⎢⎢⎣

−1.0

−1.0

1.0

1.0

⎤
⎥⎥⎥⎥⎥⎦

a0 = 0; a1 = −1; a2 = −1; a3 = 0;

Hodnota v bodě ϕ(2 π) = −1.

0π 1/4π 1/2π 3/4π 1π 5/4π 3/2π
−1.5

−1

−0.5

0

0.5

1

1.5
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Př́ıklad 12001 Určete interpolačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti 1 2 3
f(ti) 2 4 5

.

Jaká je hodnota interpolačńıho polynomu v bodě t = 1,5?

Řešeńı 12001 Neńı vypoč́ıtáno.
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Př́ıklad 12002 Určete interpolačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti 1 3 5
f(ti) 2 4 7

.

Jaká je hodnota interpolačńıho polynomu v bodě t = 2?

Řešeńı 12002 Neńı vypoč́ıtáno.

26



Př́ıklad 12003 Proved’te interpolaci trigonometrickým polynomem 2π-periodické funkce
f = f(t), která je zadána tabulkou hodnot

ti 0 π/2 π 3π/2
f(ti) 0 0 1 0 .

Řešeńı 12003 Neńı vypoč́ıtáno.
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Př́ıklad 12004 Proved’te interpolaci trigonometrickým polynomem 2π-periodické funkce
f = f(t), která je zadána tabulkou hodnot

ti 0 π/2 π 3π/2
f(ti) 0 1 1 0 .

Řešeńı 12004 Neńı vypoč́ıtáno.
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Př́ıklad 13001 Proved’te interpolaci trigonometrickým polynomem π-periodické funkce f =
f(t), která je zadána tabulkou hodnot

ti −π/4 0 π/4 π/2
f(ti) 1 0 1 0 .

Interpolačńı polynom volte ve tvaru

ϕ(t) =
A0

2
+A1 cos 2t+B1 sin 2t+A2 cos 4t.

Určete hodnotu interpolačńıho polynomu v bodě t = π/2.

Řešeńı 13001

ϕ(t) = A0
2 +A1 cos 2t+B1 sin 2t+A2 cos 4t.⎡

⎢⎢⎣
1/2 0 −1 −1
1/2 1 0 1
1/2 0 1 −1
1/2 −1 0 1

⎤
⎥⎥⎦ ·

⎡
⎢⎢⎣
A0

A1

B1

A2

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

1
0
1
0

⎤
⎥⎥⎦

⎡
⎢⎢⎣

1 0 0 0
0 2 0 0
0 0 2 0
0 0 0 4

⎤
⎥⎥⎦ ·

⎡
⎢⎢⎣
A0

A1

B1

A2

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

1
0
0
−2

⎤
⎥⎥⎦

A0 = 1, A1 = 0, B1 = 0, A2 = −0.5
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Př́ıklad 13002 Proved’te interpolaci trigonometrickým polynomem π-periodické funkce f =
f(t), která je zadána tabulkou hodnot

ti 0 π/4 π/2 3π/4
f(ti) 1 0 1 0 .

Interpolačńı polynom volte ve tvaru

ϕ(t) =
A0

2
+A1 cos 2t+B1 sin 2t+A2 cos 4t.

Určete hodnotu interpolačńıho polynomu v bodě t = 3π/4.

Řešeńı 13002

ϕ(t) = A0
2 +A1 cos 2t+B1 sin 2t+A2 cos 4t.⎡

⎢⎢⎣
1/2 1 0 1
1/2 0 1 −1
1/2 −1 0 1
1/2 0 −1 −1

⎤
⎥⎥⎦ ·

⎡
⎢⎢⎣
A0

A1

B1

A2

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

1
0
1
0

⎤
⎥⎥⎦

⎡
⎢⎢⎣

1 0 0 0
0 2 0 0
0 0 2 0
0 0 0 4

⎤
⎥⎥⎦ ·
⎡
⎢⎢⎣
A0

A1

B1

A2

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

1
0
0
2

⎤
⎥⎥⎦

A0 = 1, A1 = 0, B1 = 0, A2 = 0.5
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Př́ıklad 13003 Proved’te interpolaci trigonometrickým polynomem 4π-periodické funkce
f = f(t), která je zadána tabulkou hodnot

ti −π 0 π 2π
f(ti) 0 0 1 1 .

Interpolačńı polynom volte ve tvaru

ϕ(t) =
A0

2
+A1 cos

t

2
+B1 sin

t

2
+A2 cos t.

Určete hodnotu interpolačńıho polynomu v bodě t = 2π.

Řešeńı 13003

ϕ(t) = A0
2 +A1 cos t2 +B1 sin t

2 +A2 cos t.⎡
⎢⎢⎣

1/2 0 −1 −1
1/2 1 0 1
1/2 0 1 −1
1/2 −1 0 1

⎤
⎥⎥⎦ ·

⎡
⎢⎢⎣
A0

A1

B1

A2

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

0
0
1
1

⎤
⎥⎥⎦

⎡
⎢⎢⎣

1 0 0 0
0 2 0 0
0 0 2 0
0 0 0 4

⎤
⎥⎥⎦ ·

⎡
⎢⎢⎣
A0

A1

B1

A2

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

1
−1
1
0

⎤
⎥⎥⎦

A0 = 1, A1 = −0.5, B1 = 0.5, A2 = 0
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Př́ıklad 13004 Proved’te interpolaci trigonometrickým polynomem 4π-periodické funkce
f = f(t), která je zadána tabulkou hodnot

ti 0 π 2π 3π
f(ti) 0 0 1 1 .

Interpolačńı polynom volte ve tvaru

ϕ(t) =
A0

2
+A1 cos

t

2
+B1 sin

t

2
+A2 cos t.

Určete hodnotu interpolačńıho polynomu v bodě t = 3π.

Řešeńı 13004

ϕ(t) = A0
2 +A1 cos t2 +B1 sin t

2 +A2 cos t.⎡
⎢⎢⎣

1/2 1 0 1
1/2 0 1 −1
1/2 −1 0 1
1/2 0 −1 −1

⎤
⎥⎥⎦ ·

⎡
⎢⎢⎣
A0

A1

B1

A2

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

0
0
1
1

⎤
⎥⎥⎦

⎡
⎢⎢⎣

1 0 0 0
0 2 0 0
0 0 2 0
0 0 0 4

⎤
⎥⎥⎦ ·

⎡
⎢⎢⎣
A0

A1

B1

A2

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

1
−1
−1
0

⎤
⎥⎥⎦

A0 = 1, A1 = −0.5, B1 = −0.5, A2 = 0
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Př́ıklad 20001 Určete diskrétńı L2-aproximaci funkce f = f(t) zadané tabulkou hodnot
pomoćı funkce ϕ(t) = c0 + c1t

2;

ti −3 0 2
f(ti) 1 4 0 .

Načrtněte obrázek se zadanými hodnotami a výslednou aproximaćı ϕ(t).

Řešeńı 20001

ϕ(t) = c0 + c1t
2

⎡
⎣ 1 9

1 0
1 4

⎤
⎦ ·
[
c0
c1

]
=

⎡
⎣ 1

4
0

⎤
⎦

[
3 13
13 97

]
·
[
c0
c1

]
=
[

5
9

]

c0 = 184/61, c1 = −19/61 (c0 = 3.01639, c1 = −0.31147)

−4 −3 −2 −1 0 1 2 3
−2

−1

0

1

2

3

4
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Př́ıklad 20002 Určete diskrétńı L2-aproximaci funkce f = f(t) zadané tabulkou hodnot
pomoćı funkce ϕ(t) = c0t+ c1t

2;

ti −3 0 2
f(ti) 1 4 0 .

Načrtněte obrázek se zadanými hodnotami a výslednou aproximaćı ϕ(t).

Řešeńı 20002

ϕ(t) = c0t+ c1t
2

⎡
⎣ −3 9

0 0
2 4

⎤
⎦ ·
[
c0
c1

]
=

⎡
⎣ 1

4
0

⎤
⎦

[
13 −19
−19 97

]
·
[
c0
c1

]
=
[ −3

9

]

c0 = −2/15, c1 = 1/15 (c0 = −0.133333, c1 = 0.066666)

−4 −3 −2 −1 0 1 2 3
−0.5

0

0.5

1

1.5

2

2.5

3

3.5

4
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Př́ıklad 20003 Určete diskrétńı L2-aproximaci funkce f = f(t) zadané tabulkou hodnot
pomoćı funkce ϕ(t) = c0 + c1t;

ti −3 0 2
f(ti) 1 4 0 .

Načrtněte obrázek se zadanými hodnotami a výslednou aproximaćı ϕ(t).

Řešeńı 20003

ϕ(t) = c0 + c1t⎡
⎣ 1 −3

1 0
1 2

⎤
⎦ ·
[
c0
c1

]
=

⎡
⎣ 1

4
0

⎤
⎦

[
3 −1
−1 13

]
·
[
c0
c1

]
=
[

5
−3

]

c0 = 31/19, c1 = −2/19 (c0 = 1.63157, c1 = −0.10526)

−4 −3 −2 −1 0 1 2 3
0

0.5

1

1.5

2

2.5

3

3.5

4
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Př́ıklad 20004 Určete diskrétńı L2-aproximaci funkce f = f(t) zadané tabulkou hodnot
pomoćı funkce ϕ(t) = c0 + c1t+ c2t

2;

ti −2 −1 0 1 2
f(ti) −1 −1 0 1 1 .

Načrtněte obrázek se zadanými hodnotami a výslednou aproximaćı ϕ(t).

Řešeńı 20004

ϕ(t) = c0 + c1t+ c2t
2

⎡
⎢⎢⎢⎢⎣

1 −2 4
1 −1 1
1 0 0
1 1 1
1 2 4

⎤
⎥⎥⎥⎥⎦ ·
⎡
⎣ c0
c1
c2

⎤
⎦ =

⎡
⎢⎢⎢⎢⎣

−1
−1
0
1
1

⎤
⎥⎥⎥⎥⎦

⎡
⎣ 5 0 10

0 10 0
10 0 34

⎤
⎦ ·
⎡
⎣ c0
c1
c2

⎤
⎦ =

⎡
⎣ 0

6
0

⎤
⎦

c0 = 0, c1 = 0.6, c2 = 0

−2.5 −2 −1.5 −1 −0.5 0 0.5 1 1.5 2 2.5
−1.5

−1

−0.5

0

0.5

1

1.5
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Př́ıklad 21001 Určete aproximačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti 0 1 2
f(ti) −3 8 −5

Určete aproximačńı polynom metodou nejmenš́ıch čtverc̊u, který bude nejvýše 1. stupně.

Řešeńı 21001 Diskrétńı L2 aproximace polynomem 1. stupně

ϕ(t) = a0 + a1t
1

A =

⎡
⎢⎢⎣

1.0 0

1.0 1.0

1.0 2.0

⎤
⎥⎥⎦ b =

⎡
⎢⎢⎣

−3.0

8.0

−5.0

⎤
⎥⎥⎦

AT ∗A =

[
3.0 3.0

3.0 5.0

]
AT ∗ b =

[
0

−2.0

]

a0 = 1; a1 = −1;

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
−6

−4

−2

0

2

4

6

8
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Př́ıklad 21002 Určete aproximačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti 0 1 2
f(ti) −2 6 −4

Určete aproximačńı polynom metodou nejmenš́ıch čtverc̊u, který bude nejvýše 1. stupně.

Řešeńı 21002 Diskrétńı L2 aproximace polynomem 1. stupně

ϕ(t) = a0 + a1t
1

A =

⎡
⎢⎢⎣

1.0 0

1.0 1.0

1.0 2.0

⎤
⎥⎥⎦ b =

⎡
⎢⎢⎣

−2.0

6.0

−4.0

⎤
⎥⎥⎦

AT ∗A =

[
3.0 3.0

3.0 5.0

]
AT ∗ b =

[
0

−2.0

]

a0 = 1; a1 = −1;

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
−4

−3

−2

−1

0

1

2

3

4

5

6
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Př́ıklad 21003 Určete aproximačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti 0 1 2
f(ti) −1 4 −3

Určete aproximačńı polynom metodou nejmenš́ıch čtverc̊u, který bude nejvýše 1. stupně.

Řešeńı 21003 Diskrétńı L2 aproximace polynomem 1. stupně

ϕ(t) = a0 + a1t
1

A =

⎡
⎢⎢⎣

1.0 0

1.0 1.0

1.0 2.0

⎤
⎥⎥⎦ b =

⎡
⎢⎢⎣

−1.0

4.0

−3.0

⎤
⎥⎥⎦

AT ∗A =

[
3.0 3.0

3.0 5.0

]
AT ∗ b =

[
0

−2.0

]

a0 = 1; a1 = −1;

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
−3

−2

−1

0

1

2

3

4
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Př́ıklad 21004 Určete aproximačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti 0 1 2
f(ti) 0 2 −2

Určete aproximačńı polynom metodou nejmenš́ıch čtverc̊u, který bude nejvýše 1. stupně.

Řešeńı 21004 Diskrétńı L2 aproximace polynomem 1. stupně

ϕ(t) = a0 + a1t
1

A =

⎡
⎢⎢⎣

1.0 0

1.0 1.0

1.0 2.0

⎤
⎥⎥⎦ b =

⎡
⎢⎢⎣

0

2.0

−2.0

⎤
⎥⎥⎦

AT ∗A =

[
3.0 3.0

3.0 5.0

]
AT ∗ b =

[
0

−2.0

]

a0 = 1; a1 = −1;

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2
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Př́ıklad 21005 Určete aproximačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti −1 0 1
f(ti) −2 9 −4

Určete aproximačńı polynom metodou nejmenš́ıch čtverc̊u, který bude nejvýše 1. stupně.

Řešeńı 21005 Diskrétńı L2 aproximace polynomem 1. stupně

ϕ(t) = a0 + a1t
1

A =

⎡
⎢⎢⎣

1.0 −1.0

1.0 0

1.0 1.0

⎤
⎥⎥⎦ b =

⎡
⎢⎢⎣

−2.0

9.0

−4.0

⎤
⎥⎥⎦

AT ∗A =

[
3.0 0

0 2.0

]
AT ∗ b =

[
3.0

−2.0

]

a0 = 1; a1 = −1;

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−4

−2

0

2

4

6

8

10

41



Př́ıklad 21006 Určete aproximačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti −1 0 1
f(ti) −1 7 −3

Určete aproximačńı polynom metodou nejmenš́ıch čtverc̊u, který bude nejvýše 1. stupně.

Řešeńı 21006 Diskrétńı L2 aproximace polynomem 1. stupně

ϕ(t) = a0 + a1t
1

A =

⎡
⎢⎢⎣

1.0 −1.0

1.0 0

1.0 1.0

⎤
⎥⎥⎦ b =

⎡
⎢⎢⎣

−1.0

7.0

−3.0

⎤
⎥⎥⎦

AT ∗A =

[
3.0 0

0 2.0

]
AT ∗ b =

[
3.0

−2.0

]

a0 = 1; a1 = −1;

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−3

−2

−1

0

1

2

3

4

5

6

7
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Př́ıklad 21007 Určete aproximačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti −1 0 1
f(ti) 0 5 −2

Určete aproximačńı polynom metodou nejmenš́ıch čtverc̊u, který bude nejvýše 1. stupně.

Řešeńı 21007 Diskrétńı L2 aproximace polynomem 1. stupně

ϕ(t) = a0 + a1t
1

A =

⎡
⎢⎢⎣

1.0 −1.0

1.0 0

1.0 1.0

⎤
⎥⎥⎦ b =

⎡
⎢⎢⎣

0

5.0

−2.0

⎤
⎥⎥⎦

AT ∗A =

[
3.0 0

0 2.0

]
AT ∗ b =

[
3.0

−2.0

]

a0 = 1; a1 = −1;

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−2

−1

0

1

2

3

4

5
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Př́ıklad 21008 Určete aproximačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti −1 0 1
f(ti) 1 3 −1

Určete aproximačńı polynom metodou nejmenš́ıch čtverc̊u, který bude nejvýše 1. stupně.

Řešeńı 21008 Diskrétńı L2 aproximace polynomem 1. stupně

ϕ(t) = a0 + a1t
1

A =

⎡
⎢⎢⎣

1.0 −1.0

1.0 0

1.0 1.0

⎤
⎥⎥⎦ b =

⎡
⎢⎢⎣

1.0

3.0

−1.0

⎤
⎥⎥⎦

AT ∗A =

[
3.0 0

0 2.0

]
AT ∗ b =

[
3.0

−2.0

]

a0 = 1; a1 = −1;

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−1

−0.5

0

0.5

1

1.5

2

2.5

3
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Př́ıklad 21009 Určete aproximačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti −2 −1 0
f(ti) −1 10 −3

Určete aproximačńı polynom metodou nejmenš́ıch čtverc̊u, který bude nejvýše 1. stupně.

Řešeńı 21009 Diskrétńı L2 aproximace polynomem 1. stupně

ϕ(t) = a0 + a1t
1

A =

⎡
⎢⎢⎣

1.0 −2.0

1.0 −1.0

1.0 0

⎤
⎥⎥⎦ b =

⎡
⎢⎢⎣

−1.0

10.0

−3.0

⎤
⎥⎥⎦

AT ∗A =

[
3.0 −3.0

−3.0 5.0

]
AT ∗ b =

[
6.0

−8.0

]

a0 = 1; a1 = −1;

−2 −1.8 −1.6 −1.4 −1.2 −1 −0.8 −0.6 −0.4 −0.2 0
−4

−2

0

2

4

6

8

10
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Př́ıklad 21010 Určete aproximačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti −2 −1 0
f(ti) 0 8 −2

Určete aproximačńı polynom metodou nejmenš́ıch čtverc̊u, který bude nejvýše 1. stupně.

Řešeńı 21010 Diskrétńı L2 aproximace polynomem 1. stupně

ϕ(t) = a0 + a1t
1

A =

⎡
⎢⎢⎣

1.0 −2.0

1.0 −1.0

1.0 0

⎤
⎥⎥⎦ b =

⎡
⎢⎢⎣

0

8.0

−2.0

⎤
⎥⎥⎦

AT ∗A =

[
3.0 −3.0

−3.0 5.0

]
AT ∗ b =

[
6.0

−8.0

]

a0 = 1; a1 = −1;

−2 −1.8 −1.6 −1.4 −1.2 −1 −0.8 −0.6 −0.4 −0.2 0
−2

−1

0

1

2

3

4

5

6

7

8
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Př́ıklad 21011 Určete aproximačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti −2 −1 0
f(ti) 1 6 −1

Určete aproximačńı polynom metodou nejmenš́ıch čtverc̊u, který bude nejvýše 1. stupně.

Řešeńı 21011 Diskrétńı L2 aproximace polynomem 1. stupně

ϕ(t) = a0 + a1t
1

A =

⎡
⎢⎢⎣

1.0 −2.0

1.0 −1.0

1.0 0

⎤
⎥⎥⎦ b =

⎡
⎢⎢⎣

1.0

6.0

−1.0

⎤
⎥⎥⎦

AT ∗A =

[
3.0 −3.0

−3.0 5.0

]
AT ∗ b =

[
6.0

−8.0

]

a0 = 1; a1 = −1;

−2 −1.8 −1.6 −1.4 −1.2 −1 −0.8 −0.6 −0.4 −0.2 0
−1

0

1

2

3

4

5

6
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Př́ıklad 21012 Určete aproximačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti −2 −1 0
f(ti) 2 4 0

Určete aproximačńı polynom metodou nejmenš́ıch čtverc̊u, který bude nejvýše 1. stupně.

Řešeńı 21012 Diskrétńı L2 aproximace polynomem 1. stupně

ϕ(t) = a0 + a1t
1

A =

⎡
⎢⎢⎣

1.0 −2.0

1.0 −1.0

1.0 0

⎤
⎥⎥⎦ b =

⎡
⎢⎢⎣

2.0

4.0

0

⎤
⎥⎥⎦

AT ∗A =

[
3.0 −3.0

−3.0 5.0

]
AT ∗ b =

[
6.0

−8.0

]

a0 = 1; a1 = −1;

−2 −1.8 −1.6 −1.4 −1.2 −1 −0.8 −0.6 −0.4 −0.2 0
0

0.5

1

1.5

2

2.5

3

3.5

4
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Př́ıklad 21013 Určete aproximačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti 0 1 2
f(ti) −5 8 −3

Určete aproximačńı polynom metodou nejmenš́ıch čtverc̊u, který bude nejvýše 1. stupně.

Řešeńı 21013 Diskrétńı L2 aproximace polynomem 1. stupně

ϕ(t) = a0 + a1t
1

A =

⎡
⎢⎢⎣

1.0 0

1.0 1.0

1.0 2.0

⎤
⎥⎥⎦ b =

⎡
⎢⎢⎣

−5.0

8.0

−3.0

⎤
⎥⎥⎦

AT ∗A =

[
3.0 3.0

3.0 5.0

]
AT ∗ b =

[
0

2.0

]

a0 = −1; a1 = 1;

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
−6

−4

−2

0

2

4

6
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Př́ıklad 21014 Určete aproximačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti 0 1 2
f(ti) −4 6 −2

Určete aproximačńı polynom metodou nejmenš́ıch čtverc̊u, který bude nejvýše 1. stupně.

Řešeńı 21014 Diskrétńı L2 aproximace polynomem 1. stupně

ϕ(t) = a0 + a1t
1

A =

⎡
⎢⎢⎣

1.0 0

1.0 1.0

1.0 2.0

⎤
⎥⎥⎦ b =

⎡
⎢⎢⎣

−4.0

6.0

−2.0

⎤
⎥⎥⎦

AT ∗A =

[
3.0 3.0

3.0 5.0

]
AT ∗ b =

[
0

2.0

]

a0 = −1; a1 = 1;

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
−4

−3

−2

−1

0

1

2

3

4

5
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Př́ıklad 21015 Určete aproximačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti 0 1 2
f(ti) −3 4 −1

Určete aproximačńı polynom metodou nejmenš́ıch čtverc̊u, který bude nejvýše 1. stupně.

Řešeńı 21015 Diskrétńı L2 aproximace polynomem 1. stupně

ϕ(t) = a0 + a1t
1

A =

⎡
⎢⎢⎣

1.0 0

1.0 1.0

1.0 2.0

⎤
⎥⎥⎦ b =

⎡
⎢⎢⎣

−3.0

4.0

−1.0

⎤
⎥⎥⎦

AT ∗A =

[
3.0 3.0

3.0 5.0

]
AT ∗ b =

[
0

2.0

]

a0 = −1; a1 = 1;

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
−3

−2

−1

0

1

2

3

4
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Př́ıklad 21016 Určete aproximačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti 0 1 2
f(ti) −2 2 0

Určete aproximačńı polynom metodou nejmenš́ıch čtverc̊u, který bude nejvýše 1. stupně.

Řešeńı 21016 Diskrétńı L2 aproximace polynomem 1. stupně

ϕ(t) = a0 + a1t
1

A =

⎡
⎢⎢⎣

1.0 0

1.0 1.0

1.0 2.0

⎤
⎥⎥⎦ b =

⎡
⎢⎢⎣

−2.0

2.0

0

⎤
⎥⎥⎦

AT ∗A =

[
3.0 3.0

3.0 5.0

]
AT ∗ b =

[
0

2.0

]

a0 = −1; a1 = 1;

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2
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Př́ıklad 21017 Určete aproximačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti −1 0 1
f(ti) −6 7 −4

Určete aproximačńı polynom metodou nejmenš́ıch čtverc̊u, který bude nejvýše 1. stupně.

Řešeńı 21017 Diskrétńı L2 aproximace polynomem 1. stupně

ϕ(t) = a0 + a1t
1

A =

⎡
⎢⎢⎣

1.0 −1.0

1.0 0

1.0 1.0

⎤
⎥⎥⎦ b =

⎡
⎢⎢⎣

−6.0

7.0

−4.0

⎤
⎥⎥⎦

AT ∗A =

[
3.0 0

0 2.0

]
AT ∗ b =

[ −3.0

2.0

]

a0 = −1; a1 = 1;

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−6

−4

−2

0

2

4

6

8
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Př́ıklad 21018 Určete aproximačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti −1 0 1
f(ti) −5 5 −3

Určete aproximačńı polynom metodou nejmenš́ıch čtverc̊u, který bude nejvýše 1. stupně.

Řešeńı 21018 Diskrétńı L2 aproximace polynomem 1. stupně

ϕ(t) = a0 + a1t
1

A =

⎡
⎢⎢⎣

1.0 −1.0

1.0 0

1.0 1.0

⎤
⎥⎥⎦ b =

⎡
⎢⎢⎣

−5.0

5.0

−3.0

⎤
⎥⎥⎦

AT ∗A =

[
3.0 0

0 2.0

]
AT ∗ b =

[ −3.0

2.0

]

a0 = −1; a1 = 1;

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−5

−4

−3

−2

−1

0

1

2

3

4

5
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Př́ıklad 21019 Určete aproximačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti −1 0 1
f(ti) −4 3 −2

Určete aproximačńı polynom metodou nejmenš́ıch čtverc̊u, který bude nejvýše 1. stupně.

Řešeńı 21019 Diskrétńı L2 aproximace polynomem 1. stupně

ϕ(t) = a0 + a1t
1

A =

⎡
⎢⎢⎣

1.0 −1.0

1.0 0

1.0 1.0

⎤
⎥⎥⎦ b =

⎡
⎢⎢⎣

−4.0

3.0

−2.0

⎤
⎥⎥⎦

AT ∗A =

[
3.0 0

0 2.0

]
AT ∗ b =

[ −3.0

2.0

]

a0 = −1; a1 = 1;

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−4

−3

−2

−1

0

1

2

3
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Př́ıklad 21020 Určete aproximačńı polynom pro funkci f = f(t), která je zadána tabulkou
hodnot

ti −1 0 1
f(ti) −3 1 −1

Určete aproximačńı polynom metodou nejmenš́ıch čtverc̊u, který bude nejvýše 1. stupně.

Řešeńı 21020 Diskrétńı L2 aproximace polynomem 1. stupně

ϕ(t) = a0 + a1t
1

A =

⎡
⎢⎢⎣

1.0 −1.0

1.0 0

1.0 1.0

⎤
⎥⎥⎦ b =

⎡
⎢⎢⎣

−3.0

1.0

−1.0

⎤
⎥⎥⎦

AT ∗A =

[
3.0 0

0 2.0

]
AT ∗ b =

[ −3.0

2.0

]

a0 = −1; a1 = 1;

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−3

−2.5

−2

−1.5

−1

−0.5

0

0.5

1
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Př́ıklad 22001 Určete diskrétńı L2-aproximaci funkce f = f(t) zadané tabulkou hodnot
pomoćı funkce ϕ(t) = c0 + c1t

2;

ti 1 3 5
f(ti) 2 4 7 .

Řešeńı 22001 Neńı vypoč́ıtáno.
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Př́ıklad 22002 Určete diskrétńı L2-aproximaci funkce f = f(t) zadané tabulkou hodnot
pomoćı funkce γ(t) = b0t+ b1t

2;

ti 1 3 5
f(ti) 2 4 5 .

Řešeńı 22002 Neńı vypoč́ıtáno.
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Př́ıklad 22003 Určete spojitou L2-aproximaci funkce f(x) = ex na intervalu 〈0, 1〉 pomoćı
funkce �(x) = α0 + α1x;

Řešeńı 22003 Neńı vypoč́ıtáno.
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Př́ıklad 22004 Určete diskrétńı L2-aproximaci funkce f = f(t) zadané tabulkou hodnot
pomoćı funkce ϑ(t) = c0 + c1t+ c2t

2;

ti −2 −1 0 1
f(ti) −1 −1 0 1 .

Řešeńı 22004 Neńı vypoč́ıtáno.
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Př́ıklad 23001 Určete diskrétńı L2-aproximaci funkce f = f(t) zadané tabulkou hodnot
pomoćı funkce ϕ(t) = c0 + c1t

3;

ti −2 −1 0 1
f(ti) 2 1 0 1

Načrtněte obrázek se zadanými hodnotami a výslednou aproximaćı ϕ(t).

Řešeńı 23001

ϕ(t) = c0 + c1t
3

⎡
⎢⎢⎣

1 −8
1 −1
1 0
1 1

⎤
⎥⎥⎦ ·
[
c0
c1

]
=

⎡
⎢⎢⎣

2
1
0
1

⎤
⎥⎥⎦

[
4 −8
−8 66

]
·
[
c0
c1

]
=
[

4
−16

]

c0 = 17/25, c1 = −4/25 (c0 = 0.68, c1 = −0.16)
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Př́ıklad 23002 Určete diskrétńı L2-aproximaci funkce f = f(t) zadané tabulkou hodnot
pomoćı funkce ϕ(t) = c0 + c1t

2;

ti −2 −1 0 1
f(ti) 2 1 0 1

Načrtněte obrázek se zadanými hodnotami a výslednou aproximaćı ϕ(t).

Řešeńı 23002

ϕ(t) = c0 + c1t
2

⎡
⎢⎢⎣

1 4
1 1
1 0
1 1

⎤
⎥⎥⎦ ·
[
c0
c1

]
=

⎡
⎢⎢⎣

2
1
0
1

⎤
⎥⎥⎦

[
4 6
6 18

]
·
[
c0
c1

]
=
[

4
10

]

c0 = 1/3, c1 = 4/9 (c0 = 0.3333, c1 = 0.4444)
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Př́ıklad 23003 Určete diskrétńı L2-aproximaci funkce f = f(t) zadané tabulkou hodnot
pomoćı funkce ϕ(t) = c0t+ c1t

2;

ti −2 −1 0 1
f(ti) 2 1 0 1

Načrtněte obrázek se zadanými hodnotami a výslednou aproximaćı ϕ(t).

Řešeńı 23003

ϕ(t) = c0t+ c1t
2

⎡
⎢⎢⎣

−2 4
−1 1
0 0
1 1

⎤
⎥⎥⎦ ·
[
c0
c1

]
=

⎡
⎢⎢⎣

2
1
0
1

⎤
⎥⎥⎦

[
6 −8
−8 18

]
·
[
c0
c1

]
=
[ −4

10

]

c0 = 2/11, c1 = 7/11 (c0 = 0.1818, c1 = 0.6364)
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Př́ıklad 23004 Určete diskrétńı L2-aproximaci funkce f = f(t) zadané tabulkou hodnot
pomoćı funkce ϕ(t) = c0t+ c1t

3;

ti −2 −1 0 1
f(ti) 2 1 0 1

Načrtněte obrázek se zadanými hodnotami a výslednou aproximaćı ϕ(t).

Řešeńı 23004

ϕ(t) = c0t+ c1t
3

⎡
⎢⎢⎣

−2 −8
−1 −1
0 0
1 1

⎤
⎥⎥⎦ ·
[
c0
c1

]
=

⎡
⎢⎢⎣

2
1
0
1

⎤
⎥⎥⎦

[
6 18
18 66

]
·
[
c0
c1

]
=
[ −4

−16

]

c0 = 1/3, c1 = −1/3 (c0 = 0.3333, c1 = −0.3333)
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Př́ıklad 30001 Určete spojitou L2-aproximaci funkce f zadané předpisem f(t) = 1
t+1 na

intervalu 〈0, 1〉 pomoćı funkce ϕ(t) = c0 + c1t.
Načrtněte obrázek se zadanou funkćı f(t) a výslednou aproximaćı ϕ(t).

Řešeńı 30001

ϕ(t) = c0 + c1t

Minimalizujeme R =
1∫
0

(f(t) − ϕ(t))2 dt =
1∫
0

( 1
t+1 − c0 − c1t)2 dt

Podmı́nky minima:

0 = ∂R
∂c0

= −2
1∫
0

( 1
t+1 − c0 − c1t) dt

0 = ∂R
∂c1

= −2
1∫
0

( 1
t+1 − c0 − c1t)t dt

[
ln |t+ 1| − c0t− c1

t2

2

]1
0

= 0[
t− ln |t+ 1| − c0

t2

2 − c1
t3

3

]1
0

= 0

c0 + 1
2c1 = ln 2

1
2c0 + 1

3c1 = 1 − ln 2

c0 = 0.93147, c1 = −0.47665

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.4

0.6

0.8

1
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Př́ıklad 30002 Určete spojitou L2-aproximaci funkce f zadané předpisem f(t) = 1
t+1 na

intervalu 〈−3,−2〉 pomoćı funkce ϕ(t) = c0 + c1t.
Načrtněte obrázek se zadanou funkćı f(t) a výslednou aproximaćı ϕ(t).

Řešeńı 30002

ϕ(t) = c0 + c1t

Minimalizujeme R =
−2∫
−3

(f(t) − ϕ(t))2 dt =
−2∫
−3

( 1
t+1 − c0 − c1t)2 dt

Podmı́nky minima:

0 = ∂R
∂c0

= −2
−2∫
−3

( 1
t+1 − c0 − c1t) dt

0 = ∂R
∂c1

= −2
−2∫
−3

( 1
t+1 − c0 − c1t)t dt

[
ln |t+ 1| − c0t− c1

t2

2

]−2

−3
= 0[

t− ln |t+ 1| − c0
t2

2 − c1
t3

3

]−2

−3
= 0

−c0 + 5
2c1 = ln 2

5
2c0 − 19

3 c1 = −1 − ln 2

c0 = −1.88477, c1 = −0.47665

−3 −2.9 −2.8 −2.7 −2.6 −2.5 −2.4 −2.3 −2.2 −2.1 −2
−1

−0.8

−0.6

−0.4
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Př́ıklad 30003 Najděte ortogonálńı bázi prostoru polynomů stupně nejvýše 2 na inter-
valu 〈0, 2〉 pomoćı Gramm-Schmidtova ortogonalizačńıho procesu. Jako výchoźı bázi volte funkce
ϕ1(t) = 1, ϕ2(t) = t a ϕ3(t) = t2.

Řešeńı 30003

ϕ1(t) = 1, ϕ2(t) = t a ϕ3(t) = t2 na intervalu 〈0, 2〉

ψ1(t) = ϕ1(t) = 1

ψ2(t) = ϕ2(t) + κ21ψ1(t) skalárně násob́ıme ψ1(t)

(ψ2(t), ψ1(t))︸ ︷︷ ︸
0

= (ϕ2(t), ψ1(t))︸ ︷︷ ︸
I21

+κ21 (ψ1(t), ψ1(t))︸ ︷︷ ︸
I11

I21 =
2∫
0

t · 1 dt =
[
t2

2

]2
0

= 2

I11 =
2∫
0

1 · 1 dt = [t]20 = 2

κ21 = − I21
I11

= − 2
2 = −1

ψ2(t) = t− 1

ψ3(t) = ϕ3(t) + κ31ψ1(t) + κ32ψ2(t) skalárně násob́ıme ψ1(t) a následně ψ2(t)

(ψ3(t), ψ1(t))︸ ︷︷ ︸
0

= (ϕ3(t), ψ1(t))︸ ︷︷ ︸
I31

+κ31 (ψ1(t), ψ1(t))︸ ︷︷ ︸
I11

+κ32 (ψ2(t), ψ1(t))︸ ︷︷ ︸
=0

(ψ3(t), ψ2(t))︸ ︷︷ ︸
0

= (ϕ3(t), ψ2(t))︸ ︷︷ ︸
I32

+κ31 (ψ1(t), ψ2(t))︸ ︷︷ ︸
=0

+κ32 (ψ2(t), ψ2(t))︸ ︷︷ ︸
I22

I31 =
2∫
0

t2 · 1 dt =
[
t3

3

]2
0

= 8
3

I32 =
2∫
0

t2 · (t− 1) dt =
[
t4

4 − t3

3

]2
0

= 4 − 8
3 = 4

3

I22 =
2∫
0

(t− 1)2 dt =
[

(t−1)3

3

]2
0

= 2
3

κ31 = − I31
I11

= − 4
3

κ32 = − I32
I22

= − 4
3
2
3

= −2

ψ3(t) = t2 − 4
3 − 2(t− 1) = t2 − 2t+ 2

3
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Př́ıklad 30004 Najděte ortogonálńı bázi prostoru polynomů stupně nejvýše 2 na intervalu
〈−1, 1〉 pomoćı Gramm-Schmidtova ortogonalizačńıho procesu. Jako výchoźı bázi volte funkce
ϕ1(t) = 1, ϕ2(t) = t a ϕ3(t) = t2.

Řešeńı 30004

ϕ1(t) = 1, ϕ2(t) = t a ϕ3(t) = t2 na intervalu 〈−1, 1〉

ψ1(t) = ϕ1(t) = 1

ψ2(t) = ϕ2(t) + κ21ψ1(t) skalárně násob́ıme ψ1(t)

(ψ2(t), ψ1(t))︸ ︷︷ ︸
0

= (ϕ2(t), ψ1(t))︸ ︷︷ ︸
I21

+κ21 (ψ1(t), ψ1(t))︸ ︷︷ ︸
I11

I21 =
1∫

−1

t · 1 dt =
[
t2

2

]1
−1

= 0

I11 =
1∫

−1

1 · 1 dt = [t]1−1 = 2

κ21 = − I21
I11

= − 0
2 = 0

ψ2(t) = t

ψ3(t) = ϕ3(t) + κ31ψ1(t) + κ32ψ2(t) skalárně násob́ıme ψ1(t) a následně ψ2(t)

(ψ3(t), ψ1(t))︸ ︷︷ ︸
0

= (ϕ3(t), ψ1(t))︸ ︷︷ ︸
I31

+κ31 (ψ1(t), ψ1(t))︸ ︷︷ ︸
I11

+κ32 (ψ2(t), ψ1(t))︸ ︷︷ ︸
=0

(ψ3(t), ψ2(t))︸ ︷︷ ︸
0

= (ϕ3(t), ψ2(t))︸ ︷︷ ︸
I32

+κ31 (ψ1(t), ψ2(t))︸ ︷︷ ︸
=0

+κ32 (ψ2(t), ψ2(t))︸ ︷︷ ︸
I22

I31 =
1∫

−1

t2 · 1 dt =
[
t3

3

]1
−1

= 2
3

I32 =
1∫

−1

t2 · t dt =
[
t4

4

]1
−1

= 0

I22 =
1∫

−1

t2 dt =
[
t3

3

]1
−1

= 2
3

κ31 = − I31
I11

= − 1
3

κ32 = − I32
I22

= 0

ψ3(t) = t2 − 1
3 + 0t = t2 − 1

3
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Př́ıklad 31001 Najděte ortogonálńı bázi prostoru polynomů stupně nejvýše 2 na intervalu
〈−2, 0〉 pomoćı Gramm-Schmidtova ortogonalizačńıho procesu. Jako výchoźı bázi volte funkce
ϕ1(x) = −1, ϕ2(x) = x, ϕ3(x) = (x+ 2)2.

Řešeńı 31001 Najděte ortogonálńı bázi prostoru polynomů stupně nejvýše 2 na intervalu
〈−2, 0〉 pomoćı Gramm-Schmidtova ortogonalizačńıho procesu. Jako výchoźı bázi volte funkce
ϕ1(x) = −1, ϕ2(x) = x, ϕ3(x) = (x+ 2)2.
< f, g >=

∫ 0

−2 f(x)g(x)dx

ψ1(x) = ϕ1(x) = −1
ψ2(x) = ϕ2(x) − c1ψ1(x);
c1 = <ϕ2,ψ1>

<ψ1,ψ1>
= 2

2 = 1
ψ2(x) = x+ 1
ψ3(x) = ϕ3(x) − c1ψ1(x) − c2ψ2(x);
c1 = <ϕ3,ψ1>

<ψ1,ψ1>
= −8/3

2 = −4/3; c2 = <ϕ3,ψ2>
<ψ2,ψ2>

= 4/3
2/3 = 2

ψ3(x) = x2 + 2 x+ 2/3
ψ1(x) = −1; ψ2(x) = x+ 1; ψ3(x) = x2 + 2 x+ 2/3
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Př́ıklad 31002 Najděte ortogonálńı bázi prostoru polynomů stupně nejvýše 2 na intervalu
〈−1, 0〉 pomoćı Gramm-Schmidtova ortogonalizačńıho procesu. Jako výchoźı bázi volte funkce
ϕ1(x) = −1, ϕ2(x) = x, ϕ3(x) = (1 + x)2.

Řešeńı 31002 Najděte ortogonálńı bázi prostoru polynomů stupně nejvýše 2 na intervalu
〈−1, 0〉 pomoćı Gramm-Schmidtova ortogonalizačńıho procesu. Jako výchoźı bázi volte funkce
ϕ1(x) = −1, ϕ2(x) = x, ϕ3(x) = (1 + x)2.
< f, g >=

∫ 0

−1 f(x)g(x)dx

ψ1(x) = ϕ1(x) = −1
ψ2(x) = ϕ2(x) − c1ψ1(x);
c1 = <ϕ2,ψ1>

<ψ1,ψ1>
= 1/2

1 = 1/2
ψ2(x) = x+ 1/2
ψ3(x) = ϕ3(x) − c1ψ1(x) − c2ψ2(x);
c1 = <ϕ3,ψ1>

<ψ1,ψ1>
= −1/3

1 = −1/3; c2 = <ϕ3,ψ2>
<ψ2,ψ2>

= 1/12
1/12 = 1

ψ3(x) = 1/6 + x+ x2

ψ1(x) = −1; ψ2(x) = x+ 1/2; ψ3(x) = 1/6 + x+ x2
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Př́ıklad 31003 Najděte ortogonálńı bázi prostoru polynomů stupně nejvýše 2 na intervalu
〈0, 2〉 pomoćı Gramm-Schmidtova ortogonalizačńıho procesu. Jako výchoźı bázi volte funkce
ϕ1(x) = −1, ϕ2(x) = x, ϕ3(x) = x2.

Řešeńı 31003 Najděte ortogonálńı bázi prostoru polynomů stupně nejvýše 2 na intervalu
〈0, 2〉 pomoćı Gramm-Schmidtova ortogonalizačńıho procesu. Jako výchoźı bázi volte funkce
ϕ1(x) = −1, ϕ2(x) = x, ϕ3(x) = x2.
< f, g >=

∫ 2

0
f(x)g(x)dx

ψ1(x) = ϕ1(x) = −1
ψ2(x) = ϕ2(x) − c1ψ1(x);
c1 = <ϕ2,ψ1>

<ψ1,ψ1>
= −2

2 = −1
ψ2(x) = x− 1
ψ3(x) = ϕ3(x) − c1ψ1(x) − c2ψ2(x);
c1 = <ϕ3,ψ1>

<ψ1,ψ1>
= −8/3

2 = −4/3; c2 = <ϕ3,ψ2>
<ψ2,ψ2>

= 4/3
2/3 = 2

ψ3(x) = x2 + 2/3 − 2 x
ψ1(x) = −1; ψ2(x) = x− 1; ψ3(x) = x2 + 2/3 − 2 x
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Př́ıklad 31004 Najděte ortogonálńı bázi prostoru polynomů stupně nejvýše 2 na intervalu
〈0, 1〉 pomoćı Gramm-Schmidtova ortogonalizačńıho procesu. Jako výchoźı bázi volte funkce
ϕ1(x) = −1, ϕ2(x) = x, ϕ3(x) = x2.

Řešeńı 31004 Najděte ortogonálńı bázi prostoru polynomů stupně nejvýše 2 na intervalu
〈0, 1〉 pomoćı Gramm-Schmidtova ortogonalizačńıho procesu. Jako výchoźı bázi volte funkce
ϕ1(x) = −1, ϕ2(x) = x, ϕ3(x) = x2.
< f, g >=

∫ 1

0
f(x)g(x)dx

ψ1(x) = ϕ1(x) = −1
ψ2(x) = ϕ2(x) − c1ψ1(x);
c1 = <ϕ2,ψ1>

<ψ1,ψ1>
= −1/2

1 = −1/2
ψ2(x) = x− 1/2
ψ3(x) = ϕ3(x) − c1ψ1(x) − c2ψ2(x);
c1 = <ϕ3,ψ1>

<ψ1,ψ1>
= −1/3

1 = −1/3; c2 = <ϕ3,ψ2>
<ψ2,ψ2>

= 1/12
1/12 = 1

ψ3(x) = x2 + 1/6 − x
ψ1(x) = −1; ψ2(x) = x− 1/2; ψ3(x) = x2 + 1/6 − x
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Př́ıklad 31005 Najděte ortogonálńı bázi prostoru polynomů stupně nejvýše 2 na intervalu
〈−2, 2〉 pomoćı Gramm-Schmidtova ortogonalizačńıho procesu. Jako výchoźı bázi volte funkce
ϕ1(x) = 1, ϕ2(x) = x, ϕ3(x) = (x+ 2)2.

Řešeńı 31005 Najděte ortogonálńı bázi prostoru polynomů stupně nejvýše 2 na intervalu
〈−2, 2〉 pomoćı Gramm-Schmidtova ortogonalizačńıho procesu. Jako výchoźı bázi volte funkce
ϕ1(x) = 1, ϕ2(x) = x, ϕ3(x) = (x+ 2)2.
< f, g >=

∫ 2

−2 f(x)g(x)dx

ψ1(x) = ϕ1(x) = 1
ψ2(x) = ϕ2(x) − c1ψ1(x);
c1 = <ϕ2,ψ1>

<ψ1,ψ1>
= 0

4 = 0
ψ2(x) = x
ψ3(x) = ϕ3(x) − c1ψ1(x) − c2ψ2(x);
c1 = <ϕ3,ψ1>

<ψ1,ψ1>
=

64
3
4 = 16/3; c2 = <ϕ3,ψ2>

<ψ2,ψ2>
=

64
3

16/3 = 4
ψ3(x) = x2 − 4/3
ψ1(x) = 1; ψ2(x) = x; ψ3(x) = x2 − 4/3
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Př́ıklad 31006 Najděte ortogonálńı bázi prostoru polynomů stupně nejvýše 2 na intervalu
〈−1, 1〉 pomoćı Gramm-Schmidtova ortogonalizačńıho procesu. Jako výchoźı bázi volte funkce
ϕ1(x) = 1, ϕ2(x) = x, ϕ3(x) = (1 + x)2.

Řešeńı 31006 Najděte ortogonálńı bázi prostoru polynomů stupně nejvýše 2 na intervalu
〈−1, 1〉 pomoćı Gramm-Schmidtova ortogonalizačńıho procesu. Jako výchoźı bázi volte funkce
ϕ1(x) = 1, ϕ2(x) = x, ϕ3(x) = (1 + x)2.
< f, g >=

∫ 1

−1 f(x)g(x)dx

ψ1(x) = ϕ1(x) = 1
ψ2(x) = ϕ2(x) − c1ψ1(x);
c1 = <ϕ2,ψ1>

<ψ1,ψ1>
= 0

2 = 0
ψ2(x) = x
ψ3(x) = ϕ3(x) − c1ψ1(x) − c2ψ2(x);
c1 = <ϕ3,ψ1>

<ψ1,ψ1>
= 8/3

2 = 4/3; c2 = <ϕ3,ψ2>
<ψ2,ψ2>

= 4/3
2/3 = 2

ψ3(x) = x2 − 1/3
ψ1(x) = 1; ψ2(x) = x; ψ3(x) = x2 − 1/3

74



Př́ıklad 31007 Najděte ortogonálńı bázi prostoru polynomů stupně nejvýše 2 na intervalu
〈−2, 0〉 pomoćı Gramm-Schmidtova ortogonalizačńıho procesu. Jako výchoźı bázi volte funkce
ϕ1(x) = −1, ϕ2(x) = x+ 2, ϕ3(x) = (x+ 4)2.

Řešeńı 31007 Najděte ortogonálńı bázi prostoru polynomů stupně nejvýše 2 na intervalu
〈−2, 0〉 pomoćı Gramm-Schmidtova ortogonalizačńıho procesu. Jako výchoźı bázi volte funkce
ϕ1(x) = −1, ϕ2(x) = x+ 2, ϕ3(x) = (x+ 4)2.
< f, g >=

∫ 0

−2 f(x)g(x)dx

ψ1(x) = ϕ1(x) = −1
ψ2(x) = ϕ2(x) − c1ψ1(x);
c1 = <ϕ2,ψ1>

<ψ1,ψ1>
= −2

2 = −1
ψ2(x) = x+ 1
ψ3(x) = ϕ3(x) − c1ψ1(x) − c2ψ2(x);
c1 = <ϕ3,ψ1>

<ψ1,ψ1>
= − 56

3
2 = − 28

3 ; c2 = <ϕ3,ψ2>
<ψ2,ψ2>

= 4
2/3 = 6

ψ3(x) = x2 + 2 x+ 2/3
ψ1(x) = −1; ψ2(x) = x+ 1; ψ3(x) = x2 + 2 x+ 2/3
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Př́ıklad 31008 Najděte ortogonálńı bázi prostoru polynomů stupně nejvýše 2 na intervalu
〈−1, 0〉 pomoćı Gramm-Schmidtova ortogonalizačńıho procesu. Jako výchoźı bázi volte funkce
ϕ1(x) = −1, ϕ2(x) = 1 + x, ϕ3(x) = (2 + x)2.

Řešeńı 31008 Najděte ortogonálńı bázi prostoru polynomů stupně nejvýše 2 na intervalu
〈−1, 0〉 pomoćı Gramm-Schmidtova ortogonalizačńıho procesu. Jako výchoźı bázi volte funkce
ϕ1(x) = −1, ϕ2(x) = 1 + x, ϕ3(x) = (2 + x)2.
< f, g >=

∫ 0

−1 f(x)g(x)dx

ψ1(x) = ϕ1(x) = −1
ψ2(x) = ϕ2(x) − c1ψ1(x);
c1 = <ϕ2,ψ1>

<ψ1,ψ1>
= −1/2

1 = −1/2
ψ2(x) = x+ 1/2
ψ3(x) = ϕ3(x) − c1ψ1(x) − c2ψ2(x);
c1 = <ϕ3,ψ1>

<ψ1,ψ1>
= −7/3

1 = −7/3; c2 = <ϕ3,ψ2>
<ψ2,ψ2>

= 1/4
1/12 = 3

ψ3(x) = 1/6 + x+ x2

ψ1(x) = −1; ψ2(x) = x+ 1/2; ψ3(x) = 1/6 + x+ x2
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Př́ıklad 31009 Najděte ortogonálńı bázi prostoru polynomů stupně nejvýše 2 na intervalu
〈0, 2〉 pomoćı Gramm-Schmidtova ortogonalizačńıho procesu. Jako výchoźı bázi volte funkce
ϕ1(x) = −1, ϕ2(x) = x− 2, ϕ3(x) = (x− 2)2.

Řešeńı 31009 Najděte ortogonálńı bázi prostoru polynomů stupně nejvýše 2 na intervalu
〈0, 2〉 pomoćı Gramm-Schmidtova ortogonalizačńıho procesu. Jako výchoźı bázi volte funkce
ϕ1(x) = −1, ϕ2(x) = x− 2, ϕ3(x) = (x− 2)2.
< f, g >=

∫ 2

0 f(x)g(x)dx

ψ1(x) = ϕ1(x) = −1
ψ2(x) = ϕ2(x) − c1ψ1(x);
c1 = <ϕ2,ψ1>

<ψ1,ψ1>
= 2

2 = 1
ψ2(x) = x− 1
ψ3(x) = ϕ3(x) − c1ψ1(x) − c2ψ2(x);
c1 = <ϕ3,ψ1>

<ψ1,ψ1>
= −8/3

2 = −4/3; c2 = <ϕ3,ψ2>
<ψ2,ψ2>

= −4/3
2/3 = −2

ψ3(x) = x2 + 2/3 − 2 x
ψ1(x) = −1; ψ2(x) = x− 1; ψ3(x) = x2 + 2/3 − 2 x
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Př́ıklad 31010 Najděte ortogonálńı bázi prostoru polynomů stupně nejvýše 2 na intervalu
〈0, 1〉 pomoćı Gramm-Schmidtova ortogonalizačńıho procesu. Jako výchoźı bázi volte funkce
ϕ1(x) = −1, ϕ2(x) = x− 1, ϕ3(x) = (x− 1)2.

Řešeńı 31010 Najděte ortogonálńı bázi prostoru polynomů stupně nejvýše 2 na intervalu
〈0, 1〉 pomoćı Gramm-Schmidtova ortogonalizačńıho procesu. Jako výchoźı bázi volte funkce
ϕ1(x) = −1, ϕ2(x) = x− 1, ϕ3(x) = (x− 1)2.
< f, g >=

∫ 1

0 f(x)g(x)dx

ψ1(x) = ϕ1(x) = −1
ψ2(x) = ϕ2(x) − c1ψ1(x);
c1 = <ϕ2,ψ1>

<ψ1,ψ1>
= 1/2

1 = 1/2
ψ2(x) = x− 1/2
ψ3(x) = ϕ3(x) − c1ψ1(x) − c2ψ2(x);
c1 = <ϕ3,ψ1>

<ψ1,ψ1>
= −1/3

1 = −1/3; c2 = <ϕ3,ψ2>
<ψ2,ψ2>

= −1/12
1/12 = −1

ψ3(x) = x2 + 1/6 − x
ψ1(x) = −1; ψ2(x) = x− 1/2; ψ3(x) = x2 + 1/6 − x
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Př́ıklad 31011 Vyjádřete spojitou L2-aproximaci funkce f(x) = −2x2+x+2/3 na intervalu
〈−1, 1〉 pomoćı bázových funkćı ϕ0(x) = 1 a ϕ1(x) = x. Načrtněte obrázek funkce f(x) a ϕ(x).

Řešeńı 31011 L2-aproximace funkce f(x) = x − 2 x2 + 2/3 na intervalu 〈−1, 1〉 pomoćı
funkce
ϕ(x) = c0ϕ0(x) + c1ϕ1(x)
Kde ϕ0(x) = 1; ϕ1(x) = x;
Budeme minimalizovat funkcionál R(f, ϕ) = Φ(c0, c1) =

∫ 1

−1
(f(x) − ϕ(x))2 dx

Zavedeme si skalárńı součin < v,w >=
∫ 1

−1 v(x)w(x)dx, pak Φ(c0, c1) =< f − ϕ, f − ϕ >

Nutná a postačuj́ı podmı́nka minima funkcionálu Φ je ∂Φ
∂ci

= 0,protože funkcionál Φ je ryze kon-
vexńı. Podmı́nky ∂Φ

∂ci
= 0 jsou podmı́nkami ortogonality — Chceme, aby f − ϕ bylo kolmé na

bázové funkce.

∂Φ
∂c0

=
∫ 1

−1
−2 (f(x) − c0ϕ0(x) + c1ϕ1(x))ϕ0(x)dx =< f − ϕ,ϕ0 >= 0 tj. (f − ϕ) ⊥ ϕ0

∂Φ
∂c1

=
∫ 1

−1
−2 (f(x) − c0ϕ0(x) + c1ϕ1(x))ϕ1(x)dx =< f − ϕ,ϕ1 >= 0 tj. (f − ϕ) ⊥ ϕ1

Výsledná soustava rovnic má tvar:[
< ϕ0, ϕ0 > < ϕ0, ϕ1 >
< ϕ1, ϕ0 > < ϕ1, ϕ1 >

]
=

[
2 0

0 2/3

]
Vektor pravých stran:[
< ϕ0, f >
< ϕ1, f >

]
=

[
0

2/3

]
Vektor neznámých:
[c0, c1]T =

[
0 1

]T
Výsledná funkce ϕ(x) = x.

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−2.5

−2

−1.5

−1

−0.5

0

0.5

1
f(x)
aproximace funkce

79



Př́ıklad 31012 Vyjádřete spojitou L2-aproximaci funkce f(x) = x − x2 + 1/3 na intervalu
〈−1, 1〉 pomoćı bázových funkćı
ϕ0(x) = 1; ϕ1(x) = x;
A načrtněte obrázek funkce f(x) a ϕ(x).

Řešeńı 31012 L2-aproximace funkce f(x) = x−x2+1/3 na intervalu 〈−1, 1〉 pomoćı funkce
ϕ(x) = c0ϕ0(x) + c1ϕ1(x)
Kde ϕ0(x) = 1; ϕ1(x) = x;
Budeme minimalizovat funkcionál R(f, ϕ) = Φ(c0, c1) =

∫ 1

−1 (f(x) − ϕ(x))2 dx

Zavedeme si skalárńı součin < v,w >=
∫ 1

−1
v(x)w(x)dx, pak Φ(c0, c1) =< f − ϕ, f − ϕ >

Nutná a postačuj́ı podmı́nka minima funkcionálu Φ je ∂Φ
∂ci

= 0,protože funkcionál Φ je ryze kon-
vexńı. Podmı́nky ∂Φ

∂ci
= 0 jsou podmı́nkami ortogonality — Chceme, aby f − ϕ bylo kolmé na

bázové funkce.

∂Φ
∂c0

=
∫ 1

−1 −2 (f(x) − c0ϕ0(x) + c1ϕ1(x))ϕ0(x)dx =< f − ϕ,ϕ0 >= 0 tj. (f − ϕ) ⊥ ϕ0

∂Φ
∂c1

=
∫ 1

−1 −2 (f(x) − c0ϕ0(x) + c1ϕ1(x))ϕ1(x)dx =< f − ϕ,ϕ1 >= 0 tj. (f − ϕ) ⊥ ϕ1

Výsledná soustava rovnic má tvar:[
< ϕ0, ϕ0 > < ϕ0, ϕ1 >
< ϕ1, ϕ0 > < ϕ1, ϕ1 >

]
=

[
2 0

0 2/3

]
Vektor pravých stran:[
< ϕ0, f >
< ϕ1, f >

]
=

[
0

2/3

]
Vektor neznámých:
[c0, c1]T =

[
0 1

]T
Výsledná funkce ϕ(x) = x.
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Př́ıklad 31013 Vyjádřete spojitou L2-aproximaci funkce f(x) = −x−2 x2+2/3 na intervalu
〈−1, 1〉 pomoćı bázových funkćı
ϕ0(x) = 1; ϕ1(x) = x;
A načrtněte obrázek funkce f(x) a ϕ(x).

Řešeńı 31013 L2-aproximace funkce f(x) = −x − 2 x2 + 2/3 na intervalu 〈−1, 1〉 pomoćı
funkce
ϕ(x) = c0ϕ0(x) + c1ϕ1(x)
Kde ϕ0(x) = 1; ϕ1(x) = x;
Budeme minimalizovat funkcionál R(f, ϕ) = Φ(c0, c1) =

∫ 1

−1 (f(x) − ϕ(x))2 dx

Zavedeme si skalárńı součin < v,w >=
∫ 1

−1
v(x)w(x)dx, pak Φ(c0, c1) =< f − ϕ, f − ϕ >

Nutná a postačuj́ı podmı́nka minima funkcionálu Φ je ∂Φ
∂ci

= 0,protože funkcionál Φ je ryze kon-
vexńı. Podmı́nky ∂Φ

∂ci
= 0 jsou podmı́nkami ortogonality — Chceme, aby f − ϕ bylo kolmé na

bázové funkce.

∂Φ
∂c0

=
∫ 1

−1
−2 (f(x) − c0ϕ0(x) + c1ϕ1(x))ϕ0(x)dx =< f − ϕ,ϕ0 >= 0 tj. (f − ϕ) ⊥ ϕ0

∂Φ
∂c1

=
∫ 1

−1 −2 (f(x) − c0ϕ0(x) + c1ϕ1(x))ϕ1(x)dx =< f − ϕ,ϕ1 >= 0 tj. (f − ϕ) ⊥ ϕ1

Výsledná soustava rovnic má tvar:[
< ϕ0, ϕ0 > < ϕ0, ϕ1 >
< ϕ1, ϕ0 > < ϕ1, ϕ1 >

]
=

[
2 0

0 2/3

]
Vektor pravých stran:[
< ϕ0, f >
< ϕ1, f >

]
=

[
0

−2/3

]
Vektor neznámých:
[c0, c1]T =

[
0 −1

]T
Výsledná funkce ϕ(x) = −x.
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Př́ıklad 31014 Vyjádřete spojitou L2-aproximaci funkce f(x) = −x−x2 +1/3 na intervalu
〈−1, 1〉 pomoćı bázových funkćı
ϕ0(x) = 1; ϕ1(x) = x;
A načrtněte obrázek funkce f(x) a ϕ(x).

Řešeńı 31014 L2-aproximace funkce f(x) = −x − x2 + 1/3 na intervalu 〈−1, 1〉 pomoćı
funkce
ϕ(x) = c0ϕ0(x) + c1ϕ1(x)
Kde ϕ0(x) = 1; ϕ1(x) = x;
Budeme minimalizovat funkcionál R(f, ϕ) = Φ(c0, c1) =

∫ 1

−1 (f(x) − ϕ(x))2 dx

Zavedeme si skalárńı součin < v,w >=
∫ 1

−1
v(x)w(x)dx, pak Φ(c0, c1) =< f − ϕ, f − ϕ >

Nutná a postačuj́ı podmı́nka minima funkcionálu Φ je ∂Φ
∂ci

= 0,protože funkcionál Φ je ryze kon-
vexńı. Podmı́nky ∂Φ

∂ci
= 0 jsou podmı́nkami ortogonality — Chceme, aby f − ϕ bylo kolmé na

bázové funkce.

∂Φ
∂c0

=
∫ 1

−1
−2 (f(x) − c0ϕ0(x) + c1ϕ1(x))ϕ0(x)dx =< f − ϕ,ϕ0 >= 0 tj. (f − ϕ) ⊥ ϕ0

∂Φ
∂c1

=
∫ 1

−1 −2 (f(x) − c0ϕ0(x) + c1ϕ1(x))ϕ1(x)dx =< f − ϕ,ϕ1 >= 0 tj. (f − ϕ) ⊥ ϕ1

Výsledná soustava rovnic má tvar:[
< ϕ0, ϕ0 > < ϕ0, ϕ1 >
< ϕ1, ϕ0 > < ϕ1, ϕ1 >

]
=

[
2 0

0 2/3

]
Vektor pravých stran:[
< ϕ0, f >
< ϕ1, f >

]
=

[
0

−2/3

]
Vektor neznámých:
[c0, c1]T =

[
0 −1

]T
Výsledná funkce ϕ(x) = −x.
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Př́ıklad 31015 Vyjádřete spojitou L2-aproximaci funkce f(x) = 5/3 − 2 x2 na intervalu
〈−1, 1〉 pomoćı bázových funkćı
ϕ0(x) = 1; ϕ1(x) = x;
A načrtněte obrázek funkce f(x) a ϕ(x).

Řešeńı 31015 L2-aproximace funkce f(x) = 5/3− 2 x2 na intervalu 〈−1, 1〉 pomoćı funkce
ϕ(x) = c0ϕ0(x) + c1ϕ1(x)
Kde ϕ0(x) = 1; ϕ1(x) = x;
Budeme minimalizovat funkcionál R(f, ϕ) = Φ(c0, c1) =

∫ 1

−1 (f(x) − ϕ(x))2 dx

Zavedeme si skalárńı součin < v,w >=
∫ 1

−1
v(x)w(x)dx, pak Φ(c0, c1) =< f − ϕ, f − ϕ >

Nutná a postačuj́ı podmı́nka minima funkcionálu Φ je ∂Φ
∂ci

= 0,protože funkcionál Φ je ryze kon-
vexńı. Podmı́nky ∂Φ

∂ci
= 0 jsou podmı́nkami ortogonality — Chceme, aby f − ϕ bylo kolmé na

bázové funkce.

∂Φ
∂c0

=
∫ 1

−1 −2 (f(x) − c0ϕ0(x) + c1ϕ1(x))ϕ0(x)dx =< f − ϕ,ϕ0 >= 0 tj. (f − ϕ) ⊥ ϕ0

∂Φ
∂c1

=
∫ 1

−1 −2 (f(x) − c0ϕ0(x) + c1ϕ1(x))ϕ1(x)dx =< f − ϕ,ϕ1 >= 0 tj. (f − ϕ) ⊥ ϕ1

Výsledná soustava rovnic má tvar:[
< ϕ0, ϕ0 > < ϕ0, ϕ1 >
< ϕ1, ϕ0 > < ϕ1, ϕ1 >

]
=

[
2 0

0 2/3

]
Vektor pravých stran:[
< ϕ0, f >
< ϕ1, f >

]
=

[
2

0

]
Vektor neznámých:
[c0, c1]T =

[
1 0

]T
Výsledná funkce ϕ(x) = 1.
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Př́ıklad 31016 Vyjádřete spojitou L2-aproximaci funkce f(x) = 4/3−x2 na intervalu 〈−1, 1〉
pomoćı bázových funkćı ϕ0(x) = 1 a ϕ1(x) = x. Načrtněte obrázek funkce f(x) a ϕ(x).

Řešeńı 31016 L2-aproximace funkce f(x) = 4/3 − x2 na intervalu 〈−1, 1〉 pomoćı funkce
ϕ(x) = c0ϕ0(x) + c1ϕ1(x)
Kde ϕ0(x) = 1; ϕ1(x) = x;
Budeme minimalizovat funkcionál R(f, ϕ) = Φ(c0, c1) =

∫ 1

−1 (f(x) − ϕ(x))2 dx

Zavedeme si skalárńı součin < v,w >=
∫ 1

−1
v(x)w(x)dx, pak Φ(c0, c1) =< f − ϕ, f − ϕ >

Nutná a postačuj́ı podmı́nka minima funkcionálu Φ je ∂Φ
∂ci

= 0,protože funkcionál Φ je ryze kon-
vexńı. Podmı́nky ∂Φ

∂ci
= 0 jsou podmı́nkami ortogonality — Chceme, aby f − ϕ bylo kolmé na

bázové funkce.

∂Φ
∂c0

=
∫ 1

−1 −2 (f(x) − c0ϕ0(x) + c1ϕ1(x))ϕ0(x)dx =< f − ϕ,ϕ0 >= 0 tj. (f − ϕ) ⊥ ϕ0

∂Φ
∂c1

=
∫ 1

−1 −2 (f(x) − c0ϕ0(x) + c1ϕ1(x))ϕ1(x)dx =< f − ϕ,ϕ1 >= 0 tj. (f − ϕ) ⊥ ϕ1

Výsledná soustava rovnic má tvar:[
< ϕ0, ϕ0 > < ϕ0, ϕ1 >
< ϕ1, ϕ0 > < ϕ1, ϕ1 >

]
=

[
2 0

0 2/3

]
Vektor pravých stran:[
< ϕ0, f >
< ϕ1, f >

]
=

[
2

0

]
Vektor neznámých:
[c0, c1]T =

[
1 0

]T
Výsledná funkce ϕ(x) = 1.
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Př́ıklad 31017 Vyjádřete spojitou L2-aproximaci funkce f(x) = −1/3 − 2 x2 na intervalu
〈−1, 1〉 pomoćı bázových funkćı
ϕ0(x) = 1; ϕ1(x) = x;
A načrtněte obrázek funkce f(x) a ϕ(x).

Řešeńı 31017 L2-aproximace funkce f(x) = −1/3−2 x2 na intervalu 〈−1, 1〉 pomoćı funkce
ϕ(x) = c0ϕ0(x) + c1ϕ1(x)
Kde ϕ0(x) = 1; ϕ1(x) = x;
Budeme minimalizovat funkcionál R(f, ϕ) = Φ(c0, c1) =

∫ 1

−1 (f(x) − ϕ(x))2 dx

Zavedeme si skalárńı součin < v,w >=
∫ 1

−1
v(x)w(x)dx, pak Φ(c0, c1) =< f − ϕ, f − ϕ >

Nutná a postačuj́ı podmı́nka minima funkcionálu Φ je ∂Φ
∂ci

= 0,protože funkcionál Φ je ryze kon-
vexńı. Podmı́nky ∂Φ

∂ci
= 0 jsou podmı́nkami ortogonality — Chceme, aby f − ϕ bylo kolmé na

bázové funkce.

∂Φ
∂c0

=
∫ 1

−1 −2 (f(x) − c0ϕ0(x) + c1ϕ1(x))ϕ0(x)dx =< f − ϕ,ϕ0 >= 0 tj. (f − ϕ) ⊥ ϕ0

∂Φ
∂c1

=
∫ 1

−1 −2 (f(x) − c0ϕ0(x) + c1ϕ1(x))ϕ1(x)dx =< f − ϕ,ϕ1 >= 0 tj. (f − ϕ) ⊥ ϕ1

Výsledná soustava rovnic má tvar:[
< ϕ0, ϕ0 > < ϕ0, ϕ1 >
< ϕ1, ϕ0 > < ϕ1, ϕ1 >

]
=

[
2 0

0 2/3

]
Vektor pravých stran:[
< ϕ0, f >
< ϕ1, f >

]
=

[ −2

0

]
Vektor neznámých:
[c0, c1]T =

[ −1 0
]T

Výsledná funkce ϕ(x) = −1.
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Př́ıklad 31018 Vyjádřete spojitou L2-aproximaci funkce f(x) = −2/3 − x2 na intervalu
〈−1, 1〉 pomoćı bázových funkćı
ϕ0(x) = 1; ϕ1(x) = x;
A načrtněte obrázek funkce f(x) a ϕ(x).

Řešeńı 31018 L2-aproximace funkce f(x) = −2/3− x2 na intervalu 〈−1, 1〉 pomoćı funkce
ϕ(x) = c0ϕ0(x) + c1ϕ1(x)
Kde ϕ0(x) = 1; ϕ1(x) = x;
Budeme minimalizovat funkcionál R(f, ϕ) = Φ(c0, c1) =

∫ 1

−1 (f(x) − ϕ(x))2 dx

Zavedeme si skalárńı součin < v,w >=
∫ 1

−1
v(x)w(x)dx, pak Φ(c0, c1) =< f − ϕ, f − ϕ >

Nutná a postačuj́ı podmı́nka minima funkcionálu Φ je ∂Φ
∂ci

= 0,protože funkcionál Φ je ryze kon-
vexńı. Podmı́nky ∂Φ

∂ci
= 0 jsou podmı́nkami ortogonality — Chceme, aby f − ϕ bylo kolmé na

bázové funkce.

∂Φ
∂c0

=
∫ 1

−1 −2 (f(x) − c0ϕ0(x) + c1ϕ1(x))ϕ0(x)dx =< f − ϕ,ϕ0 >= 0 tj. (f − ϕ) ⊥ ϕ0

∂Φ
∂c1

=
∫ 1

−1 −2 (f(x) − c0ϕ0(x) + c1ϕ1(x))ϕ1(x)dx =< f − ϕ,ϕ1 >= 0 tj. (f − ϕ) ⊥ ϕ1

Výsledná soustava rovnic má tvar:[
< ϕ0, ϕ0 > < ϕ0, ϕ1 >
< ϕ1, ϕ0 > < ϕ1, ϕ1 >

]
=

[
2 0

0 2/3

]
Vektor pravých stran:[
< ϕ0, f >
< ϕ1, f >

]
=

[ −2

0

]
Vektor neznámých:
[c0, c1]T =

[ −1 0
]T

Výsledná funkce ϕ(x) = −1.
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Př́ıklad 31019 Vyjádřete spojitou L2-aproximaci funkce f(x) = 5/3 + x− 2 x2 na intervalu
〈−1, 1〉 pomoćı bázových funkćı
ϕ0(x) = 1; ϕ1(x) = x;
A načrtněte obrázek funkce f(x) a ϕ(x).

Řešeńı 31019 L2-aproximace funkce f(x) = 5/3 + x − 2 x2 na intervalu 〈−1, 1〉 pomoćı
funkce
ϕ(x) = c0ϕ0(x) + c1ϕ1(x)
Kde ϕ0(x) = 1; ϕ1(x) = x;
Budeme minimalizovat funkcionál R(f, ϕ) = Φ(c0, c1) =

∫ 1

−1 (f(x) − ϕ(x))2 dx

Zavedeme si skalárńı součin < v,w >=
∫ 1

−1
v(x)w(x)dx, pak Φ(c0, c1) =< f − ϕ, f − ϕ >

Nutná a postačuj́ı podmı́nka minima funkcionálu Φ je ∂Φ
∂ci

= 0,protože funkcionál Φ je ryze kon-
vexńı. Podmı́nky ∂Φ

∂ci
= 0 jsou podmı́nkami ortogonality — Chceme, aby f − ϕ bylo kolmé na

bázové funkce.

∂Φ
∂c0

=
∫ 1

−1
−2 (f(x) − c0ϕ0(x) + c1ϕ1(x))ϕ0(x)dx =< f − ϕ,ϕ0 >= 0 tj. (f − ϕ) ⊥ ϕ0

∂Φ
∂c1

=
∫ 1

−1 −2 (f(x) − c0ϕ0(x) + c1ϕ1(x))ϕ1(x)dx =< f − ϕ,ϕ1 >= 0 tj. (f − ϕ) ⊥ ϕ1

Výsledná soustava rovnic má tvar:[
< ϕ0, ϕ0 > < ϕ0, ϕ1 >
< ϕ1, ϕ0 > < ϕ1, ϕ1 >

]
=

[
2 0

0 2/3

]
Vektor pravých stran:[
< ϕ0, f >
< ϕ1, f >

]
=

[
2

2/3

]
Vektor neznámých:
[c0, c1]T =

[
1 1

]T
Výsledná funkce ϕ(x) = 1 + x.
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Př́ıklad 31020 Vyjádřete spojitou L2-aproximaci funkce f(x) = 4/3 + x − x2 na intervalu
〈−1, 1〉 pomoćı bázových funkćı
ϕ0(x) = 1; ϕ1(x) = x;
A načrtněte obrázek funkce f(x) a ϕ(x).

Řešeńı 31020 L2-aproximace funkce f(x) = 4/3+x−x2 na intervalu 〈−1, 1〉 pomoćı funkce
ϕ(x) = c0ϕ0(x) + c1ϕ1(x)
Kde ϕ0(x) = 1; ϕ1(x) = x;
Budeme minimalizovat funkcionál R(f, ϕ) = Φ(c0, c1) =

∫ 1

−1 (f(x) − ϕ(x))2 dx

Zavedeme si skalárńı součin < v,w >=
∫ 1

−1
v(x)w(x)dx, pak Φ(c0, c1) =< f − ϕ, f − ϕ >

Nutná a postačuj́ı podmı́nka minima funkcionálu Φ je ∂Φ
∂ci

= 0,protože funkcionál Φ je ryze kon-
vexńı. Podmı́nky ∂Φ

∂ci
= 0 jsou podmı́nkami ortogonality — Chceme, aby f − ϕ bylo kolmé na

bázové funkce.

∂Φ
∂c0

=
∫ 1

−1 −2 (f(x) − c0ϕ0(x) + c1ϕ1(x))ϕ0(x)dx =< f − ϕ,ϕ0 >= 0 tj. (f − ϕ) ⊥ ϕ0

∂Φ
∂c1

=
∫ 1

−1 −2 (f(x) − c0ϕ0(x) + c1ϕ1(x))ϕ1(x)dx =< f − ϕ,ϕ1 >= 0 tj. (f − ϕ) ⊥ ϕ1

Výsledná soustava rovnic má tvar:[
< ϕ0, ϕ0 > < ϕ0, ϕ1 >
< ϕ1, ϕ0 > < ϕ1, ϕ1 >

]
=

[
2 0

0 2/3

]
Vektor pravých stran:[
< ϕ0, f >
< ϕ1, f >

]
=

[
2

2/3

]
Vektor neznámých:
[c0, c1]T =

[
1 1

]T
Výsledná funkce ϕ(x) = 1 + x.
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Př́ıklad 32001 Najděte ortogonálńı bázi prostoru polynomů stupně nejvýše 2 na intervalu
〈−1, 1〉 pomoćı Gramova-Schmidtova ortogonalizačńıho procesu. Jako výchoźı bázi volte funkce
ϕ1(t) = 1, ϕ2(t) = t a ϕ3(t) = t2.

Řešeńı 32001 Neńı vypoč́ıtáno.
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Př́ıklad 32002 Najděte ortogonálńı bázi prostoru polynomů stupně nejvýše 2 na intervalu
〈0, 3〉 pomoćı Gramova-Schmidtova ortogonalizačńıho procesu. Jako výchoźı bázi volte funkce
ϕ1(t) = 1, ϕ2(t) = t a ϕ3(t) = t2.

Řešeńı 32002 Neńı vypoč́ıtáno.
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Př́ıklad 32003 Najděte ortogonálńı bázi prostoru polynomů stupně nejvýše 2 na intervalu
〈−2, 0〉 pomoćı Gramova-Schmidtova ortogonalizačńıho procesu. Jako výchoźı bázi volte funkce
ϕ1(t) = 1, ϕ2(t) = t a ϕ3(t) = t2.

Řešeńı 32003 Neńı vypoč́ıtáno.
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Př́ıklad 32004 Najděte ortogonálńı bázi prostoru polynomů stupně nejvýše 2 na intervalu
〈−3, 0〉 pomoćı Gramova-Schmidtova ortogonalizačńıho procesu. Jako výchoźı bázi volte funkce
ϕ1(t) = 1, ϕ2(t) = t a ϕ3(t) = t2.

Řešeńı 32004 Neńı vypoč́ıtáno.
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Př́ıklad 33001 Jsou dány funkce ϕ1(t) = 1 a ϕ2(t) = t na intervalu 〈−1, 1〉. Pomoćı
Grammova-Schmidtova ortogonalizačńıho procesu najděte funkce ψ1(t) a ψ2(t), které jsou na
tomto intervalu navzájem ortogonálńı. Určete spojitou L2-aproximaci funkce f zadané na stejném
intervalu předpisem f(t) = t2 pomoćı funkce ψ(t) = c1ψ1(t) + c2ψ2(t).
Načtrtněte obrázek se zadanou funkćı f(t) a výslednou aproximaćı ψ(t).

Řešeńı 33001

ϕ1(t) = 1, ϕ2(t) = t na intervalu 〈−1, 1〉

ψ1(t) = ϕ1(t) = 1

ψ2(t) = ϕ2(t) + κψ1(t) skalárně násob́ıme ψ1(t)

(ψ2(t), ψ1(t))︸ ︷︷ ︸
0

= (ϕ2(t), ψ1(t))︸ ︷︷ ︸
I21

+κ (ψ1(t), ψ1(t))︸ ︷︷ ︸
I11

I21 =
1∫

−1

t · 1 dt =
[
t2

2

]1
−1

= 0

I11 =
1∫

−1

1 · 1 dt = [t]1−1 = 2

κ = − I21
I11

= − 0
2 = 0

ψ2(t) = t

I22 = (ψ2(t), ψ2(t)) =
1∫

−1

t · t dt =
[
t3

3

]1
−1

= 2/3

I1f = (ψ1(t), f(t)) =
1∫

−1

1 · t2 dt =
[
t3

3

]1
−1

= 2/3

I2f = (ψ2(t), f(t)) =
1∫

−1

t · t2 dt =
[
t4

4

]1
−1

= 0[
I11 0
0 I22

]
·
[
c1
c2

]
=
[
I1f
I2f

]
[

2 0
0 2/3

]
·
[
c1
c2

]
=
[

2/3
0

]

c1 = 1/3, c2 = 0 (c1 = 0.3333, c2 = 0)
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Př́ıklad 33002 Jsou dány funkce ϕ1(t) = 1 a ϕ2(t) = t na intervalu 〈0, 2〉. Pomoćı Grammova-
Schmidtova ortogonalizačńıho procesu najděte funkce ψ1(t) a ψ2(t), které jsou na tomto inter-
valu navzájem ortogonálńı. Určete spojitou L2-aproximaci funkce f zadané na stejném intervalu
předpisem f(t) = t2 pomoćı funkce ψ(t) = c1ψ1(t) + c2ψ2(t).
Načtrtněte obrázek se zadanou funkćı f(t) a výslednou aproximaćı ψ(t).

Řešeńı 33002

ϕ1(t) = 1 a ϕ2(t) = t na intervalu 〈0, 2〉
ψ1(t) = ϕ1(t) = 1

ψ2(t) = ϕ2(t) + κψ1(t) skalárně násob́ıme ψ1(t)

(ψ2(t), ψ1(t))︸ ︷︷ ︸
0

= (ϕ2(t), ψ1(t))︸ ︷︷ ︸
I21

+κ (ψ1(t), ψ1(t))︸ ︷︷ ︸
I11

I21 =
2∫
0

t · 1 dt =
[
t2

2

]2
0

= 2

I11 =
2∫
0

1 · 1 dt = [t]20 = 2

κ = − I21
I11

= − 2
2 = −1

ψ2(t) = t− 1

I22 = (ψ2(t), ψ2(t)) =
2∫
0

(t− 1) · (t− 1) dt =
[

(t−1)3

3

]2
0

= 2/3

I1f = (ψ1(t), f(t)) =
2∫
0

1 · t2 dt =
[
t3

3

]2
0

= 8/3

I2f = (ψ2(t), f(t)) =
2∫
0

(t− 1) · t2 dt =
[
t4

4 − t3

3

]2
0

= 4/3[
I11 0
0 I22

]
·
[
c1
c2

]
=
[
I1f
I2f

]
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[
2 0
0 2/3

]
·
[
c1
c2

]
=
[

8/3
4/3

]

c1 = 4/3, c2 = 2 (c1 = 1.3333, c2 = 2)
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Př́ıklad 33003 Jsou dány funkce ϕ1(t) = 1 a ϕ2(t) = 2t na intervalu 〈−1, 1〉. Pomoćı
Grammova-Schmidtova ortogonalizačńıho procesu najděte funkce ψ1(t) a ψ2(t), které jsou na
tomto intervalu navzájem ortogonálńı. Určete spojitou L2-aproximaci funkce f zadané na stejném
intervalu předpisem f(t) = t2 pomoćı funkce ψ(t) = c1ψ1(t) + c2ψ2(t).
Načtrtněte obrázek se zadanou funkćı f(t) a výslednou aproximaćı ψ(t).

Řešeńı 33003

ϕ1(t) = 1, ϕ2(t) = 2t na intervalu 〈−1, 1〉

ψ1(t) = ϕ1(t) = 1

ψ2(t) = ϕ2(t) + κψ1(t) skalárně násob́ıme ψ1(t)

(ψ2(t), ψ1(t))︸ ︷︷ ︸
0

= (ϕ2(t), ψ1(t))︸ ︷︷ ︸
I21

+κ (ψ1(t), ψ1(t))︸ ︷︷ ︸
I11

I21 =
1∫

−1

2t · 1 dt =
[
t2
]1
−1

= 0

I11 =
1∫

−1

1 · 1 dt = [t]1−1 = 2

κ = − I21
I11

= − 0
2 = 0

ψ2(t) = 2t

I22 = (ψ2(t), ψ2(t)) =
1∫

−1

2t · 2t dt =
[

4t3

3

]1
−1

= 8/3

I1f = (ψ1(t), f(t)) =
1∫

−1

1 · t2 dt =
[
t3

3

]1
−1

= 2/3

I2f = (ψ2(t), f(t)) =
1∫

−1

2t · t2 dt =
[
t4

2

]1
−1

= 0[
I11 0
0 I22

]
·
[
c1
c2

]
=
[
I1f
I2f

]
[

2 0
0 8/3

]
·
[
c1
c2

]
=
[

2/3
0

]

c1 = 1/3, c2 = 0 (c1 = 0.3333, c2 = 0)
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Př́ıklad 33004 Jsou dány funkce ϕ1(t) = 1 a ϕ2(t) = 2t na intervalu 〈0, 2〉. Pomoćı
Grammova-Schmidtova ortogonalizačńıho procesu najděte funkce ψ1(t) a ψ2(t), které jsou na
tomto intervalu navzájem ortogonálńı. Určete spojitou L2-aproximaci funkce f zadané na stejném
intervalu předpisem f(t) = t2 pomoćı funkce ψ(t) = c1ψ1(t) + c2ψ2(t).
Načtrtněte obrázek se zadanou funkćı f(t) a výslednou aproximaćı ψ(t).

Řešeńı 33004

ϕ1(t) = 1 a ϕ2(t) = 2t na intervalu 〈0, 2〉
ψ1(t) = ϕ1(t) = 1

ψ2(t) = ϕ2(t) + κψ1(t) skalárně násob́ıme ψ1(t)

(ψ2(t), ψ1(t))︸ ︷︷ ︸
0

= (ϕ2(t), ψ1(t))︸ ︷︷ ︸
I21

+κ (ψ1(t), ψ1(t))︸ ︷︷ ︸
I11

I21 =
2∫
0

2t · 1 dt =
[
t2
]2
0

= 4

I11 =
2∫
0

1 · 1 dt = [t]20 = 2

κ = − I21
I11

= − 4
2 = −2

ψ2(t) = 2t− 2

I22 = (ψ2(t), ψ2(t)) =
2∫
0

2(t− 1) · 2(t− 1) dt =
[

4(t−1)3

3

]2
0

= 8/3

I1f = (ψ1(t), f(t)) =
2∫
0

1 · t2 dt =
[
t3

3

]2
0

= 8/3

I2f = (ψ2(t), f(t)) =
2∫
0

2(t− 1) · t2 dt =
[
t4

2 − 2t3

3

]2
0

= 8/3[
I11 0
0 I22

]
·
[
c1
c2

]
=
[
I1f
I2f

]
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[
2 0
0 8/3

]
·
[
c1
c2

]
=
[

8/3
8/3

]

c1 = 4/3, c2 = 1 (c1 = 1.3333, c2 = 1)
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Př́ıklad 40001 Periodická funkce f = f(t) s periodou T = 2π je dána předpisem

f(t) =

⎧⎨
⎩

−π/2, t ∈ 〈−π,−π/2)
t, t ∈ 〈−π/2, π/2)
π/2, t ∈ 〈π/2, π).

Nakreslete graf funkce f na intervalu 〈−3π, 3π〉 a napǐste rozvoj funkce f ve Fourierovu řadu.

Řešeńı 40001
T = 2π, ω =

2π
2π

= 1,

a0 =
2
2π

(
∫ π/2

−π
−π

2
dt+
∫ π/2

−π/2
t dt+

∫ π

π/2

π

2
dt) = 0,

ak =
2
2π

(
∫ π/2

−π
−π

2
cos kt dt+

∫ π/2

−π/2
t cos kt dt+

∫ π

π/2

π

2
cos kt dt) = 0,

bk =
2
2π

(
∫ −π/2

−π
−π

2
sinkt dt+

∫ π/2

−π/2
t sinkt dt+

∫ π

π/2

π

2
sinkt dt) =

=
1
π

(
−π

2
[−1
k

cos kt]−π/2−π + [− t

k
cos kt]π/2−π/2 +

1
k

∫ π/2

−π/2
cos kt dt+

π

2
[−1
k

cos kt]ππ/2

)
=

=
1
2k

(cos
kπ

2
− cos kπ) − 1

2k
(cos

kπ

2
+ cos

kπ

2
) +

1
kπ

[
1
k

sin kt]π/2−π/2 −
1
2k

(cos kπ − cos
kπ

2
) =

= −1
k

cos kπ +
2
k2π

sin
kπ

2
=

=

⎧⎪⎪⎨
⎪⎪⎩

− 1
k , pro k = 4l, l ∈ IN

1
k + 2

k2π pro k = 4l+ 1, l ∈ IN
− 1
k , pro k = 4l+ 2, l ∈ IN

1
k − 2

k2π pro k = 4l+ 3, l ∈ IN
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Př́ıklad 40002 Periodická funkce f = f(t) s periodou T = 2π je dána předpisem

f(t) =
{

0, t ∈ 〈−π/2, π/2)
π − t, t ∈ 〈π/2, 3π/2).

Nakreslete graf funkce f na intervalu 〈−5π/2, 7π/2〉 a napǐste rozvoj funkce f ve Fourierovu řadu.

Řešeńı 40002
T = 2π, ω =

2π
2π

= 1,

a0 =
2
2π

∫ 3π/2

π/2

(π − t) dt = (viz obr.) = 0

ak =
2
2π

∫ 3π/2

π/2

(π − t) cos kt dt = (f(t) je lichá funkce) = 0

bk =
2
2π

∫ 3π/2

π/2

(π − t) sin kt dt =
1
π

(
π[−1

k
cos kt]3π/2π/2 −

∫ 3π/2

π/2

t sinkt dt

)
=

= −1
k
(cos

3πk
2

− cos
πk

2
) +

1
π

[
t

k
cos kt]3π/2π/2 − 1

πk2
(sin

3πk
2

− sin
πk

2
)

=
1
2k

(cos
3πk
2

+ cos
πk

2
) − 1

πk2
(sin

3πk
2

− sin
πk

2
) =

=

⎧⎪⎪⎨
⎪⎪⎩

1
k , pro k = 4l, l ∈ IN
2
πk2 pro k = 4l + 1, l ∈ IN
− 1
k , pro k = 4l + 2, l ∈ IN

− 2
πk2 pro k = 4l + 3, l ∈ IN
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Př́ıklad 40003 Periodická funkce f = f(t) s periodou T = 2π je dána předpisem

f(t) =
{

0, t ∈ 〈−π, 0)
t, t ∈ 〈0, π).

Nakreslete graf funkce f na intervalu 〈−3π, 3π〉 a napǐste rozvoj funkce f ve Fourierovu řadu.

Řešeńı 40003
T = 2π, ω =

2π
2π

= 1,

a0 =
2
2π

∫ π

0

t dt =
π

2

ak =
2
2π

∫ π

0

t cos kt dt =
1
π

[
t

k
sin kt]π0︸ ︷︷ ︸
=0

+
1
πk2

[cos kt]π0 =

=
{

1
πk2 (1 − 1) = 0, pro k = 2l, l ∈ IN
2
πk2 (−1 − 1) = − 2

πk2 pro k = 2l+ 1, l ∈ IN

bk =
2
2π

∫ π

0

t sinkt dt =
1
π

[− t

k
cos kt]π0 +

1
πk2

[sin kt]π0︸ ︷︷ ︸
=0

=

= −1
k

cos kπ =
{ − 1

k , pro k = 2l, l ∈ IN
1
k , pro k = 2l + 1, l ∈ IN
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Př́ıklad 40004 Periodická funkce f = f(t) s periodou T = 2 je dána předpisem

f(t) =
{ −2t, t ∈ 〈−1, 0)
t, t ∈ 〈0, 1).

Nakreslete graf funkce f na intervalu 〈−3, 3〉 a napǐste rozvoj funkce f ve Fourierovu řadu.

Řešeńı 40004
T = 2, ω =

2π
2

= π,

a0 =
2
2
(
∫ 0

−1

−2t dt+
∫ 1

0

t dt) =
3
2

ak =
∫ 0

−1

−2t coskπt dt+
∫ 1

0

t cos kπt dt =

(∫
t cos kπt dt =

∣∣∣∣ u = t u′ = 1
v′ = cos kπt v = 1

kπ sin kπt

∣∣∣∣ = t

kπ
sin kπt+

1
(kπ)2

cos kπt
)

= −2[
t

kπ
sin kπt+

1
(kπ)2

cos kπt]0−1 + [
t

kπ
sin kπt+

1
(kπ)2

cos kπt]10 =

= −2
(

1
(kπ)2

− 1
(kπ)2

cos kπ
)

+
(

1
(kπ)2

cos kπ − 1
(kπ)2

)
=

1
(kπ)2

(cos kπ − 1) =

=
{

0 pro k = 2l, l ∈ IN
− 6

(πk)2 , pro k = 2l+ 1, l ∈ IN

bk =
∫ 0

−1

−2t sinkπt dt+
∫ 1

0

t sinkπt dt =

(∫
t sinkπt dt =

∣∣∣∣ u = t u′ = 1
v′ = sinkπt v = − 1

kπ cos kπt

∣∣∣∣ = − t

kπ
cos kπt+

1
(kπ)2

sin kπt
)

= −2(0 − 1
kπ

cos kπ) + (− 1
kπ

cos kπ) =
1
kπ

cos kπ =

=
{

1
kπ , pro k = 2l, l ∈ IN
− 1
kπ , pro k = 2l+ 1, l ∈ IN
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0
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Př́ıklad 40010 Periodická funkce f = f(t) s periodou T = 2π je dána předpisem

f(t) =

⎧⎨
⎩

−t− π, t ∈ 〈−π,−π/2)
t, t ∈ 〈−π/2, π/2)
−t+ π t ∈ 〈π/2, π).

Nakreslete graf funkce f na intervalu 〈−3π, 3π〉 a napǐste rozvoj funkce f ve Fourierovu řadu.

Řešeńı 40010
stejné zadáńı jako pr40011.tex, pouze jinak zapsáno.
výsledek muśı souhlasit.

T = 2π, ω =
2π
2π

= 1,

a0 =
1
π

(
∫ π/2

−π/2
t dt+

∫ 3π/2

π/2

(π − t) dt) = 0

ak =
1
π

(
∫ π/2

−π/2
t cos kt dt+

∫ 3π/2

π/2

(π − t) cos kt dt) = 0 (f(t) je lichá funkce)

bk =
1
π

(
∫ π/2

−π/2
t sinkt dt+

∫ 3π/2

π/2

(π − t) sin kt dt) =

(∫
t sinkπt dt =

∣∣∣∣ u = t u′ = 1
v′ = sinkπt v = − 1

kπ cos kπt

∣∣∣∣ = − t

kπ
cos kπt+

1
(kπ)2

sin kπt
)

=
1
π

(
− π

2k
cos

kπ

2
+

1
k2

sin
kπ

2
− π

2k
cos

kπ

2
+

1
k2

sin
kπ

2

)
− π

πk

(
cos

3kπ
2

− cos
kπ

2

)
−

− 1
π

(
−3π

2k
cos

3kπ
2

+
1
k2

sin
3kπ
2

+
π

2k
cos

kπ

2
− 1
k2

sin
kπ

2

)
=

=
1
2k

(
cos

3kπ
2

− cos
kπ

2

)
︸ ︷︷ ︸

=0

+
1
πk2

(
3 sin

kπ

2
− sin

3kπ
2

)
=

=

⎧⎨
⎩

0, pro k = 2l, l ∈ IN
4
πk2 pro k = 4l + 1, l ∈ IN
− 4
πk2 pro k = 4l + 3, l ∈ IN
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Př́ıklad 40011 Periodická funkce f = f(t) s periodou T = 2π je dána předpisem

f(t) =
{
t, t ∈ 〈−π/2, π/2)
−t+ π t ∈ 〈π/2, 3π/2).

Nakreslete graf funkce f na intervalu 〈−5π/2, 7π/2〉 a napǐste rozvoj funkce f ve Fourierovu řadu.

Řešeńı 40011
T = 2π, ω =

2π
2π

= 1,

a0 =
1
π

(
∫ π/2

−π/2
t dt+

∫ 3π/2

π/2

(π − t) dt) = 0

ak =
1
π

(
∫ π/2

−π/2
t cos kt dt+

∫ 3π/2

π/2

(π − t) cos kt dt) = 0 (f(t) je lichá funkce)

bk =
1
π

(
∫ π/2

−π/2
t sinkt dt+

∫ 3π/2

π/2

(π − t) sin kt dt) =

(∫
t sinkπt dt =

∣∣∣∣ u = t u′ = 1
v′ = sinkπt v = − 1

kπ cos kπt

∣∣∣∣ = − t

kπ
cos kπt+

1
(kπ)2

sin kπt
)

=
1
π

(
− π

2k
cos

kπ

2
+

1
k2

sin
kπ

2
− π

2k
cos

kπ

2
+

1
k2

sin
kπ

2

)
− π

πk

(
cos

3kπ
2

− cos
kπ

2

)
−

− 1
π

(
−3π

2k
cos

3kπ
2

+
1
k2

sin
3kπ
2

+
π

2k
cos

kπ

2
− 1
k2

sin
kπ

2

)
=

=
1
2k

(
cos

3kπ
2

− cos
kπ

2

)
︸ ︷︷ ︸

=0

+
1
πk2

(
3 sin

kπ

2
− sin

3kπ
2

)
=

=

⎧⎨
⎩

0, pro k = 2l, l ∈ IN
4
πk2 pro k = 4l + 1, l ∈ IN
− 4
πk2 pro k = 4l + 3, l ∈ IN
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Př́ıklad 40012 Periodická funkce f = f(t) s periodou T = 2 je dána předpisem

f(t) =
{

1 − t2, t ∈ 〈−1, 0)
(1 − t)2 t ∈ 〈0, 1).

Nakreslete graf funkce f na intervalu 〈−1, 3〉 a napǐste rozvoj funkce f ve Fourierovu řadu.

Řešeńı 40012

T = 2, ω =
2π
2

= π,

a0 =
∫ 0

−1

1 − t2 dt+
∫ 1

0

(1 − t)2 dt = 1 (viz obr.)

ak =
∫ 0

−1

(1 − t2) cos kπt dt+
∫ 1

0

(1 − t)2 cos kπt dt =

(∫
t cos kπt dt =

∣∣∣∣ u = t u′ = 1
v′ = cos kπt v = 1

kπ sin kπt

∣∣∣∣ = t

kπ
sin kπt+

1
(kπ)2

cos kπt
)

(∫
t2 cos kπt dt =

∣∣∣∣ u = t2 u′ = 2t
v′ = cos kπt v = 1

kπ sinkπt

∣∣∣∣ = t2

kπ
sin kπt− 2

kπ

∫
t sin kπt dt

)
(∫

t sinkπt dt =
∣∣∣∣ u = t u′ = 1
v′ = sinkπt v = − 1

kπ cos kπt

∣∣∣∣ = − t

kπ
cos kπt+

1
(kπ)2

sin kπt
)

(∫
t2 sinkπt dt =

∣∣∣∣ u = t2 u′ = 2t
v′ = sinkπt v = − 1

kπ cos kπt

∣∣∣∣ = − t2

kπ
cos kπt+

2
kπ

∫
t cos kπt dt

)

=
1
kπ

[sin kπt]0−1︸ ︷︷ ︸
=0

−[
t2

kπ
sin kπt− 2

kπ
(− t

kπ
cos kπt+

1
(kπ)2

sin kπt)]0−1+

+
1
kπ

[sin kπt]10︸ ︷︷ ︸
=0

−2[
t

kπ
sinkπt+

1
(kπ)2

cos kπt]10+[
t2

kπ
sin kπt− 2

kπ
(− t

kπ
cos kπt+

1
(kπ)2

sin kπt)]10 =

= − 2
(kπ)2

cos kπ − 2(
1

(kπ)2
cos kπ − 1

(kπ)2
) + (− 2

kπ
(− 1
kπ

cos kπ)) =

=
2

(kπ)2
(1 − cos kπ) =

{
0, pro k = 2l, l ∈ IN

4
(πk)2 pro k = 2l+ 1, l ∈ IN

bk =
∫ 0

−1

(1 − t2) sin kπt dt+
∫ 1

0

(1 − t)2 sin kπt dt =

= − 1
kπ

[cos kπt]0−1 − [− t2

kπ
cos kπt+

2
kπ

(
t

kπ
sin kπt+

1
(kπ)2

cos kπt)]0−1−

− 1
kπ

[cos kπt]10−2[− t

kπ
cos kπt+

1
(kπ)2

sin kπt]10+[− t2

kπ
cos kπt+

2
kπ

(
t

kπ
sin kπt+

1
(kπ)2

cos kπt)]10 =

=
1
kπ

(1 − cos kπ) − [
2

(kπ)3
+

1
kπ

cos kπ − 2
kπ

(
1

(kπ)2
cos kπ] − 1

kπ
cos kπ +

1
kπ

−

−2[− 1
kπ

cos kπ] + [− 1
kπ

cos kπ +
2

(kπ)3
cos kπ − 2

(kπ)3
] =

=
4

(kπ)3
(cos kπ − 1) =

{
0, pro k = 2l, l ∈ IN
− 8

(πk)3 pro k = 2l+ 1, l ∈ IN
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Př́ıklad 40013 Periodická funkce f = f(t) s periodou T = 3 je dána předpisem

f(t) =

⎧⎨
⎩

t, t ∈ 〈0, 1)
1, t ∈ 〈1, 2)
3 − t, t ∈ 〈2, 3).

Nakreslete graf funkce f na intervalu 〈−3, 3〉 a napǐste rozvoj funkce f ve Fourierovu řadu.

Řešeńı 40013

T = 3, ω =
2π
3
,

a0 =
2
3
(
∫ 1

0

t dt+
∫ 2

1

1 dt+
∫ 3

2

(3 − t) dt) =
2
3
(
1
2

+ 1 +
1
2
) =

4
3

ak =
2
3
(
∫ 1

0

t cos
2kπt

3
dt+
∫ 2

1

cos
2kπt

3
dt+
∫ 3

2

(3 − t) cos
2kπt

3
dt) =

(∫
t cos

2kπt
3

dt =
∣∣∣∣ u = t u′ = 1
v′ = cos 2kπt

3 v = 3
2kπ sin 2kπt

3

∣∣∣∣ = 3t
2kπ

sin
2kπt

3
+

9
(2kπ)2

cos
2kπt

3

)

=
2
3

(
[

3t
2kπ

sin
2kπt

3
+

9
(2kπ)2

cos
2kπt

3
]10 +

3
2kπ

[sin
2kπt

3
]21+

+3
3

2kπ
[sin

2kπt
3

]32 − [
3t

2kπ
sin

2kπt
3

+
9

(2kπ)2
cos

2kπt
3

]32

)
=

=
2
3

(
3

2kπ
sin

2kπ
3

+
9

(2kπ)2
cos

2kπ
3

− 9
(2kπ)2

+
3

2kπ
(sin

4kπ
3

− sin
2kπ
3

)+

+
9

2kπ
(sin 2kπ − sin

4kπ
3

) − (
9

(2kπ)2
− 3
kπ

sin
4kπ
3

) − 9
(2kπ)2

cos
4kπ
3

)
=

=
2
3

(
+

9
(2kπ)2

(cos
2kπ
3

+ cos
4kπ
3

) − 2
9

(2kπ)2

)
=

=
{

0, pro k = 3l, l ∈ IN
− 2

3
3.9

(2kπ)2 = − 9
2(kπ)2 , pro k �= 3l l ∈ IN

bk =
2
3
(
∫ 1

0

t sin
2kπt

3
dt+
∫ 2

1

sin
2kπt

3
dt+
∫ 3

2

(3 − t) sin
2kπt

3
dt) = 0 (f(t) je sudá funkce).

−3 −2 −1 0 1 2 3

0

0.2

0.4

0.6

0.8

1

107



Př́ıklad 41001 Stanovte Fourierovu řadu ϕ(x) funkce f(x), která je definována na základńım
intervalu periodicity následuj́ıćım předpisem:

f(x) =
{

1, x ∈ (−2,−1)
x, x ∈ (−1, 0)

Načrtněte graf f(x) a ϕ(x) na intervalu 〈−3, 1〉. V grafu vyznačte vechny body spojitosti či ne-
spojitosti!

Řešeńı 41001 T = 2, ω = π,

a0 = 2
2

∫ −1

−2
1dx+ 2

2

∫ 0

−1
xdx = [x]−1

−2 +
[
1/2 x2

]0
−1

= 1/2

an = 2
2

∫ −1

−2
cos(π xn)dx+ 2

2

∫ 0

−1
x cos(π xn)dx =

=
[

sin(π xn)
π n

]−1

−2
+
[

cos(π xn)
n2π2 + x sin(π xn)

π n

]0
−1

=

= − sin(π n)+sin(2 π n)
π n + 1−cos(π n)−π n sin(π n)

n2π2 =

= 1−(−1)n

n2π2

bn = 2
2

∫ −1

−2
sin(π xn)dx + 2

2

∫ 0

−1
x sin(π xn)dx =

=
[
− cos(π xn)

π n

]−1

−2
+
[

sin(π xn)
n2π2 − x cos(π xn)

π n

]0
−1

=

= − cos(π n)+cos(2π n)
π n + sin(π n)

n2π2 − cos(π n)
π n =

= − 2 (−1)n−1
π n

ϕ(x) = 1/4 +
∑∞

n=1 − (2 (−1)n−1) sin(π xn)
π n + (1−(−1)n) cos(π xn)

n2π2
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Př́ıklad 41002 Stanovte Fourierovu řadu ϕ(x) funkce f(x), která je definována na základńım
intervalu periodicity následuj́ıćım předpisem:

f(x) =
{
x, x ∈ (−2,−1)
1, x ∈ (−1, 0)

Načrtněte graf f(x) a ϕ(x) na intervalu 〈−3, 1〉. V grafu vyznačte vechny body spojitosti či ne-
spojitosti!

Řešeńı 41002 T = 2, ω = π,

a0 = 2
2

∫ −1

−2
xdx+ 2

2

∫ 0

−1
1dx =

[
1/2 x2

]−1

−2
+ [x]0−1 = −1/2

an = 2
2

∫ −1

−2
x cos(π xn)dx+ 2

2

∫ 0

−1
cos(π xn)dx =

=
[

cos(π xn)
n2π2 + x sin(π xn)

π n

]−1

−2
+
[

sin(π xn)
π n

]0
−1

=

= cos(π n)+π n sin(π n)−cos(2π n)−2π n sin(2 π n)
n2π2 + sin(π n)

π n =

= (−1)n−1
n2π2

bn = 2
2

∫ −1

−2
x sin(π xn)dx + 2

2

∫ 0

−1
sin(π xn)dx =

=
[

sin(π xn)
n2π2 − x cos(π xn)

π n

]−1

−2
+
[
− cos(π xn)

π n

]0
−1

=

= − sin(π n)+π n cos(π n)+sin(2 π n)−2π n cos(2π n)
n2π2 + −1+cos(π n)

π n =

= 2 (−1)n−3
π n

ϕ(x) = −1/4 +
∑∞
n=1

(2 (−1)n−3) sin(π xn)
π n + ((−1)n−1) cos(π xn)

n2π2
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Př́ıklad 41003 Stanovte Fourierovu řadu ϕ(x) funkce f(x), která je definována na základńım
intervalu periodicity následuj́ıćım předpisem:

f(x) =
{ −x, x ∈ (−2,−1)

1, x ∈ (−1, 0)

Načrtněte graf f(x) a ϕ(x) na intervalu 〈−3, 1〉. V grafu vyznačte vechny body spojitosti či ne-
spojitosti!

Řešeńı 41003 T = 2, ω = π,

a0 = 2
2

∫ −1

−2
−xdx+ 2

2

∫ 0

−1
1dx =

[−1/2 x2
]−1

−2
+ [x]0−1 = 5/2

an = 2
2

∫ −1

−2
−x cos(π xn)dx + 2

2

∫ 0

−1
cos(π xn)dx =

=
[
− cos(π xn)−π xn sin(π xn)

π2n2

]−1

−2
+
[

sin(π xn)
π n

]0
−1

=

= − cos(π n)−π n sin(π n)+cos(2 π n)+2π n sin(2π n)
π2n2 + sin(π n)

π n =

= −(−1)n+1
π2n2

bn = 2
2

∫ −1

−2
−x sin(π xn)dx+ 2

2

∫ 0

−1
sin(π xn)dx =

=
[
− sin(π xn)+π xn cos(π xn)

π2n2

]−1

−2
+
[
− cos(π xn)

π n

]0
−1

=

= sin(π n)−π n cos(π n)−sin(2π n)+2 π n cos(2 π n)
π2n2 + −1+cos(π n)

π n =

= 1
π n

ϕ(x) = 5/4 +
∑∞

n=1
sin(π xn)
π n + (−(−1)n+1) cos(π xn)

π2n2
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Př́ıklad 41004 Stanovte Fourierovu řadu ϕ(x) funkce f(x), která je definována na základńım
intervalu periodicity následuj́ıćım předpisem:

f(x) =
{

1, x ∈ (−2,−1)
−x, x ∈ (−1, 0)

Načrtněte graf f(x) a ϕ(x) na intervalu 〈−3, 1〉. V grafu vyznačte vechny body spojitosti či ne-
spojitosti!

Řešeńı 41004 T = 2, ω = π,

a0 = 2
2

∫ −1

−2
1dx+ 2

2

∫ 0

−1
−xdx = [x]−1

−2 +
[−1/2 x2

]0
−1

= 3/2

an = 2
2

∫ −1

−2
cos(π xn)dx+ 2

2

∫ 0

−1
−x cos(π xn)dx =

=
[

sin(π xn)
π n

]−1

−2
+
[
− cos(π xn)−π xn sin(π xn)

n2π2

]0
−1

=

= − sin(π n)+sin(2 π n)
π n + sin(π n)

π n + −1+cos(π n)
n2π2 =

= −1+(−1)n

n2π2

bn = 2
2

∫ −1

−2
sin(π xn)dx + 2

2

∫ 0

−1
−x sin(π xn)dx =

=
[
− cos(π xn)

π n

]−1

−2
+
[
− sin(π xn)+π xn cos(π xn)

n2π2

]0
−1

=

= − cos(π n)+cos(2π n)
π n + cos(π n)

π n − sin(π n)
n2π2 =

= 1
π n

ϕ(x) = 3/4 +
∑∞

n=1
sin(π xn)
π n + (−1+(−1)n) cos(π xn)

n2π2
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Př́ıklad 41005 Stanovte Fourierovu řadu ϕ(x) funkce f(x), která je definována na základńım
intervalu periodicity následuj́ıćım předpisem:

f(x) =
{

1, x ∈ (−1, 0)
x, x ∈ (0, 1)

Načrtněte graf f(x) a ϕ(x) na intervalu 〈−2, 2〉. V grafu vyznačte vechny body spojitosti či ne-
spojitosti!

Řešeńı 41005 T = 2, ω = π,

a0 = 2
2

∫ 0

−1
1dx+ 2

2

∫ 1

0
xdx = [x]0−1 +

[
1/2 x2

]1
0

= 3/2

an = 2
2

∫ 0

−1
cos(π xn)dx + 2

2

∫ 1

0
x cos(π xn)dx =

=
[

sin(π xn)
π n

]0
−1

+
[

sin(π xn)x
π n + cos(π xn)

π2n2

]1
0

=

= 2 sin(π n)
π n + cos(π n)−1

π2n2 =

= (−1)n−1
π2n2

bn = 2
2

∫ 0

−1
sin(π xn)dx+ 2

2

∫ 1

0
sin(π xn)xdx =

=
[
− cos(π xn)

π n

]0
−1

+
[

sin(π xn)
π2n2 − x cos(π xn)

π n

]1
0

=

= cos(π n)−1
π n + sin(π n)

π2n2 − cos(π n)
π n =

= − 1
π n

ϕ(x) = 3/4 +
∑∞

n=1 − sin(π xn)
π n + ((−1)n−1) cos(π xn)

π2n2

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

x

Fourierova rada funkce f(x)

112



Př́ıklad 41006 Stanovte Fourierovu řadu ϕ(x) funkce f(x), která je definována na základńım
intervalu periodicity následuj́ıćım předpisem:

f(x) =
{
x, x ∈ (−1, 0)
1, x ∈ (0, 1)

Načrtněte graf f(x) a ϕ(x) na intervalu 〈−2, 2〉. V grafu vyznačte vechny body spojitosti či ne-
spojitosti!

Řešeńı 41006 T = 2, ω = π,

a0 = 2
2

∫ 0

−1
xdx+ 2

2

∫ 1

0
1dx =

[
1/2 x2

]0
−1

+ [x]10 = 1/2

an = 2
2

∫ 0

−1
x cos(π xn)dx+ 2

2

∫ 1

0
cos(π xn)dx =

=
[

cos(π xn)
π2n2 + x sin(π xn)

π n

]0
−1

+
[

sin(π xn)
π n

]1
0

=

= 1−cos(π n)−π n sin(π n)
π2n2 + sin(π n)

π n =

= 1−(−1)n

π2n2

bn = 2
2

∫ 0

−1
x sin(π xn)dx + 2

2

∫ 1

0
sin(π xn)dx =

=
[

sin(π xn)
π2n2 − x cos(π xn)

π n

]0
−1

+
[
− cos(π xn)

π n

]1
0

=

= sin(π n)
π2n2 − cos(π n)

π n − −1+cos(π n)
π n =

= −2 (−1)n+1
π n

ϕ(x) = 1/4 +
∑∞

n=1
(−2 (−1)n+1) sin(π xn)

π n + (1−(−1)n) cos(π xn)
π2n2
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Př́ıklad 41007 Stanovte Fourierovu řadu ϕ(x) funkce f(x), která je definována na základńım
intervalu periodicity následuj́ıćım předpisem:

f(x) =
{ −x, x ∈ (−1, 0)

1, x ∈ (0, 1)

Načrtněte graf f(x) a ϕ(x) na intervalu 〈−2, 2〉. V grafu vyznačte vechny body spojitosti či ne-
spojitosti!

Řešeńı 41007 T = 2, ω = π,

a0 = 2
2

∫ 0

−1
−xdx+ 2

2

∫ 1

0
1dx =

[−1/2 x2
]0
−1

+ [x]10 = 3/2

an = 2
2

∫ 0

−1
−x cos(π xn)dx + 2

2

∫ 1

0
cos(π xn)dx =

=
[
− cos(π xn)−π xn sin(π xn)

π2n2

]0
−1

+
[

sin(π xn)
π n

]1
0

=

= 2 sin(π n)
π n + −1+cos(π n)

π2n2 =

= −1+(−1)n

π2n2

bn = 2
2

∫ 0

−1
−x sin(π xn)dx+ 2

2

∫ 1

0
sin(π xn)dx =

=
[
− sin(π xn)+π xn cos(π xn)

π2n2

]0
−1

+
[
− cos(π xn)

π n

]1
0

=

= − sin(π n)
π2n2 + cos(π n)

π n − −1+cos(π n)
π n =

= 1
π n

ϕ(x) = 3/4 +
∑∞

n=1
sin(π xn)
π n + (−1+(−1)n) cos(π xn)

π2n2
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Př́ıklad 41008 Stanovte Fourierovu řadu ϕ(x) funkce f(x), která je definována na základńım
intervalu periodicity následuj́ıćım předpisem:

f(x) =
{

1, x ∈ (−1, 0)
−x, x ∈ (0, 1)

Načrtněte graf f(x) a ϕ(x) na intervalu 〈−2, 2〉. V grafu vyznačte vechny body spojitosti či ne-
spojitosti!

Řešeńı 41008 T = 2, ω = π,

a0 = 2
2

∫ 0

−1
1dx+ 2

2

∫ 1

0
−xdx = [x]0−1 +

[−1/2 x2
]1
0

= 1/2

an = 2
2

∫ 0

−1
cos(π xn)dx + 2

2

∫ 1

0
−x cos(π xn)dx =

=
[

sin(π xn)
π n

]0
−1

+
[
− cos(π xn)−π xn sin(π xn)

n2π2

]1
0

=

= − cos(π n)−1
n2π2 =

= − (−1)n−1
n2π2

bn = 2
2

∫ 0

−1
sin(π xn)dx+ 2

2

∫ 1

0
−x sin(π xn)dx =

=
[
− cos(π xn)

π n

]0
−1

+
[
− sin(π xn)+π xn cos(π xn)

n2π2

]1
0

=

= cos(π n)−1
π n − sin(π n)

n2π2 + cos(π n)
π n =

= −1+2 (−1)n

π n

ϕ(x) = 1/4 +
∑∞

n=1
(−1+2 (−1)n) sin(π xn)

π n − ((−1)n−1) cos(π xn)
n2π2

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2

−1

−0.5

0

0.5

1

1.5

2

x

Fourierova rada funkce f(x)

115



Př́ıklad 41009 Stanovte Fourierovu řadu ϕ(x) funkce f(x), která je definována na základńım
intervalu periodicity následuj́ıćım předpisem:

f(x) =
{

1, x ∈ (0, 1)
x, x ∈ (1, 2)

Načrtněte graf f(x) a ϕ(x) na intervalu 〈−1, 3〉. V grafu vyznačte vechny body spojitosti či ne-
spojitosti!

Řešeńı 41009 T = 2, ω = π,

a0 = 2
2

∫ 1

0
1dx+ 2

2

∫ 2

1
xdx = [x]10 +

[
1/2 x2

]2
1

= 5/2

an = 2
2

∫ 1

0
cos(π xn)dx+ 2

2

∫ 2

1
x cos(π xn)dx =

=
[

sin(π xn)
π n

]1
0
+
[

cos(π xn)
π2n2 + x sin(π xn)

π n

]2
1

=

= sin(π n)
π n + cos(2π n)+2 π n sin(2 π n)−cos(π n)−π n sin(π n)

π2n2 =

= 1−(−1)n

π2n2

bn = 2
2

∫ 1

0
sin(π xn)dx + 2

2

∫ 2

1
x sin(π xn)dx =

=
[
− cos(π xn)

π n

]1
0

+
[

sin(π xn)
π2n2 − x cos(π xn)

π n

]2
1

=

= − cos(π n)−1
π n + sin(2 π n)−2π n cos(2π n)−sin(π n)+π n cos(π n)

π2n2 =

= − 1
π n

ϕ(x) = 5/4 +
∑∞

n=1 − sin(π xn)
π n + (1−(−1)n) cos(π xn)

π2n2
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Př́ıklad 41010 Stanovte Fourierovu řadu ϕ(x) funkce f(x), která je definována na základńım
intervalu periodicity následuj́ıćım předpisem:

f(x) =
{
x, x ∈ (0, 1)
1, x ∈ (1, 2)

Načrtněte graf f(x) a ϕ(x) na intervalu 〈−1, 3〉. V grafu vyznačte vechny body spojitosti či ne-
spojitosti!

Řešeńı 41010 T = 2, ω = π,

a0 = 2
2

∫ 1

0
xdx + 2

2

∫ 2

1
1dx =

[
1/2 x2

]1
0

+ [x]21 = 3/2

an = 2
2

∫ 1

0
x cos(π xn)dx + 2

2

∫ 2

1
cos(π xn)dx =

=
[

cos(π xn)
π2n2 + x sin(π xn)

π n

]1
0
+
[

sin(π xn)
π n

]2
1

=

= sin(π n)
π n + cos(π n)−1

π2n2 + sin(2 π n)−sin(π n)
π n =

= (−1)n−1
π2n2

bn = 2
2

∫ 1

0
x sin(π xn)dx + 2

2

∫ 2

1
sin(π xn)dx =

=
[

sin(π xn)
π2n2 − x cos(π xn)

π n

]1
0
+
[
− cos(π xn)

π n

]2
1

=

= sin(π n)
π2n2 − cos(π n)

π n + − cos(2π n)+cos(π n)
π n =

= − 1
π n

ϕ(x) = 3/4 +
∑∞

n=1 − sin(π xn)
π n + ((−1)n−1) cos(π xn)

π2n2
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Př́ıklad 41011 Stanovte Fourierovu řadu ϕ(x) funkce f(x), která je definována na základńım
intervalu periodicity následuj́ıćım předpisem:

f(x) =
{ −x, x ∈ (0, 1)

1, x ∈ (1, 2)

Načrtněte graf f(x) a ϕ(x) na intervalu 〈−1, 3〉. V grafu vyznačte vechny body spojitosti či ne-
spojitosti!

Řešeńı 41011 T = 2, ω = π,

a0 = 2
2

∫ 1

0
−xdx+ 2

2

∫ 2

1
1dx =

[−1/2 x2
]1
0

+ [x]21 = 1/2

an = 2
2

∫ 1

0
−x cos(π xn)dx + 2

2

∫ 2

1
cos(π xn)dx =

=
[
− cos(π xn)−π xn sin(π xn)

π2n2

]1
0
+
[

sin(π xn)
π n

]2
1

=

= − sin(π n)
π n − cos(π n)−1

π2n2 + sin(2π n)−sin(π n)
π n =

= 1−(−1)n

π2n2

bn = 2
2

∫ 1

0
−x sin(π xn)dx + 2

2

∫ 2

1
sin(π xn)dx =

=
[
− sin(π xn)+π xn cos(π xn)

π2n2

]1
0
+
[
− cos(π xn)

π n

]2
1

=

= − sin(π n)
π2n2 + cos(π n)

π n + − cos(2 π n)+cos(π n)
π n =

= 2 (−1)n−1
π n

ϕ(x) = 1/4 +
∑∞

n=1
(2 (−1)n−1) sin(π xn)

π n + (1−(−1)n) cos(π xn)
n2π2
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Př́ıklad 41012 Stanovte Fourierovu řadu ϕ(x) funkce f(x), která je definována na základńım
intervalu periodicity následuj́ıćım předpisem:

f(x) =
{

1, x ∈ (0, 1)
−x, x ∈ (1, 2)

Načrtněte graf f(x) a ϕ(x) na intervalu 〈−1, 3〉. V grafu vyznačte vechny body spojitosti či ne-
spojitosti!

Řešeńı 41012 T = 2, ω = π,

a0 = 2
2

∫ 1

0
1dx+ 2

2

∫ 2

1
−xdx = [x]10 +

[−1/2 x2
]2
1

= −1/2

an = 2
2

∫ 1

0
cos(π xn)dx+ 2

2

∫ 2

1
−x cos(π xn)dx =

=
[

sin(π xn)
π n

]1
0
+
[
− cos(π xn)−π xn sin(π xn)

n2π2

]2
1

=

= sin(π n)
π n + − cos(2π n)−2π n sin(2 π n)+cos(π n)+π n sin(π n)

n2π2 =

= −1+(−1)n

n2π2

bn = 2
2

∫ 1

0
sin(π xn)dx + 2

2

∫ 2

1
−x sin(π xn)dx =

=
[
− cos(π xn)

π n

]1
0

+
[
− sin(π xn)+π xn cos(π xn)

n2π2

]2
1

=

= − cos(π n)−1
π n + − sin(2π n)+2 π n cos(2 π n)+sin(π n)−π n cos(π n)

n2π2 =

= −2 (−1)n+3
π n

ϕ(x) = −1/4 +
∑∞
n=1

(−2 (−1)n+3) sin(π xn)
π n + (−1+(−1)n) cos(π xn)

n2π2
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Př́ıklad 41013 Stanovte Fourierovu řadu ϕ(x) funkce f(x), která je definována na základńım
intervalu periodicity následuj́ıćım předpisem:

f(x) =
{

1, x ∈ (1, 2)
x, x ∈ (2, 3)

Načrtněte graf f(x) a ϕ(x) na intervalu 〈0, 4〉. V grafu vyznačte vechny body spojitosti či nespo-
jitosti!

Řešeńı 41013 T = 2, ω = π,

a0 = 2
2

∫ 2

1
1dx+ 2

2

∫ 3

2
xdx = [x]21 +

[
1/2 x2

]3
2

= 7/2

an = 2
2

∫ 2

1
cos(π xn)dx+ 2

2

∫ 3

2
x cos(π xn)dx =

=
[

sin(π xn)
π n

]2
1
+
[

cos(π xn)
π2n2 + x sin(π xn)

π n

]3
2

=

= sin(2 π n)−sin(π n)
π n + cos(3π n)+3π n sin(3π n)−cos(2π n)−2π n sin(2 π n)

π2n2 =

= −1+(−1)n

π2n2

bn = 2
2

∫ 2

1
sin(π xn)dx + 2

2

∫ 3

2
x sin(π xn)dx =

=
[
− cos(π xn)

π n

]2
1

+
[

sin(π xn)
π2n2 − x cos(π xn)

π n

]3
2

=

= − cos(2π n)+cos(π n)
π n + sin(3π n)−3π n cos(3π n)−sin(2 π n)+2π n cos(2π n)

π2n2 =

= −2 (−1)n+1
π n

ϕ(x) = 7/4 +
∑∞

n=1
(−2 (−1)n+1) sin(π xn)

π n + (−1+(−1)n) cos(π xn)
π2n2
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Př́ıklad 41014 Stanovte Fourierovu řadu ϕ(x) funkce f(x), která je definována na základńım
intervalu periodicity následuj́ıćım předpisem:

f(x) =
{
x, x ∈ (1, 2)
1, x ∈ (2, 3)

Načrtněte graf f(x) a ϕ(x) na intervalu 〈0, 4〉. V grafu vyznačte vechny body spojitosti či nespo-
jitosti!

Řešeńı 41014 T = 2, ω = π,

a0 = 2
2

∫ 2

1
xdx + 2

2

∫ 3

2
1dx =

[
1/2 x2

]2
1

+ [x]32 = 5/2

an = 2
2

∫ 2

1
x cos(π xn)dx + 2

2

∫ 3

2
cos(π xn)dx =

=
[

cos(π xn)
n2π2 + x sin(π xn)

π n

]2
1
+
[

sin(π xn)
π n

]3
2

=

= cos(2π n)+2 π n sin(2π n)−cos(π n)−π n sin(π n)
n2π2 + sin(3π n)−sin(2 π n)

π n =

= 1−(−1)n

n2π2

bn = 2
2

∫ 2

1
x sin(π xn)dx + 2

2

∫ 3

2
sin(π xn)dx =

=
[

sin(π xn)
n2π2 − x cos(π xn)

π n

]2
1
+
[
− cos(π xn)

π n

]3
2

=

= sin(2 π n)−2π n cos(2π n)−sin(π n)+π n cos(π n)
n2π2 + − cos(3 π n)+cos(2π n)

π n =

= − 1
π n

ϕ(x) = 5/4 +
∑∞

n=1 − sin(π xn)
π n + (1−(−1)n) cos(π xn)

n2π2
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Př́ıklad 41015 Stanovte Fourierovu řadu ϕ(x) funkce f(x), která je definována na základńım
intervalu periodicity následuj́ıćım předpisem:

f(x) =
{ −x, x ∈ (1, 2)

1, x ∈ (2, 3)

Načrtněte graf f(x) a ϕ(x) na intervalu 〈0, 4〉. V grafu vyznačte vechny body spojitosti či nespo-
jitosti!

Řešeńı 41015 T = 2, ω = π,

a0 = 2
2

∫ 2

1
−xdx+ 2

2

∫ 3

2
1dx =

[−1/2 x2
]2
1

+ [x]32 = −1/2

an = 2
2

∫ 2

1
−x cos(π xn)dx + 2

2

∫ 3

2
cos(π xn)dx =

=
[
− cos(π xn)−π xn sin(π xn)

π2n2

]2
1
+
[

sin(π xn)
π n

]3
2

=

= − cos(2π n)−2 π n sin(2π n)+cos(π n)+π n sin(π n)
π2n2 + sin(3 π n)−sin(2π n)

π n =

= −1+(−1)n

π2n2

bn = 2
2

∫ 2

1
−x sin(π xn)dx + 2

2

∫ 3

2
sin(π xn)dx =

=
[
− sin(π xn)+π xn cos(π xn)

π2n2

]2
1
+
[
− cos(π xn)

π n

]3
2

=

= − sin(2π n)+2 π n cos(2 π n)+sin(π n)−π n cos(π n)
π2n2 + − cos(3π n)+cos(2 π n)

π n =

= 3−2 (−1)n

π n

ϕ(x) = −1/4 +
∑∞
n=1

(3−2 (−1)n) sin(π xn)
π n + (−1+(−1)n) cos(π xn)

π2n2
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Př́ıklad 41016 Stanovte Fourierovu řadu ϕ(x) funkce f(x), která je definována na základńım
intervalu periodicity následuj́ıćım předpisem:

f(x) =
{

1, x ∈ (1, 2)
−x, x ∈ (2, 3)

Načrtněte graf f(x) a ϕ(x) na intervalu 〈0, 4〉. V grafu vyznačte vechny body spojitosti či nespo-
jitosti!

Řešeńı 41016 T = 2, ω = π,

a0 = 2
2

∫ 2

1
1dx+ 2

2

∫ 3

2
−xdx = [x]21 +

[−1/2 x2
]3
2

= −3/2

an = 2
2

∫ 2

1
cos(π xn)dx+ 2

2

∫ 3

2
−x cos(π xn)dx =

=
[

sin(π xn)
π n

]2
1
+
[
− cos(π xn)−π xn sin(π xn)

π2n2

]3
2

=

= sin(2 π n)−sin(π n)
π n + − cos(3 π n)−3π n sin(3π n)+cos(2 π n)+2π n sin(2π n)

π2n2 =

= 1−(−1)n

π2n2

bn = 2
2

∫ 2

1
sin(π xn)dx + 2

2

∫ 3

2
−x sin(π xn)dx =

=
[
− cos(π xn)

π n

]2
1

+
[
− sin(π xn)+π xn cos(π xn)

π2n2

]3
2

=

= − cos(2π n)+cos(π n)
π n + − sin(3π n)+3 π n cos(3 π n)+sin(2π n)−2 π n cos(2 π n)

π2n2 =

= 4 (−1)n−3
π n

ϕ(x) = −3/4 +
∑∞
n=1

(4 (−1)n−3) sin(π xn)
π n + (1−(−1)n) cos(π xn)

π2n2
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Př́ıklad 41017 Stanovte Fourierovu řadu ϕ(x) funkce f(x), která je definována na základńım
intervalu periodicity následuj́ıćım předpisem:

f(x) =
{

1, x ∈ (2, 3)
x, x ∈ (3, 4)

Načrtněte graf f(x) a ϕ(x) na intervalu 〈1, 5〉. V grafu vyznačte vechny body spojitosti či nespo-
jitosti!

Řešeńı 41017 T = 2, ω = π,

a0 = 2
2

∫ 3

2
1dx+ 2

2

∫ 4

3
xdx = [x]32 +

[
1/2 x2

]4
3

= 9/2

an = 2
2

∫ 3

2
cos(π xn)dx+ 2

2

∫ 4

3
x cos(π xn)dx =

=
[

sin(π xn)
π n

]3
2
+
[

cos(π xn)
π2n2 + x sin(π xn)

π n

]4
3

=

= sin(3 π n)−sin(2π n)
π n + cos(4π n)+4 π n sin(4π n)−cos(3 π n)−3π n sin(3π n)

π2n2 =

= 1−(−1)n

π2n2

bn = 2
2

∫ 3

2
sin(π xn)dx + 2

2

∫ 4

3
x sin(π xn)dx =

=
[
− cos(π xn)

π n

]3
2

+
[

sin(π xn)
π2n2 − x cos(π xn)

π n

]4
3

=

= − cos(3π n)+cos(2 π n)
π n + sin(4π n)−4π n cos(4 π n)−sin(3π n)+3 π n cos(3 π n)

π2n2 =

= −3+2 (−1)n

π n

ϕ(x) = 9/4 +
∑∞

n=1
(−3+2 (−1)n) sin(π xn)

π n + (1−(−1)n) cos(π xn)
π2n2
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Př́ıklad 41018 Stanovte Fourierovu řadu ϕ(x) funkce f(x), která je definována na základńım
intervalu periodicity následuj́ıćım předpisem:

f(x) =
{
x, x ∈ (2, 3)
1, x ∈ (3, 4)

Načrtněte graf f(x) a ϕ(x) na intervalu 〈1, 5〉. V grafu vyznačte vechny body spojitosti či nespo-
jitosti!

Řešeńı 41018 T = 2, ω = π,

a0 = 2
2

∫ 3

2
xdx + 2

2

∫ 4

3
1dx =

[
1/2 x2

]3
2

+ [x]43 = 7/2

an = 2
2

∫ 3

2
x cos(π xn)dx + 2

2

∫ 4

3
cos(π xn)dx =

=
[

cos(π xn)
π2n2 + x sin(π xn)

π n

]3
2
+
[

sin(π xn)
π n

]4
3

=

= cos(3π n)+3 π n sin(3π n)−cos(2 π n)−2π n sin(2π n)
π2n2 + sin(4 π n)−sin(3π n)

π n =

= (−1)n−1
n2π2

bn = 2
2

∫ 3

2
x sin(π xn)dx + 2

2

∫ 4

3
sin(π xn)dx =

=
[

sin(π xn)
n2π2 − x cos(π xn)

π n

]3
2
+
[
− cos(π xn)

π n

]4
3

=

= sin(3 π n)−3π n cos(3π n)−sin(2π n)+2π n cos(2π n)
n2π2 + − cos(4π n)+cos(3 π n)

π n =

= −2 (−1)n+1
π n

ϕ(x) = 7/4 +
∑∞

n=1
(−2 (−1)n+1) sin(π xn)

π n + ((−1)n−1) cos(π xn)
n2π2
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Př́ıklad 41019 Stanovte Fourierovu řadu ϕ(x) funkce f(x), která je definována na základńım
intervalu periodicity následuj́ıćım předpisem:

f(x) =
{ −x, x ∈ (2, 3)

1, x ∈ (3, 4)

Načrtněte graf f(x) a ϕ(x) na intervalu 〈1, 5〉. V grafu vyznačte vechny body spojitosti či nespo-
jitosti!

Řešeńı 41019 T = 2, ω = π,

a0 = 2
2

∫ 3

2
−xdx+ 2

2

∫ 4

3
1dx =

[−1/2 x2
]3
2

+ [x]43 = −3/2

an = 2
2

∫ 3

2
−x cos(π xn)dx + 2

2

∫ 4

3
cos(π xn)dx =

=
[
− cos(π xn)−π xn sin(π xn)

π2n2

]3
2
+
[

sin(π xn)
π n

]4
3

=

= − cos(3π n)−3 π n sin(3π n)+cos(2π n)+2 π n sin(2π n)
π2n2 + sin(4π n)−sin(3π n)

π n =

= −(−1)n+1
π2n2

bn = 2
2

∫ 3

2
−x sin(π xn)dx + 2

2

∫ 4

3
sin(π xn)dx =

=
[
− sin(π xn)+π xn cos(π xn)

π2n2

]3
2
+
[
− cos(π xn)

π n

]4
3

=

= − sin(3π n)+3 π n cos(3 π n)+sin(2 π n)−2π n cos(2π n)
π2n2 + − cos(4π n)+cos(3π n)

π n =

= 4 (−1)n−3
π n

ϕ(x) = −3/4 +
∑∞
n=1

(4 (−1)n−3) sin(π xn)
π n + (−(−1)n+1) cos(π xn)

π2n2

1 1.5 2 2.5 3 3.5 4 4.5 5

−3

−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

x

Fourierova rada funkce f(x)

126



Př́ıklad 41020 Stanovte Fourierovu řadu ϕ(x) funkce f(x), která je definována na základńım
intervalu periodicity následuj́ıćım předpisem:

f(x) =
{

1, x ∈ (2, 3)
−x, x ∈ (3, 4)

Načrtněte graf f(x) a ϕ(x) na intervalu 〈1, 5〉. V grafu vyznačte vechny body spojitosti či nespo-
jitosti!

Řešeńı 41020 T = 2, ω = π,

a0 = 2
2

∫ 3

2
1dx+ 2

2

∫ 4

3
−xdx = [x]32 +

[−1/2 x2
]4
3

= −5/2

an = 2
2

∫ 3

2
cos(π xn)dx+ 2

2

∫ 4

3
−x cos(π xn)dx =

=
[

sin(π xn)
π n

]3
2
+
[
− cos(π xn)−π xn sin(π xn)

π2n2

]4
3

=

= sin(3 π n)−sin(2π n)
π n + − cos(4π n)−4 π n sin(4π n)+cos(3π n)+3 π n sin(3π n)

π2n2 =

= −1+(−1)n

π2n2

bn = 2
2

∫ 3

2
sin(π xn)dx + 2

2

∫ 4

3
−x sin(π xn)dx =

=
[
− cos(π xn)

π n

]3
2

+
[
− sin(π xn)+π xn cos(π xn)

π2n2

]4
3

=

= − cos(3π n)+cos(2 π n)
π n + − sin(4 π n)+4π n cos(4π n)+sin(3π n)−3π n cos(3π n)

π2n2 =

= 5−4 (−1)n

π n

ϕ(x) = −5/4 +
∑∞
n=1

(5−4 (−1)n) sin(π xn)
π n + (−1+(−1)n) cos(π xn)

π2n2
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Př́ıklad 41021 Stanovte Fourierovu řadu ϕ(x) funkce f(x), která je definována na základńım
intervalu periodicity následuj́ıćım předpisem:

f(x) =
{

1, x ∈ (3, 4)
x, x ∈ (4, 5)

Načrtněte graf f(x) a ϕ(x) na intervalu 〈2, 6〉. V grafu vyznačte vechny body spojitosti či nespo-
jitosti!

Řešeńı 41021 T = 2, ω = π,

a0 = 2
2

∫ 4

3
1dx+ 2

2

∫ 5

4
xdx = [x]43 +

[
1/2 x2

]5
4

= 11/2

an = 2
2

∫ 4

3
cos(π xn)dx+ 2

2

∫ 5

4
x cos(π xn)dx =

=
[

sin(π xn)
π n

]4
3
+
[

cos(π xn)
π2n2 + x sin(π xn)

π n

]5
4

=

= sin(4 π n)−sin(3π n)
π n + cos(5π n)+5 π n sin(5π n)−cos(4 π n)−4π n sin(4π n)

π2n2 =

= (−1)n−1
n2π2

bn = 2
2

∫ 4

3
sin(π xn)dx + 2

2

∫ 5

4
x sin(π xn)dx =

=
[
− cos(π xn)

π n

]4
3

+
[

sin(π xn)
n2π2 − x cos(π xn)

π n

]5
4

=

= − cos(4π n)+cos(3 π n)
π n + sin(5π n)−5π n cos(5 π n)−sin(4π n)+4 π n cos(4 π n)

n2π2 =

= −4 (−1)n+3
π n

ϕ(x) = 11/4 +
∑∞
n=1

(−4 (−1)n+3) sin(π xn)
π n + ((−1)n−1) cos(π xn)

n2π2
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Př́ıklad 41022 Stanovte Fourierovu řadu ϕ(x) funkce f(x), která je definována na základńım
intervalu periodicity následuj́ıćım předpisem:

f(x) =
{
x, x ∈ (3, 4)
1, x ∈ (4, 5)

Načrtněte graf f(x) a ϕ(x) na intervalu 〈2, 6〉. V grafu vyznačte vechny body spojitosti či nespo-
jitosti!

Řešeńı 41022 T = 2, ω = π,

a0 = 2
2

∫ 4

3
xdx + 2

2

∫ 5

4
1dx =

[
1/2 x2

]4
3

+ [x]54 = 9/2

an = 2
2

∫ 4

3
x cos(π xn)dx + 2

2

∫ 5

4
cos(π xn)dx =

=
[

cos(π xn)
n2π2 + x sin(π xn)

π n

]4
3
+
[

sin(π xn)
π n

]5
4

=

= cos(4π n)+4 π n sin(4π n)−cos(3 π n)−3π n sin(3π n)
n2π2 + sin(5 π n)−sin(4π n)

π n =

= 1−(−1)n

n2π2

bn = 2
2

∫ 4

3
x sin(π xn)dx + 2

2

∫ 5

4
sin(π xn)dx =

=
[

sin(π xn)
n2π2 − x cos(π xn)

π n

]4
3
+
[
− cos(π xn)

π n

]5
4

=

= sin(4 π n)−4π n cos(4π n)−sin(3π n)+3π n cos(3π n)
n2π2 + − cos(5π n)+cos(4 π n)

π n =

= −3+2 (−1)n

π n

ϕ(x) = 9/4 +
∑∞

n=1
(−3+2 (−1)n) sin(π xn)

π n + (1−(−1)n) cos(π xn)
n2π2
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Př́ıklad 41023 Stanovte Fourierovu řadu ϕ(x) funkce f(x), která je definována na základńım
intervalu periodicity následuj́ıćım předpisem:

f(x) =
{ −x, x ∈ (3, 4)

1, x ∈ (4, 5)

Načrtněte graf f(x) a ϕ(x) na intervalu 〈2, 6〉. V grafu vyznačte vechny body spojitosti či nespo-
jitosti!

Řešeńı 41023 T = 2, ω = π,

a0 = 2
2

∫ 4

3
−xdx+ 2

2

∫ 5

4
1dx =

[−1/2 x2
]4
3

+ [x]54 = −5/2

an = 2
2

∫ 4

3
−x cos(π xn)dx + 2

2

∫ 5

4
cos(π xn)dx =

=
[
− cos(π xn)−π xn sin(π xn)

π2n2

]4
3
+
[

sin(π xn)
π n

]5
4

=

= − cos(4π n)−4 π n sin(4π n)+cos(3π n)+3 π n sin(3π n)
π2n2 + sin(5π n)−sin(4π n)

π n =

= −1+(−1)n

π2n2

bn = 2
2

∫ 4

3
−x sin(π xn)dx + 2

2

∫ 5

4
sin(π xn)dx =

=
[
− sin(π xn)+π xn cos(π xn)

π2n2

]4
3
+
[
− cos(π xn)

π n

]5
4

=

= − sin(4π n)+4 π n cos(4 π n)+sin(3 π n)−3π n cos(3π n)
π2n2 + − cos(5π n)+cos(4π n)

π n =

= 5−4 (−1)n

π n

ϕ(x) = −5/4 +
∑∞
n=1

(5−4 (−1)n) sin(π xn)
π n + (−1+(−1)n) cos(π xn)

π2n2
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Př́ıklad 41024 Stanovte Fourierovu řadu ϕ(x) funkce f(x), která je definována na základńım
intervalu periodicity následuj́ıćım předpisem:

f(x) =
{

1, x ∈ (3, 4)
−x, x ∈ (4, 5)

Načrtněte graf f(x) a ϕ(x) na intervalu 〈2, 6〉. V grafu vyznačte vechny body spojitosti či nespo-
jitosti!

Řešeńı 41024 T = 2, ω = π,

a0 = 2
2

∫ 4

3
1dx+ 2

2

∫ 5

4
−xdx = [x]43 +

[−1/2 x2
]5
4

= −7/2

an = 2
2

∫ 4

3
cos(π xn)dx+ 2

2

∫ 5

4
−x cos(π xn)dx =

=
[

sin(π xn)
π n

]4
3
+
[
− cos(π xn)−π xn sin(π xn)

π2n2

]5
4

=

= sin(4 π n)−sin(3π n)
π n + − cos(5π n)−5 π n sin(5π n)+cos(4π n)+4 π n sin(4π n)

π2n2 =

= 1−(−1)n

π2n2

bn = 2
2

∫ 4

3
sin(π xn)dx + 2

2

∫ 5

4
−x sin(π xn)dx =

=
[
− cos(π xn)

π n

]4
3

+
[
− sin(π xn)+π xn cos(π xn)

π2n2

]5
4

=

= − cos(4π n)+cos(3 π n)
π n + − sin(5 π n)+5π n cos(5π n)+sin(4π n)−4π n cos(4π n)

π2n2 =

= 6 (−1)n−5
π n

ϕ(x) = −7/4 +
∑∞
n=1

(6 (−1)n−5) sin(π xn)
π n + (1−(−1)n) cos(π xn)

π2n2
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Př́ıklad 43001 Funkce f = f(t) je dána předpisem

f(t) = 1 + 2 sin 2t, t ∈ (−π, π).

Proved’te př́ımé periodické rozš́ı̌reńı a nakreslete graf výsledné funkce na intervalu 〈−2π, 2π〉.
Rozviňte funkci ve Fourierovu řadu tvaru

a0

2
+

∞∑
k=1

(ak cos kωt+ bk sin kωt).

Nakreslete graf součtové funkce (pokud existuje) této řady na intervalu 〈−2π, 2π〉.

Řešeńı 43001 Dı́ky znalostem źıskaných z předmětu ME4 by mělo být ihned zřejmé, že

ak =
{

2, pro k = 0
0, pro k = 1, 2, . . . a bk =

⎧⎨
⎩

0, pro k = 1
2, pro k = 2
0, pro k = 3, 4, . . .

Ověřme výpočtem:
T = 2π, ω = 2π

2π = 1,

a0 =
2
2π

∫ π

−π
(1 + 2 sin 2t)dt =

1
π

(
[t]π−π + 2

[
−cos 2t

2

]π
−π

)
=

1
π

(2π + 0) = 2

ak =
2
2π

∫ π

−π
(1 + 2 sin 2t) cos ktdt =

1
π

(∫ π

−π
[cos kt+ sin (2 + k)t+ sin (2 − k)t]dt

)
=

=
1
π

([
sinkt
k

]π
−π

+
[
−cos (2 + k)t

2 + k

]π
−π

+
[
−cos (2 − k)t

2 − k

]π
−π

)
=

1
π

(0 + 0 + 0) = 0

Výpočet má smysl pro k �= 2, ale pro k = 2 bude třet́ı člen v integrálu roven nule a dostaneme
tedy stejný výsledek.

bk =
2
2π

∫ π

−π
(1 + 2 sin 2t) sin ktdt =

1
π

(∫ π

−π
[sinkt+ cos (2 − k)t− cos (2 + k)t]dt

)
=

=
1
π

([− coskt
k

]π
−π

+
[
sin (2 − k)t

2 − k

]π
−π

−
[
sin (2 + k)t

2 + k

]π
−π

)
=

1
π

(0 + 0 − 0) = 0

Výpočet má smysl pro k �= 2, ale pro k = 2 dostaneme:

b2 =
2
2π

∫ π

−π
(1 + 2 sin 2t) sin 2tdt =

1
π

(∫ π

−π
[sin 2t+ cos (2 − 2)t− cos (2 + 2)t]dt

)
=

=
1
π

([− cos 2t
2

]π
−π

+ [t]π−π −
[
sin 4t

4

]π
−π

)
=

1
π

(0 + 2π − 0) = 2
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Př́ıklad 43002 Funkce f = f(t) je dána předpisem

f(t) = 1 + 2 cos 2t, t ∈ (−π, π).

Proved’te př́ımé periodické rozš́ı̌reńı a nakreslete graf výsledné funkce na intervalu 〈−2π, 2π〉.
Rozviňte funkci ve Fourierovu řadu tvaru

a0

2
+

∞∑
k=1

(ak cos kωt+ bk sin kωt).

Nakreslete graf součtové funkce (pokud existuje) této řady na intervalu 〈−2π, 2π〉.

Řešeńı 43002 Dı́ky znalostem źıskaných z předmětu ME4 by mělo být ihned zřejmé, že

ak =

⎧⎪⎪⎨
⎪⎪⎩

2, pro k = 0
0, pro k = 1
2, pro k = 2
0, pro k = 3, 4, . . .

a bk = 0, pro k = 1, 2, . . .
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Ověřme výpočtem:
T = 2π, ω = 2π

2π = 1,

a0 =
2
2π

∫ π

−π
(1 + 2 cos 2t)dt =

1
π

(
[t]π−π + 2

[
sin 2t

2

]π
−π

)
=

1
π

(2π + 0) = 2

ak =
2
2π

∫ π

−π
(1 + 2 cos 2t) cos ktdt =

1
π

(∫ π

−π
[cos kt+ cos (2 + k)t+ cos (2 − k)t]dt

)
=

=
1
π

([
sin kt
k

]π
−π

+
[
sin (2 + k)t

2 + k

]π
−π

+
[
sin (2 − k)t

2 − k

]π
−π

)
=

1
π

(0 + 0 + 0) = 0

Výpočet má smysl pro k �= 2, ale pro k = 2 dostaneme:

a2 =
2
2π

∫ π

−π
(1 + 2 cos 2t) cos 2tdt =

1
π

(∫ π

−π
[cos 2t+ cos (2 + 2)t+ cos (2 − 2)t]dt

)
=

=
1
π

([
sin 2t

2

]π
−π

+
[
sin 4t

4

]π
−π

+ [t]π−π

)
=

1
π

(0 + 0 + 2π) = 2

bk =
2
2π

∫ π

−π
(1 + 2 cos 2t) sinktdt =

1
π

(∫ π

−π
[sin kt+ sin (2 + k)t+ sin (k − 2)t]dt

)
=

=
1
π

([− coskt
k

]π
−π

+
[
−cos (2 + k)t

2 + k

]π
−π

+
[
−cos (k − 2)t

k − 2

]π
−π

)
=

1
π

(0 + 0 + 0) = 0

Výpočet má smysl pro k �= 2, ale pro k = 2 bude třet́ı člen v integrálu roven nule a dostaneme
tedy stejný výsledek.
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Př́ıklad 43003 Funkce f = f(t) je dána předpisem

f(t) = 2 + 4 sin 4t, t ∈ (−π, π).

Proved’te př́ımé periodické rozš́ı̌reńı a nakreslete graf výsledné funkce na intervalu 〈−2π, 2π〉.
Rozviňte funkci ve Fourierovu řadu tvaru

a0

2
+

∞∑
k=1

(ak cos kωt+ bk sin kωt).

Nakreslete graf součtové funkce (pokud existuje) této řady na intervalu 〈−2π, 2π〉.

Řešeńı 43003 Dı́ky znalostem źıskaných z předmětu ME4 by mělo být ihned zřejmé, že

ak =
{

4, pro k = 0
0, pro k = 1, 2, . . . a bk =

⎧⎨
⎩

0, pro k = 1, 2, 3
4, pro k = 4
0, pro k = 5, 6, . . .

Ověřme výpočtem:
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T = 2π, ω = 2π
2π = 1,

a0 =
2
2π

∫ π

−π
(2 + 4 sin 4t)dt =

1
π

(
2 [t]π−π + 4

[
−cos 4t

4

]π
−π

)
=

1
π

(4π + 0) = 4

ak =
2
2π

∫ π

−π
(2 + 4 sin 4t) cos ktdt =

1
π

(∫ π

−π
[2 coskt+ 2 sin (4 + k)t+ 2 sin (4 − k)t]dt

)
=

=
1
π

(
2
[
sin kt
k

]π
−π

+ 2
[
−cos (4 + k)t

4 + k

]π
−π

+ 2
[
−cos (4 − k)t

4 − k

]π
−π

)
=

1
π

(0 + 0 + 0) = 0

Výpočet má smysl pro k �= 4, ale pro k = 4 bude třet́ı člen v integrálu roven nule a dostaneme
tedy stejný výsledek.

bk =
2
2π

∫ π

−π
(2 + 4 sin 4t) sin ktdt =

1
π

(∫ π

−π
[2 sinkt+ 2 cos (4 − k)t− 2 cos (4 + k)t]dt

)
=

=
1
π

(
2
[− coskt

k

]π
−π

+ 2
[
sin (4 − k)t

4 − k

]π
−π

− 2
[
sin (4 + k)t

4 + k

]π
−π

)
=

1
π

(0 + 0 − 0) = 0

Výpočet má smysl pro k �= 4, ale pro k = 4 dostaneme:

b4 =
2
2π

∫ π

−π
(2 + 4 sin 4t) sin 4tdt =

1
π

(∫ π

−π
[2 sin 4t+ 2 cos (4 − 4)t− 2 cos (4 + 4)t]dt

)
=

=
1
π

(
2
[− cos 4t

4

]π
−π

+ 2 [t]π−π − 2
[
sin 8t

8

]π
−π

)
=

1
π

(0 + 4π − 0) = 4
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Př́ıklad 43004 Funkce f = f(t) je dána předpisem

f(t) = 2 + 4 cos 4t, t ∈ (−π, π).

Proved’te př́ımé periodické rozš́ı̌reńı a nakreslete graf výsledné funkce na intervalu 〈−2π, 2π〉.
Rozviňte funkci ve Fourierovu řadu tvaru

a0

2
+

∞∑
k=1

(ak cos kωt+ bk sin kωt).

Nakreslete graf součtové funkce (pokud existuje) této řady na intervalu 〈−2π, 2π〉.

Řešeńı 43004 Dı́ky znalostem źıskaných z předmětu ME4 by mělo být ihned zřejmé, že

ak =

⎧⎪⎪⎨
⎪⎪⎩

4, pro k = 0
0, pro k = 1, 2, 3
4, pro k = 4
0, pro k = 5, 6, . . .

a bk = 0, pro k = 1, 2, . . .
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Ověřme výpočtem:
T = 2π, ω = 2π

2π = 1,

a0 =
2
2π

∫ π

−π
(2 + 4 cos 4t)dt =

1
π

(
2 [t]π−π + 4

[
sin 4t

4

]π
−π

)
=

1
π

(4π + 0) = 4

ak =
2
2π

∫ π

−π
(2 + 4 cos 4t) cos ktdt =

1
π

(∫ π

−π
[2 cos kt+ 2 cos (4 + k)t+ 2 cos (4 − k)t]dt

)
=

=
1
π

(
2
[
sinkt
k

]π
−π

+ 2
[
sin (4 + k)t

4 + k

]π
−π

+ 2
[
sin (4 − k)t

4 − k

]π
−π

)
=

1
π

(0 + 0 + 0) = 0

Výpočet má smysl pro k �= 4, ale pro k = 4 dostaneme:

a4 =
2
2π

∫ π

−π
(2 + 4 cos 4t) cos 4tdt =

1
π

(∫ π

−π
[2 cos 4t+ 2 cos (4 + 4)t+ 2 cos (4 − 4)t]dt

)
=

=
1
π

(
2
[
sin 4t

4

]π
−π

+ 2
[
sin 8t

8

]π
−π

+ 2 [t]π−π

)
=

1
π

(0 + 0 + 4π) = 4

bk =
2
2π

∫ π

−π
(2 + 4 cos 4t) sinktdt =

1
π

(∫ π

−π
[2 sin kt+ 2 sin (4 + k)t+ 2 sin (k − 4)t]dt

)
=

=
1
π

(
2
[− coskt

k

]π
−π

+ 2
[
−cos (4 + k)t

4 + k

]π
−π

+ 2
[
−cos (k − 4)t

k − 4

]π
−π

)
=

1
π

(0 + 0 + 0) = 0

Výpočet má smysl pro k �= 4, ale pro k = 4 bude třet́ı člen v integrálu roven nule a dostaneme
tedy stejný výsledek.
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Př́ıklad 50001 Nakreslete graf funkce f = f(t) a vypoč́ıtejte jej́ı Fourier̊uv obraz. Je funkce
f(t) Fourierovsky zobrazitelná?

f(t) =
{ |t| − 4, |t| ≤ 4

0, |t| > 4.

Řešeńı 50001
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−4 −3 −2 −1 0 1 2 3 4

−4

−3.5

−3

−2.5

−2

−1.5

−1

−0.5

0

φ(ω) =
∫ ∞

−∞
f(t)e−iωt dt =

∫ 0

−4

−(t+ 4)e−iωt dt+
∫ 4

0

(t− 4)e−iωt dt =

(∫
te−iωt dt =

∣∣∣∣ u = t u′ = 1
v′ = e−iωt v = − 1

iω e
−iωt

∣∣∣∣ = − t

iω
e−iωt − 1

(iω)2
e−iωt =

1 + iωt

ω2
e−iωt

)

= −[
1 + iωt

ω2
e−iωt]0−4 − 4[− 1

iω
e−iωt]0−4 + [

1 + iωt

ω2
e−iωt]40 − 4[− 1

iω
e−iωt]40 =

= −(
1
ω2

− 1 − iω4
ω2

e4iω) − 4(− 1
iω

+
1
iω
e4iω) + (

1 + iω4
ω2

e−4iω − 1
ω2

) − 4(− 1
iω
e−4iω +

1
iω

) =

=
1
ω2

(−2 + e4iω + e−4iω
)

= 2
cos(4ω) − 1

ω2

Je funkce f(t) je Fourierovsky zobrazitelná, protože∫ ∞

−∞
|f(t)| dt = 16 <∞ (viz obrázek).
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Př́ıklad 50002 Nakreslete graf funkce f = f(t) a vypoč́ıtejte jej́ı Fourier̊uv obraz. Je funkce
f(t) Fourierovsky zobrazitelná?

f(t) =
{

(t+ 2)e−t, t ≥ 0
0, t < 0.

Řešeńı 50002

0 2 4 6 8 10

0

0.5

1

1.5

2

φ(ω) =
∫ ∞

−∞
f(t)e−iωt dt =

∫ ∞

0

(t+ 2)e−(iω+1)t dt =

(∫
te−at dt =

∣∣∣∣ u = t u′ = 1
v′ = e−at v = − 1

ae
−at

∣∣∣∣ = − t

a
e−at − 1

a2
e−at
)

= [− t

(iω + 1)
e−(iω+1)t − 1

(iω + 1)2
e−(iω+1)t]∞0 + 2[− 1

iω + 1
e−(iω+1)t]∞0 =

=
1

(iω + 1)2
+ 2

1
iω + 1

=
3 + 2iω

(iω + 1)2

Je funkce f(t) je Fourierovsky zobrazitelná, protože∫ ∞

−∞
|f(t)| dt =

∫ ∞

−∞
(t+ 2)e−t dt = [−te−t − 3e−t]∞0 = 3 <∞
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Př́ıklad 50003 Nakreslete graf funkce f = f(t) a vypoč́ıtejte jej́ı Fourier̊uv obraz. Je funkce
f(t) Fourierovsky zobrazitelná?

f(t) =
{

sinπt, t ∈ (0, 1)
0, t �∈ (0, 1)

Řešeńı 50003

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

φ(ω) =
∫ ∞

−∞
f(t)e−iωt dt =

∫ 1

0

sin(πt)e−iωt dt =

⎛
⎜⎜⎝
∫

sin at e−bt dt︸ ︷︷ ︸
=I

=
∣∣∣∣ u = sin at u′ = a cosat
v′ = e−bt v = − 1

b e
−bt

∣∣∣∣ = −1
b

sin at e−bt +
a

b

∫
cos at e−bt dt =

=
∣∣∣∣ u = cos at u′ = −a sinat
v′ = e−bt v = − 1

b e
−bt

∣∣∣∣ = −1
b

sinat e−bt +
a

b

⎛
⎜⎜⎝−1

b
cos at e−bt − a

b

∫
sin at e−bt dt︸ ︷︷ ︸

=I

⎞
⎟⎟⎠

I = −1
b

sin at e−bt − a

b2
cos at e−bt − a2

b2
I

(a2 + b2)I = −b sinat e−bt − a cosat e−bt

I = − e−bt

a2 + b2
(b sinat+ a cosat)

)

=
[
− e−iωt

π2 + (iω)2
(iω sinπt+ π cosπt)

]1
0

=
π(e−iω + 1)
π2 − ω2

Je funkce f(t) je Fourierovsky zobrazitelná, protože∫ ∞

−∞
|f(t)| dt =

∫ 1

0

sinπt dt = [− 1
π

cosπt]10 =
2
π
<∞ (viz obrázek).
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Př́ıklad 50004 Nakreslete graf funkce f = f(t) a vypoč́ıtejte jej́ı Fourier̊uv obraz. Je funkce
f(t) Fourierovsky zobrazitelná?

f(t) =
{
te2t, t ∈ (−∞, 0)
0, t ∈ 〈0,∞)

Řešeńı 50004

−10 −8 −6 −4 −2 0
−0.2

−0.1

0

φ(ω) =
∫ ∞

−∞
f(t)e−iωt dt =

∫ 0

−∞
te−(iω−2)t dt =

(∫
te−at dt =

∣∣∣∣ u = t u′ = 1
v′ = e−at v = − 1

ae
−at

∣∣∣∣ = − t

a
e−at − 1

a2
e−at
)

=
[
− t

(iω − 2)
e−(iω−2)t − 1

(iω − 2)2
e−(iω−2)t

]0
−∞

= − 1
(iω − 2)2

Je funkce f(t) je Fourierovsky zobrazitelná, protože∫ ∞

−∞
|f(t)| dt =

∫ 0

−∞
−te2t dt = [− t

2
e2t +

1
4
e2t]0−∞ =

1
4
<∞
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Př́ıklad 51001 Vypočtěte Fourier̊uv obraz funkce f(x) a načrtněte graf f(x) na intervalu
〈−3, 1〉.

f(x) =

⎧⎨
⎩

1, x ∈ (−2,−1)
x, x ∈ (−1, 0)
0, jinde

Řešeńı 51001 F (ω) =
∫ −1

−2 e
−iωxdx+

∫ 0

−1 xe
−iωxdx =

=
[

i
ωeiωx

]−1

−2
+
[
e−iωx(iωx+1)

ω2

]0
−1

=

= − i(−eiω+e2 iω)
ω + ieiω

ω + 1−eiω
ω2 =

= 2 iωeiω−iωe2 iω+1−eiω
ω2

−3 −2.5 −2 −1.5 −1 −0.5 0 0.5 1
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−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

3

x

funkce f(x)
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Př́ıklad 51002 Vypočtěte Fourier̊uv obraz funkce f(x) a načrtněte graf f(x) na intervalu
〈−3, 1〉.

f(x) =

⎧⎨
⎩

x, x ∈ (−2,−1)
1, x ∈ (−1, 0)
0, jinde

Řešeńı 51002 F (ω) =
∫ −1

−2 xe
−iωxdx+

∫ 0

−1 e
−iωxdx =

=
[
e−iωx(iωx+1)

ω2

]−1

−2
+
[

i
ωeiωx

]0
−1

=

= −ieiω+2 ie2 iω

ω + eiω−e2 iω

ω2 + i
ω − ieiω

ω =

= −2 iωeiω+eiω+2 iωe2 iω−e2 iω+iω
ω2

−3 −2.5 −2 −1.5 −1 −0.5 0 0.5 1
−3

−2

−1

0

1

2

3

x

funkce f(x)

145



Př́ıklad 51003 Vypočtěte Fourier̊uv obraz funkce f(x) a načrtněte graf f(x) na intervalu
〈−3, 1〉.

f(x) =

⎧⎨
⎩

−x, x ∈ (−2,−1)
1, x ∈ (−1, 0)
0, jinde

Řešeńı 51003 F (ω) =
∫ −1

−2 −xe−iωxdx+
∫ 0

−1 e
−iωxdx =

=
[
− e−iωx(iωx+1)

ω2

]−1

−2
+
[

i
ωeiωx

]0
−1

=

= iωeiω−eiω−2 iωe2 iω+e2 iω

ω2 + i
ω − ieiω

ω =

= − eiω+2 iωe2 iω−e2 iω−iω
ω2

−3 −2.5 −2 −1.5 −1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1
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2

2.5

3

x

funkce f(x)
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Př́ıklad 51004 Vypočtěte Fourier̊uv obraz funkce f(x) a načrtněte graf f(x) na intervalu
〈−3, 1〉.

f(x) =

⎧⎨
⎩

1, x ∈ (−2,−1)
−x, x ∈ (−1, 0)

0, jinde

Řešeńı 51004 F (ω) =
∫ −1

−2 e
−iωxdx+

∫ 0

−1 −xe−iωxdx =

=
[

i
ωeiωx

]−1

−2
+
[
− e−iωx(iωx+1)

ω2

]0
−1

=

= − i(−eiω+e2 iω)
ω − 1+iωeiω−eiω

ω2 =

= − iωe2 iω+1−eiω
ω2

−3 −2.5 −2 −1.5 −1 −0.5 0 0.5 1

−1

−0.5

0

0.5

1

1.5

2

2.5
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x

funkce f(x)
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Př́ıklad 51005 Vypočtěte Fourier̊uv obraz funkce f(x) a načrtněte graf f(x) na intervalu
〈−2, 2〉.

f(x) =

⎧⎨
⎩

1, x ∈ (−1, 0)
x, x ∈ (0, 1)
0, jinde

Řešeńı 51005 F (ω) =
∫ 0

−1 e
−iωxdx+

∫ 1

0 xe
−iωxdx =

=
[

i
ωeiωx

]0
−1

+
[
e−iωx(iωx+1)

ω2

]1
0

=

= i
ω − ieiω

ω + ie−iω

ω + e−iω−1
ω2 =

= iω−iωeiω+iωe−iω+e−iω−1
ω2
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Př́ıklad 51006 Vypočtěte Fourier̊uv obraz funkce f(x) a načrtněte graf f(x) na intervalu
〈−2, 2〉.

f(x) =

⎧⎨
⎩

x, x ∈ (−1, 0)
1, x ∈ (0, 1)
0, jinde

Řešeńı 51006 F (ω) =
∫ 0

−1 xe
−iωxdx+

∫ 1

0 e
−iωxdx =

=
[
e−iωx(iωx+1)

ω2

]0
−1

+
[

i
ωeiωx

]1
0

=

= ieiω

ω + 1−eiω
ω2 + i

ωeiω − i
ω =

=
ieiω+i(e−iω−1)

ω + 1−eiω
ω2
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Př́ıklad 51007 Vypočtěte Fourier̊uv obraz funkce f(x) a načrtněte graf f(x) na intervalu
〈−2, 2〉.

f(x) =

⎧⎨
⎩

−x, x ∈ (−1, 0)
1, x ∈ (0, 1)
0, jinde

Řešeńı 51007 F (ω) =
∫ 0

−1 −xe−iωxdx+
∫ 1

0 e
−iωxdx =

=
[
− e−iωx(iωx+1)

ω2

]0
−1

+
[

i
ωeiωx

]1
0

=

= − 1+iωeiω−eiω
ω2 + i

ωeiω − i
ω =

= − 1+iωeiω−eiω
ω2 +

i(e−iω−1)
ω
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Př́ıklad 51008 Vypočtěte Fourier̊uv obraz funkce f(x) a načrtněte graf f(x) na intervalu
〈−2, 2〉.

f(x) =

⎧⎨
⎩

1, x ∈ (−1, 0)
−x, x ∈ (0, 1)

0, jinde

Řešeńı 51008 F (ω) =
∫ 0

−1 e
−iωxdx+

∫ 1

0 −xe−iωxdx =

=
[

i
ωeiωx

]0
−1

+
[
− e−iωx(iωx+1)

ω2

]1
0

=

= i
ω − ieiω

ω − iωe−iω+e−iω−1
ω2 =

= iω−iωeiω−iωe−iω−e−iω+1
ω2
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Př́ıklad 51009 Vypočtěte Fourier̊uv obraz funkce f(x) a načrtněte graf f(x) na intervalu
〈−1, 3〉.

f(x) =

⎧⎨
⎩

1, x ∈ (0, 1)
x, x ∈ (1, 2)
0, jinde

Řešeńı 51009 F (ω) =
∫ 1

0 e
−iωxdx+

∫ 2

1 xe
−iωxdx =

=
[

i
ωeiωx

]1
0

+
[
e−iωx(iωx+1)

ω2

]2
1

=

= i
ωeiω − i

ω + 2 ie−2 iω−ie−iω

ω + e−2 iω−e−iω

ω2 =

= −iω+2 iωe−2 iω+e−2 iω−e−iω

ω2
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Př́ıklad 51010 Vypočtěte Fourier̊uv obraz funkce f(x) a načrtněte graf f(x) na intervalu
〈−1, 3〉.

f(x) =

⎧⎨
⎩

x, x ∈ (0, 1)
1, x ∈ (1, 2)
0, jinde

Řešeńı 51010 F (ω) =
∫ 1

0 xe
−iωxdx+

∫ 2

1 e
−iωxdx =

=
[
e−iωx(iωx+1)

ω2

]1
0
+
[

i
ωeiωx

]2
1

=

= ie−iω

ω + e−iω−1
ω2 + i

ω(eiω)2
− i

ωeiω =

= e−iω−1+iωe−2 iω

ω2
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Př́ıklad 51011 Vypočtěte Fourier̊uv obraz funkce f(x) a načrtněte graf f(x) na intervalu
〈−1, 3〉.

f(x) =

⎧⎨
⎩

−x, x ∈ (0, 1)
1, x ∈ (1, 2)
0, jinde

Řešeńı 51011 F (ω) =
∫ 1

0 −xe−iωxdx+
∫ 2

1 e
−iωxdx =

=
[
− e−iωx(iωx+1)

ω2

]1
0

+
[

i
ωeiωx

]2
1

=

= − iωe−iω+e−iω−1
ω2 + i

ω(eiω)2
− i

ωeiω =

= − 2 iωe−iω+e−iω−1−iωe−2 iω

ω2
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Př́ıklad 51012 Vypočtěte Fourier̊uv obraz funkce f(x) a načrtněte graf f(x) na intervalu
〈−1, 3〉.

f(x) =

⎧⎨
⎩

1, x ∈ (0, 1)
−x, x ∈ (1, 2)

0, jinde

Řešeńı 51012 F (ω) =
∫ 1

0 e
−iωxdx+

∫ 2

1 −xe−iωxdx =

=
[

i
ωeiωx

]1
0

+
[
− e−iωx(iωx+1)

ω2

]2
1

=

= i
ωeiω − i

ω + −2 iωe−2 iω−e−2 iω+iωe−iω+e−iω

ω2 =

= 2 iωe−iω−iω−2 iωe−2 iω−e−2 iω+e−iω

ω2
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Př́ıklad 51013 Vypočtěte Fourier̊uv obraz funkce f(x) a načrtněte graf f(x) na intervalu
〈0, 4〉.

f(x) =

⎧⎨
⎩

1, x ∈ (1, 2)
x, x ∈ (2, 3)
0, jinde

Řešeńı 51013 F (ω) =
∫ 2

1 e
−iωxdx+

∫ 3

2 xe
−iωxdx =

=
[

i
ωeiωx

]2
1

+
[
e−iωx(iωx+1)

ω2

]3
2

=

=
i(e−2 iω−e−iω)

ω + 3 ie−3 iω−2 ie−2 iω

ω + e−3 iω−e−2 iω

ω2 =

= − iωe−2 iω+iωe−iω−3 iωe−3 iω−e−3 iω+e−2 iω

ω2
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Př́ıklad 51014 Vypočtěte Fourier̊uv obraz funkce f(x) a načrtněte graf f(x) na intervalu
〈0, 4〉.

f(x) =

⎧⎨
⎩

x, x ∈ (1, 2)
1, x ∈ (2, 3)
0, jinde

Řešeńı 51014 F (ω) =
∫ 2

1 xe
−iωxdx+

∫ 3

2 e
−iωxdx =

=
[
e−iωx(iωx+1)

ω2

]2
1
+
[

i
ωeiωx

]3
2

=

= 2 ie−2 iω−ie−iω

ω + e−2 iω−e−iω

ω2 +
i(e−3 iω−e−2 iω)

ω =

= iωe−2 iω+e−2 iω−iωe−iω−e−iω+iωe−3 iω

ω2
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Př́ıklad 51015 Vypočtěte Fourier̊uv obraz funkce f(x) a načrtněte graf f(x) na intervalu
〈0, 4〉.

f(x) =

⎧⎨
⎩

−x, x ∈ (1, 2)
1, x ∈ (2, 3)
0, jinde

Řešeńı 51015 F (ω) =
∫ 2

1 −xe−iωxdx+
∫ 3

2 e
−iωxdx =

=
[
− e−iωx(iωx+1)

ω2

]2
1

+
[

i
ωeiωx

]3
2

=

= −2 iωe−2 iω−e−2 iω+iωe−iω+e−iω

ω2 +
i(e−3 iω−e−2 iω)

ω =

= −3 iωe−2 iω−e−2 iω+iωe−iω+e−iω+iωe−3 iω

ω2
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Př́ıklad 51016 Vypočtěte Fourier̊uv obraz funkce f(x) a načrtněte graf f(x) na intervalu
〈0, 4〉.

f(x) =

⎧⎨
⎩

1, x ∈ (1, 2)
−x, x ∈ (2, 3)

0, jinde

Řešeńı 51016 F (ω) =
∫ 2

1 e
−iωxdx+

∫ 3

2 −xe−iωxdx =

=
[

i
ωeiωx

]2
1

+
[
− e−iωx(iωx+1)

ω2

]3
2

=

= i
ω(eiω)2

− i
ωeiω − 3 iωe−3 iω+e−3 iω−2 iωe−2 iω−e−2 iω

ω2 =

= 3 iωe−2 iω−iωe−iω−3 iωe−3 iω−e−3 iω+e−2 iω

ω2
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Př́ıklad 51017 Vypočtěte Fourier̊uv obraz funkce f(x) a načrtněte graf f(x) na intervalu
〈1, 5〉.

f(x) =

⎧⎨
⎩

1, x ∈ (2, 3)
x, x ∈ (3, 4)
0, jinde

Řešeńı 51017 F (ω) =
∫ 3

2 e
−iωxdx+

∫ 4

3 xe
−iωxdx =

=
[

i
ωeiωx

]3
2

+
[
e−iωx(iωx+1)

ω2

]4
3

=

=
i(e−3 iω−e−2 iω)

ω + 4 ie−4 iω−3 ie−3 iω

ω + e−4 iω−e−3 iω

ω2 =

= −2 iωe−3 iω−iωe−2 iω+4 iωe−4 iω+e−4 iω−e−3 iω

ω2
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Př́ıklad 51018 Vypočtěte Fourier̊uv obraz funkce f(x) a načrtněte graf f(x) na intervalu
〈1, 5〉.

f(x) =

⎧⎨
⎩

x, x ∈ (2, 3)
1, x ∈ (3, 4)
0, jinde

Řešeńı 51018 F (ω) =
∫ 3

2 xe
−iωxdx+

∫ 4

3 e
−iωxdx =

=
[
e−iωx(iωx+1)

ω2

]3
2
+
[

i
ωeiωx

]4
3

=

= 3 ie−3 iω−2 ie−2 iω

ω + e−3 iω−e−2 iω

ω2 + i
ω(eiω)4

− i
ω(eiω)3

=

= 2 iωe−3 iω+e−3 iω−2 iωe−2 iω−e−2 iω+iωe−4 iω

ω2
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Př́ıklad 51019 Vypočtěte Fourier̊uv obraz funkce f(x) a načrtněte graf f(x) na intervalu
〈1, 5〉.

f(x) =

⎧⎨
⎩

−x, x ∈ (2, 3)
1, x ∈ (3, 4)
0, jinde

Řešeńı 51019 F (ω) =
∫ 3

2 −xe−iωxdx+
∫ 4

3 e
−iωxdx =

=
[
− e−iωx(iωx+1)

ω2

]3
2

+
[

i
ωeiωx

]4
3

=

= − 3 iωe−3 iω+e−3 iω−2 iωe−2 iω−e−2 iω

ω2 +
i(e−4 iω−e−3 iω)

ω =

= − 4 iωe−3 iω+e−3 iω−2 iωe−2 iω−e−2 iω−iωe−4 iω

ω2
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Př́ıklad 51020 Vypočtěte Fourier̊uv obraz funkce f(x) a načrtněte graf f(x) na intervalu
〈1, 5〉.

f(x) =

⎧⎨
⎩

1, x ∈ (2, 3)
−x, x ∈ (3, 4)

0, jinde

Řešeńı 51020 F (ω) =
∫ 3

2 e
−iωxdx+

∫ 4

3 −xe−iωxdx =

=
[

i
ωeiωx

]3
2

+
[
− e−iωx(iωx+1)

ω2

]4
3

=

=
i(e−3 iω−e−2 iω)

ω + −4 iωe−4 iω−e−4 iω+3 iωe−3 iω+e−3 iω

ω2 =

= 4 iωe−3 iω−iωe−2 iω−4 iωe−4 iω−e−4 iω+e−3 iω

ω2
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Př́ıklad 51021 Vypočtěte Fourier̊uv obraz funkce f(x) a načrtněte graf f(x) na intervalu
〈2, 6〉.

f(x) =

⎧⎨
⎩

1, x ∈ (3, 4)
x, x ∈ (4, 5)
0, jinde

Řešeńı 51021 F (ω) =
∫ 4

3 e
−iωxdx+

∫ 5

4 xe
−iωxdx =

=
[

i
ωeiωx

]4
3

+
[
e−iωx(iωx+1)

ω2

]5
4

=

=
i(e−4 iω−e−3 iω)

ω + 5 ie−5 iω−4 ie−4 iω

ω + e−5 iω−e−4 iω

ω2 =

= −3 iωe−4 iω−iωe−3 iω+5 iωe−5 iω+e−5 iω−e−4 iω

ω2
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Př́ıklad 51022 Vypočtěte Fourier̊uv obraz funkce f(x) a načrtněte graf f(x) na intervalu
〈2, 6〉.

f(x) =

⎧⎨
⎩

x, x ∈ (3, 4)
1, x ∈ (4, 5)
0, jinde

Řešeńı 51022 F (ω) =
∫ 4

3 xe
−iωxdx+

∫ 5

4 e
−iωxdx =

=
[
e−iωx(iωx+1)

ω2

]4
3
+
[

i
ωeiωx

]5
4

=

= 4 ie−4 iω−3 ie−3 iω

ω + e−4 iω−e−3 iω

ω2 + i
ω(eiω)5

− i
ω(eiω)4

=

= 3 iωe−4 iω+e−4 iω−3 iωe−3 iω−e−3 iω+iωe−5 iω

ω2
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Př́ıklad 51023 Vypočtěte Fourier̊uv obraz funkce f(x) a načrtněte graf f(x) na intervalu
〈2, 6〉.

f(x) =

⎧⎨
⎩

−x, x ∈ (3, 4)
1, x ∈ (4, 5)
0, jinde

Řešeńı 51023 F (ω) =
∫ 4

3 −xe−iωxdx+
∫ 5

4 e
−iωxdx =

=
[
− e−iωx(iωx+1)

ω2

]4
3

+
[

i
ωeiωx

]5
4

=

= − 4 iωe−4 iω+e−4 iω−3 iωe−3 iω−e−3 iω

ω2 + i
ω(eiω)5

− i
ω(eiω)4

=

= −5 iωe−4 iω−e−4 iω+3 iωe−3 iω+e−3 iω+iωe−5 iω

ω2
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Př́ıklad 51024 Vypočtěte Fourier̊uv obraz funkce f(x) a načrtněte graf f(x) na intervalu
〈2, 6〉.

f(x) =

⎧⎨
⎩

1, x ∈ (3, 4)
−x, x ∈ (4, 5)

0, jinde

Řešeńı 51024 F (ω) =
∫ 4

3 e
−iωxdx+

∫ 5

4 −xe−iωxdx =

=
[

i
ωeiωx

]4
3

+
[
− e−iωx(iωx+1)

ω2

]5
4

=

= i
ω(eiω)4

− i
ω(eiω)3

+ −5 iωe−5 iω−e−5 iω+4 iωe−4 iω+e−4 iω

ω2 =

= 5 iωe−4 iω−iωe−3 iω−5 iωe−5 iω−e−5 iω+e−4 iω

ω2
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Př́ıklad 53001 Mějme dánu funkci f = f(t) předpisem

f(t) =
{ |t|, t ∈ (−2, 2)

0, t �∈ (−2, 2).

Nakreslete graf funkce f a zjistěte, zda je Fourierovsky zobrazitelná. Jesliže ano, vypoč́ıtejte
jej́ı Fourier̊uv obraz.

Řešeńı 53001

Funkce f(t) je Fourierovsky zobrazitelná, nebot’ je po částech spojitá, má po částech spojitou
derivaci a nav́ıc je absolutně integrovatelná, nebot’ plat́ı:∫ ∞

−∞
|f(t)| dt = 4 <∞ (viz obrázek).

φ(ω) =
∫ ∞

−∞
f(t)e−iωt dt =

∫ 0

−2

−te−iωt dt+
∫ 2

0

te−iωt dt =

(∫
te−iωt dt =

∣∣∣∣ u = t u′ = 1
v′ = e−iωt v = − 1

iω e
−iωt

∣∣∣∣ = − t

iω
e−iωt − 1

(iω)2
e−iωt =

1 + iωt

ω2
e−iωt

)

= −
[
1 + iωt

ω2
e−iωt

]0
−2

+
[
1 + iωt

ω2
e−iωt

]2
0

=

= −
(

1
ω2

− 1 − 2iω
ω2

e2iω
)

+
(

1 + 2iω
ω2

e−2iω − 1
ω2

)
=

=
1
ω2

(−2 + (e2iω + e−2iω) − 2iω(e2iω − e2iω)
)

= 2
cos 2ω + 2ω sin 2ω − 1

ω2
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Př́ıklad 53002 Mějme dánu funkci f = f(t) předpisem

f(t) =
{

cos t, t ∈ (−π
2 ,

π
2

)
0, t �∈ (−π

2 ,
π
2

)
.

Nakreslete graf funkce f a zjistěte, zda je Fourierovsky zobrazitelná. Jesliže ano, vypoč́ıtejte
jej́ı Fourier̊uv obraz.

Řešeńı 53002

Funkce f(t) je Fourierovsky zobrazitelná, nebot’ je po částech spojitá, má po částech spojitou
derivaci a nav́ıc je absolutně integrovatelná, nebot’ plat́ı:∫ ∞

−∞
|f(t)| dt =

∫ π
2

−π
2

cos t dt = [sin t]
π
2
−π

2
= 2 <∞ (viz obrázek).

φ(ω) =
∫ ∞

−∞
f(t)e−iωt dt =

∫ π
2

−π
2

cos te−iωt dt =

⎛
⎜⎜⎝
∫

cos t e−bt dt︸ ︷︷ ︸
=I

=
∣∣∣∣ u = cos t u′ = − sin t
v′ = e−bt v = − 1

b e
−bt

∣∣∣∣ = −1
b

cos t e−bt − 1
b

∫
sin t e−bt dt =

=
∣∣∣∣ u = sin t u′ = cos t
v′ = e−bt v = − 1

b e
−bt

∣∣∣∣ = −1
b

cos t e−bt − 1
b

⎛
⎜⎜⎝−1

b
sin t e−bt +

1
b

∫
cos t e−bt dt︸ ︷︷ ︸

=I

⎞
⎟⎟⎠

I = −1
b

cos t e−bt +
1
b2

sin t e−bt − 1
b2
I
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(1 + b2)I = −b cos t e−bt + sin t e−bt

I = − e−bt

1 + b2
(b cos t− sin t)

)

=
[
− e−iωt

1 + (iω)2
(iω cos t− sin t)

] π
2

−π
2

=

=
(
e−iω

π
2

1 − ω2
+

eiω
π
2

1 − ω2

)
=

2 cos (π2ω)
1 − ω2

.
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Př́ıklad 53003 Mějme dánu funkci f = f(t) předpisem

f(t) =
{
te−t, t ∈ (0,+∞)
0, t �∈ (0,+∞).

Nakreslete graf funkce f a zjistěte, zda je Fourierovsky zobrazitelná. Jesliže ano, vypoč́ıtejte
jej́ı Fourier̊uv obraz.

Řešeńı 53003

Funkce f(t) je Fourierovsky zobrazitelná, nebot’ je po částech spojitá, má po částech spojitou
derivaci a nav́ıc je absolutně integrovatelná, nebot’ plat́ı:∫ ∞

−∞
|f(t)| dt =

∫ +∞

0

te−t dt = [−te−t − e−t]+∞
0 = 1 <∞ (viz obrázek).

φ(ω) =
∫ ∞

−∞
f(t)e−iωt dt =

∫ ∞

0

te−(iω+1)t dt =

(∫
te−at dt =

∣∣∣∣ u = t u′ = 1
v′ = e−at v = − 1

ae
−at

∣∣∣∣ = − t

a
e−at − 1

a2
e−at
)

=
[
− t

(iω + 1)
e−(iω+1)t − 1

(iω + 1)2
e−(iω+1)t

]∞
0

=
1

(iω + 1)2
.
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Př́ıklad 53004 Mějme dánu funkci f = f(t) předpisem

f(t) =
{

sin t, t ∈ (0, π)
0, t �∈ (0, π).

Nakreslete graf funkce f a zjistěte, zda je Fourierovsky zobrazitelná. Jesliže ano, vypoč́ıtejte
jej́ı Fourier̊uv obraz.

Řešeńı 53004

Funkce f(t) je Fourierovsky zobrazitelná, nebot’ je po částech spojitá, má po částech spojitou
derivaci a nav́ıc je absolutně integrovatelná, nebot’ plat́ı:∫ ∞

−∞
|f(t)| dt =

∫ π

0

sin t dt = [− cos t]π0 = 2 <∞ (viz obrázek).

φ(ω) =
∫ ∞

−∞
f(t)e−iωt dt =

∫ π

0

sin(t)e−iωt dt =

⎛
⎜⎜⎝
∫

sin t e−bt dt︸ ︷︷ ︸
=I

=
∣∣∣∣ u = sin t u′ = cos t
v′ = e−bt v = − 1

b e
−bt

∣∣∣∣ = −1
b

sin t e−bt +
1
b

∫
cos t e−bt dt =

=
∣∣∣∣ u = cos t u′ = − sin t
v′ = e−bt v = − 1

b e
−bt

∣∣∣∣ = −1
b

sin t e−bt +
1
b

⎛
⎜⎜⎝−1

b
cos t e−bt − 1

b

∫
sin t e−bt dt︸ ︷︷ ︸

=I

⎞
⎟⎟⎠

I = −1
b

sin t e−bt − 1
b2

cos t e−bt − 1
b2
I
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(1 + b2)I = −b sin t e−bt − cos t e−bt

I = − e−bt

1 + b2
(b sin t+ cos t)

)

=
[
− e−iωt

1 + (iω)2
(iω sin t+ cos t)

]π
0

=
(e−iπω + 1)

1 − ω2
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Př́ıklad 60001 Pomoćı Laplaceovy transformace řešte počátečńı úlohu

y′′ − 2y′ + y = t2et, y(0+) = 0, y′(0+) = 0.

Řešeńı 60001

p2Y (p) − 2pY (p) + Y (p) =
2

(p− 1)3

(p2 − 2p+ 1)Y (p) =
2

(p− 1)3

Y (p) =
2

(p− 1)5

y(t) = 1
12 t

4et
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Př́ıklad 60002 Pomoćı Laplaceovy transformace řešte počátečńı úlohu

y′′ − 2y′ − 3y = 16e3t, y(0+) = 0, y′(0+) = 0.

Řešeńı 60002

p2Y (p) − 2pY (p) − 3Y (p) =
16
p− 3

Y (p) =
16

(p+ 1)(p− 3)2

Y (p) =
4

(p− 3)2
− 1
p− 3

+
1

p+ 1

y(t) = 4te3t − e3t + e−t

175



Př́ıklad 60003 Pomoćı Laplaceovy transformace řešte počátečńı úlohu

y′′ + 3y′ + 2y = e−t, y(0+) = 2, y′(0+) = 0.

Řešeńı 60003

p2Y (p) − 2p+ 3[pY (p) − 2] + 2Y (p) =
1

p+ 1

(p2 + 3p+ 2)Y (p) =
1

p+ 1
+ 2p+ 6 =

2p2 + 8p+ 7
p+ 1

Y (p) =
2p2 + 8p+ 7

(p+ 2)(p+ 1)2

Y (p) =
1

(p+ 1)2
+

3
p+ 1

− 1
p+ 2

y(t) = te−t + 3e−t − e−2t
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Př́ıklad 60004 Pomoćı Laplaceovy transformace řešte počátečńı úlohu

y′′ − 3y′ + 2y = e2t, y(0+) = 1, y′(0+) = 1.

Řešeńı 60004

p2Y (p) − p− 1 − 3[pY (p) − 1] + 2Y (p) =
1

p− 2

(p2 − 3p+ 2)Y (p) =
1

p− 2
+ p− 2 =

p2 − 4p+ 5
p− 2

Y (p) =
p2 − 4p+ 5

(p− 1)(p− 2)2

Y (p) =
1

(p− 2)2
− 1
p− 2

+
2

p− 1

y(t) = te2t − e2t + 2et
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Př́ıklad 60005 Pomoćı Laplaceovy transformace řešte počátečńı úlohu

y′′ + y = 3 sin 2t, y(0+) = 1, y′(0+) = 0.

Řešeńı 60005

p2Y (p) − p+ Y (p) =
3.2

p2 + 4

(p2 + 1)Y (p) =
6

p2 + 4
+ p

Y (p) =
p3 + 4p+ 6

(p2 + 4)(p2 + 1)

Y (p) = − 2
p2 + 4

+
p

p2 + 1
+

2
p2 + 1

y(t) = − sin 2t+ cos t+ 2 sin t
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Př́ıklad 61001 Řete počátečńı úlohu pomoćı Laplaceovy tranformace

d

dt
x(t) + x(t) = −2 et, x(0) = −1.

Řešeńı 61001 Laplace̊uv obraz rovnice určený dle slovńıku:
1(pX(p) + 1) + 1X(p) = −2

p−1

X(p) = −1p−1
(p−1)(p+1) = −1

p−1 + 0
p+1

x(t) = −1e1t + 0e−1t

Zkouka:
x(0) = −1e0 + 0e0 = −1
x′(t) = −1e1t + 0e−1t

Dosazeńı do p̊uvodńı rovnice:
L= 1(−1e1t + 0e−1t) + 1(−1e1t + 0e−1t) = −2e1t

R= −2e1t, tj. L=R
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Př́ıklad 61002 Řete počátečńı úlohu pomoćı Laplaceovy tranformace

d

dt
x(t) − x(t) = et, x(0) = −1.

Řešeńı 61002 Laplace̊uv obraz rovnice určený dle slovńıku:
1(pX(p) + 1) − 1X(p) = 1

p−1

X(p) = −1p+2
(p−1)2 = 1

(p−1)2 + −1
p−1

x(t) = 1te1t − 1e1t = e1t(−1 + 1t)
Zkouka:
x(0) = 1 ∗ 0 ∗ e0 − 1e0 = −1
x′(t) = 1te1t + 1e1t − 1e1t

Dosazeńı do p̊uvodńı rovnice:
L= 1(1te1t + 1e1t − 1e1t) − 1(e1t(−1 + 1t)) = 1e1t

R= 1e1t, tj. L=R
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Př́ıklad 61003 Řete počátečńı úlohu pomoćı Laplaceovy tranformace

d

dt
x(t) − 2 x(t) = 2 t+ 3, x(0) = −1.

Řešeńı 61003 Laplace̊uv obraz rovnice určený dle slovńıku:
1(pX(p) + 1) − 2X(p) = 2

p2 + 3
p

X(p) = 2+3p−1p2

p2(p−2) = −1
p2 + −2

p + 1
p−2

x(t) = −1t− 2 + 1e2t

Zkouka:
x(0) = 0 − 2 + 1e0 = −1
x′(t) = −1 + 2e2t

Dosazeńı do p̊uvodńı rovnice:
L= 1(−1 + 2e2t) − 2(−1t− 2 + 1e2t) = 2t+ 3
R= 2t+ 3, tj. L=R
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Př́ıklad 61004 Řete počátečńı úlohu pomoćı Laplaceovy tranformace

d

dt
x(t) = −2 t+ 1, x(0) = −1.

Řešeńı 61004 Laplace̊uv obraz rovnice určený dle slovńıku:
1(pX(p) + 1) = −2

p2 + 1
p

X(p) = −2+1p−1p2

p3 = −2
p3 + 1

p2 + −1
p

x(t) = −1t2 + 1t− 1
Zkouka:
x(0) = 0 + 0 − 1 = −1
x′(t) = −2t+ 1
Dosazeńı do p̊uvodńı rovnice:
L= 1(−2t+ 1) = −2t+ 1
R= −2t+ 1, tj. L=R

182



Př́ıklad 61005 Řete počátečńı úlohu pomoćı Laplaceovy tranformace

2
d

dt
x(t) + 2 x(t) = −8 et, x(0) = −1.

Řešeńı 61005 Laplace̊uv obraz rovnice určený dle slovńıku:
2(pX(p) + 1) + 2X(p) = −8

p−1

X(p) = −1p−3
(p−1)(p+1) = −2

p−1 + 1
p+1

x(t) = −2e1t + 1e−1t

Zkouka:
x(0) = −2e0 + 1e0 = −1
x′(t) = −2e1t − 1e−1t

Dosazeńı do p̊uvodńı rovnice:
L= 2(−2e1t − 1e−1t) + 2(−2e1t + 1e−1t) = −8e1t

R= −8e1t, tj. L=R
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Př́ıklad 61006 Řete počátečńı úlohu pomoćı Laplaceovy tranformace

2
d

dt
x(t) − 4 x(t) = 2 e2 t, x(0) = −1.

Řešeńı 61006 Laplace̊uv obraz rovnice určený dle slovńıku:
2(pX(p) + 1) − 4X(p) = 2

p−2

X(p) = −1p+3
(p−2)2 = 1

(p−2)2 + −1
p−2

x(t) = 1te2t − 1e2t = e2t(−1 + 1t)
Zkouka:
x(0) = 1 ∗ 0 ∗ e0 − 1e0 = −1
x′(t) = 2te2t + 1e2t − 2e2t

Dosazeńı do p̊uvodńı rovnice:
L= 2(2te2t + 1e2t − 2e2t) − 4(e2t(−1 + 1t)) = 2e2t

R= 2e2t, tj. L=R
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Př́ıklad 61007 Řete počátečńı úlohu pomoćı Laplaceovy tranformace

2
d

dt
x(t) − 4 x(t) = 4 t+ 10, x(0) = −2.

Řešeńı 61007 Laplace̊uv obraz rovnice určený dle slovńıku:
2(pX(p) + 2) − 4X(p) = 4

p2 + 10
p

X(p) = 2+5p−2p2

p2(p−2) = −1
p2 + −3

p + 1
p−2

x(t) = −1t− 3 + 1e2t

Zkouka:
x(0) = 0 − 3 + 1e0 = −2
x′(t) = −1 + 2e2t

Dosazeńı do p̊uvodńı rovnice:
L= 2(−1 + 2e2t) − 4(−1t− 3 + 1e2t) = 4t+ 10
R= 4t+ 10, tj. L=R
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Př́ıklad 61008 Řete počátečńı úlohu pomoćı Laplaceovy tranformace

d

dt
x(t) = −4 t+ 2, x(0) = −1.

Řešeńı 61008 Laplace̊uv obraz rovnice určený dle slovńıku:
1(pX(p) + 1) = −4

p2 + 2
p

X(p) = −4+2p−1p2

p3 = −4
p3 + 2

p2 + −1
p

x(t) = −2t2 + 2t− 1
Zkouka:
x(0) = 0 + 0 − 1 = −1
x′(t) = −4t+ 2
Dosazeńı do p̊uvodńı rovnice:
L= 1(−4t+ 2) = −4t+ 2
R= −4t+ 2, tj. L=R
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Př́ıklad 61009 Řete počátečńı úlohu pomoćı Laplaceovy tranformace

3
d

dt
x(t) + 3 x(t) = −18 et, x(0) = −1.

Řešeńı 61009 Laplace̊uv obraz rovnice určený dle slovńıku:
3(pX(p) + 1) + 3X(p) = −18

p−1

X(p) = −1p−5
(p−1)(p+1) = −3

p−1 + 2
p+1

x(t) = −3e1t + 2e−1t

Zkouka:
x(0) = −3e0 + 2e0 = −1
x′(t) = −3e1t − 2e−1t

Dosazeńı do p̊uvodńı rovnice:
L= 3(−3e1t − 2e−1t) + 3(−3e1t + 2e−1t) = −18e1t

R= −18e1t, tj. L=R
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Př́ıklad 61010 Řete počátečńı úlohu pomoćı Laplaceovy tranformace

3
d

dt
x(t) − 9 x(t) = 3 e3 t, x(0) = −1.

Řešeńı 61010 Laplace̊uv obraz rovnice určený dle slovńıku:
3(pX(p) + 1) − 9X(p) = 3

p−3

X(p) = −1p+4
(p−3)2 = 1

(p−3)2 + −1
p−3

x(t) = 1te3t − 1e3t = e3t(−1 + 1t)
Zkouka:
x(0) = 1 ∗ 0 ∗ e0 − 1e0 = −1
x′(t) = 3te3t + 1e3t − 3e3t

Dosazeńı do p̊uvodńı rovnice:
L= 3(3te3t + 1e3t − 3e3t) − 9(e3t(−1 + 1t)) = 3e3t

R= 3e3t, tj. L=R
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Př́ıklad 61011 Řete počátečńı úlohu pomoćı Laplaceovy tranformace

3
d

dt
x(t) − 6 x(t) = 6 t+ 21, x(0) = −3.

Řešeńı 61011 Laplace̊uv obraz rovnice určený dle slovńıku:
3(pX(p) + 3) − 6X(p) = 6

p2 + 21
p

X(p) = 2+7p−3p2

p2(p−2) = −1
p2 + −4

p + 1
p−2

x(t) = −1t− 4 + 1e2t

Zkouka:
x(0) = 0 − 4 + 1e0 = −3
x′(t) = −1 + 2e2t

Dosazeńı do p̊uvodńı rovnice:
L= 3(−1 + 2e2t) − 6(−1t− 4 + 1e2t) = 6t+ 21
R= 6t+ 21, tj. L=R
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Př́ıklad 61012 Řete počátečńı úlohu pomoćı Laplaceovy tranformace

d

dt
x(t) = −6 t+ 3, x(0) = −1.

Řešeńı 61012 Laplace̊uv obraz rovnice určený dle slovńıku:
1(pX(p) + 1) = −6

p2 + 3
p

X(p) = −6+3p−1p2

p3 = −6
p3 + 3

p2 + −1
p

x(t) = −3t2 + 3t− 1
Zkouka:
x(0) = 0 + 0 − 1 = −1
x′(t) = −6t+ 3
Dosazeńı do p̊uvodńı rovnice:
L= 1(−6t+ 3) = −6t+ 3
R= −6t+ 3, tj. L=R
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Př́ıklad 61013 Řete počátečńı úlohu pomoćı Laplaceovy tranformace

4
d

dt
x(t) + 4 x(t) = −32 et, x(0) = −1.

Řešeńı 61013 Laplace̊uv obraz rovnice určený dle slovńıku:
4(pX(p) + 1) + 4X(p) = −32

p−1

X(p) = −1p−7
(p−1)(p+1) = −4

p−1 + 3
p+1

x(t) = −4e1t + 3e−1t

Zkouka:
x(0) = −4e0 + 3e0 = −1
x′(t) = −4e1t − 3e−1t

Dosazeńı do p̊uvodńı rovnice:
L= 4(−4e1t − 3e−1t) + 4(−4e1t + 3e−1t) = −32e1t

R= −32e1t, tj. L=R
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Př́ıklad 61014 Řete počátečńı úlohu pomoćı Laplaceovy tranformace

4
d

dt
x(t) − 16 x(t) = 4 e4 t, x(0) = −1.

Řešeńı 61014 Laplace̊uv obraz rovnice určený dle slovńıku:
4(pX(p) + 1) − 16X(p) = 4

p−4

X(p) = −1p+5
(p−4)2 = 1

(p−4)2 + −1
p−4

x(t) = 1te4t − 1e4t = e4t(−1 + 1t)
Zkouka:
x(0) = 1 ∗ 0 ∗ e0 − 1e0 = −1
x′(t) = 4te4t + 1e4t − 4e4t

Dosazeńı do p̊uvodńı rovnice:
L= 4(4te4t + 1e4t − 4e4t) − 16(e4t(−1 + 1t)) = 4e4t

R= 4e4t, tj. L=R
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Př́ıklad 61015 Řete počátečńı úlohu pomoćı Laplaceovy tranformace

4
d

dt
x(t) − 8 x(t) = 8 t+ 36, x(0) = −4.

Řešeńı 61015 Laplace̊uv obraz rovnice určený dle slovńıku:
4(pX(p) + 4) − 8X(p) = 8

p2 + 36
p

X(p) = 2+9p−4p2

p2(p−2) = −1
p2 + −5

p + 1
p−2

x(t) = −1t− 5 + 1e2t

Zkouka:
x(0) = 0 − 5 + 1e0 = −4
x′(t) = −1 + 2e2t

Dosazeńı do p̊uvodńı rovnice:
L= 4(−1 + 2e2t) − 8(−1t− 5 + 1e2t) = 8t+ 36
R= 8t+ 36, tj. L=R
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Př́ıklad 61016 Řete počátečńı úlohu pomoćı Laplaceovy tranformace

d

dt
x(t) = −8 t+ 4, x(0) = −1.

Řešeńı 61016 Laplace̊uv obraz rovnice určený dle slovńıku:
1(pX(p) + 1) = −8

p2 + 4
p

X(p) = −8+4p−1p2

p3 = −8
p3 + 4

p2 + −1
p

x(t) = −4t2 + 4t− 1
Zkouka:
x(0) = 0 + 0 − 1 = −1
x′(t) = −8t+ 4
Dosazeńı do p̊uvodńı rovnice:
L= 1(−8t+ 4) = −8t+ 4
R= −8t+ 4, tj. L=R
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Př́ıklad 61017 Řete počátečńı úlohu pomoćı Laplaceovy tranformace

5
d

dt
x(t) + 5 x(t) = −50 et, x(0) = −1.

Řešeńı 61017 Laplace̊uv obraz rovnice určený dle slovńıku:
5(pX(p) + 1) + 5X(p) = −50

p−1

X(p) = −1p−9
(p−1)(p+1) = −5

p−1 + 4
p+1

x(t) = −5e1t + 4e−1t

Zkouka:
x(0) = −5e0 + 4e0 = −1
x′(t) = −5e1t − 4e−1t

Dosazeńı do p̊uvodńı rovnice:
L= 5(−5e1t − 4e−1t) + 5(−5e1t + 4e−1t) = −50e1t

R= −50e1t, tj. L=R
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Př́ıklad 61018 Řete počátečńı úlohu pomoćı Laplaceovy tranformace

5
d

dt
x(t) − 25 x(t) = 5 e5 t, x(0) = −1.

Řešeńı 61018 Laplace̊uv obraz rovnice určený dle slovńıku:
5(pX(p) + 1) − 25X(p) = 5

p−5

X(p) = −1p+6
(p−5)2 = 1

(p−5)2 + −1
p−5

x(t) = 1te5t − 1e5t = e5t(−1 + 1t)
Zkouka:
x(0) = 1 ∗ 0 ∗ e0 − 1e0 = −1
x′(t) = 5te5t + 1e5t − 5e5t

Dosazeńı do p̊uvodńı rovnice:
L= 5(5te5t + 1e5t − 5e5t) − 25(e5t(−1 + 1t)) = 5e5t

R= 5e5t, tj. L=R
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Př́ıklad 61019 Řete počátečńı úlohu pomoćı Laplaceovy tranformace

5
d

dt
x(t) − 10 x(t) = 10 t+ 55, x(0) = −5.

Řešeńı 61019 Laplace̊uv obraz rovnice určený dle slovńıku:
5(pX(p) + 5) − 10X(p) = 10

p2 + 55
p

X(p) = 2+11p−5p2

p2(p−2) = −1
p2 + −6

p + 1
p−2

x(t) = −1t− 6 + 1e2t

Zkouka:
x(0) = 0 − 6 + 1e0 = −5
x′(t) = −1 + 2e2t

Dosazeńı do p̊uvodńı rovnice:
L= 5(−1 + 2e2t) − 10(−1t− 6 + 1e2t) = 10t+ 55
R= 10t+ 55, tj. L=R
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Př́ıklad 61020 Řete počátečńı úlohu pomoćı Laplaceovy tranformace

d

dt
x(t) = −10 t+ 5, x(0) = −1.

Řešeńı 61020 Laplace̊uv obraz rovnice určený dle slovńıku:
1(pX(p) + 1) = −10

p2 + 5
p

X(p) = −10+5p−1p2

p3 = −10
p3 + 5

p2 + −1
p

x(t) = −5t2 + 5t− 1
Zkouka:
x(0) = 0 + 0 − 1 = −1
x′(t) = −10t+ 5
Dosazeńı do p̊uvodńı rovnice:
L= 1(−10t+ 5) = −10t+ 5
R= −10t+ 5, tj. L=R
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Př́ıklad 61021 Řete počátečńı úlohu pomoćı Laplaceovy tranformace

6
d

dt
x(t) + 6 x(t) = −72 et, x(0) = −1.

Řešeńı 61021 Laplace̊uv obraz rovnice určený dle slovńıku:
6(pX(p) + 1) + 6X(p) = −72

p−1

X(p) = −1p−11
(p−1)(p+1) = −6

p−1 + 5
p+1

x(t) = −6e1t + 5e−1t

Zkouka:
x(0) = −6e0 + 5e0 = −1
x′(t) = −6e1t − 5e−1t

Dosazeńı do p̊uvodńı rovnice:
L= 6(−6e1t − 5e−1t) + 6(−6e1t + 5e−1t) = −72e1t

R= −72e1t, tj. L=R

199



Př́ıklad 61022 Řete počátečńı úlohu pomoćı Laplaceovy tranformace

6
d

dt
x(t) − 36 x(t) = 6 e6 t, x(0) = −1.

Řešeńı 61022 Laplace̊uv obraz rovnice určený dle slovńıku:
6(pX(p) + 1) − 36X(p) = 6

p−6

X(p) = −1p+7
(p−6)2 = 1

(p−6)2 + −1
p−6

x(t) = 1te6t − 1e6t = e6t(−1 + 1t)
Zkouka:
x(0) = 1 ∗ 0 ∗ e0 − 1e0 = −1
x′(t) = 6te6t + 1e6t − 6e6t

Dosazeńı do p̊uvodńı rovnice:
L= 6(6te6t + 1e6t − 6e6t) − 36(e6t(−1 + 1t)) = 6e6t

R= 6e6t, tj. L=R
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Př́ıklad 61023 Řete počátečńı úlohu pomoćı Laplaceovy tranformace

6
d

dt
x(t) − 12 x(t) = 12 t+ 78, x(0) = −6.

Řešeńı 61023 Laplace̊uv obraz rovnice určený dle slovńıku:
6(pX(p) + 6) − 12X(p) = 12

p2 + 78
p

X(p) = 2+13p−6p2

p2(p−2) = −1
p2 + −7

p + 1
p−2

x(t) = −1t− 7 + 1e2t

Zkouka:
x(0) = 0 − 7 + 1e0 = −6
x′(t) = −1 + 2e2t

Dosazeńı do p̊uvodńı rovnice:
L= 6(−1 + 2e2t) − 12(−1t− 7 + 1e2t) = 12t+ 78
R= 12t+ 78, tj. L=R
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Př́ıklad 61024 Řete počátečńı úlohu pomoćı Laplaceovy tranformace

d

dt
x(t) = −12 t+ 6, x(0) = −1.

Řešeńı 61024 Laplace̊uv obraz rovnice určený dle slovńıku:
1(pX(p) + 1) = −12

p2 + 6
p

X(p) = −12+6p−1p2

p3 = −12
p3 + 6

p2 + −1
p

x(t) = −6t2 + 6t− 1
Zkouka:
x(0) = 0 + 0 − 1 = −1
x′(t) = −12t+ 6
Dosazeńı do p̊uvodńı rovnice:
L= 1(−12t+ 6) = −12t+ 6
R= −12t+ 6, tj. L=R
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Př́ıklad 63001 Užit́ım Laplaceovy transformace řešte počátečńı úlohu

y′ − y = t2et, y(0+) = 0.

Řešeńı 63001
L[y(t)] = Y (p)
L[y′(t)] = pY (p) − y(0+) = pY (p)
L[t2et] = (−1)2 d2

dp2

(
1
p−1

)
= d

dp

(
−1

(p−1)2

)
= 2

(p−1)3

pY (p) − Y (p) =
2

(p− 1)3

Y (p) =
2

(p− 1)4

L[t3et] = (−1)3 d3

dp3

(
1
p−1

)
= − d2

dp2

(
−1

(p−1)2

)
= − d

dp

(
2

(p−1)3

)
= 6

(p−1)4

Y (p) =
1
3

6
(p− 1)4

y(t) = 1
3 t

3et
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Př́ıklad 63002 Užit́ım Laplaceovy transformace řešte počátečńı úlohu

y′ + y = 4e3t, y(0+) = 0.

Řešeńı 63002
L[y(t)] = Y (p)
L[y′(t)] = pY (p) − y(0+) = pY (p)
L[4e3t] = 4

p−3

pY (p) + Y (p) =
4

p− 3

Y (p) =
4

(p+ 1)(p− 3)

4
(p+1)(p−3) = A

p+1 + B
p−3 ⇒ 4 = A(p− 3) +B(p+ 1) ⇒ A = −1, B = 1

Y (p) =
1

p− 3
− 1
p+ 1

y(t) = e3t − e−t
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Př́ıklad 63003 Užit́ım Laplaceovy transformace řešte počátečńı úlohu

y′ − y = 2 sin t, y(0+) = 0.

Řešeńı 63003 L[y(t)] = Y (p)
L[y′(t)] = pY (p) − y(0+) = pY (p)
L[2 sin t] = 2

p2+1

pY (p) − Y (p) =
2

p2 + 1

Y (p) =
2

(p2 + 1)(p− 1)

2
(p2 + 1)(p− 1)

=
Ap+B

p2 + 1
+

C

p− 1

2 = (Ap+B)(p− 1) + C(p2 + 1) ⇒ A = B = −1, C = 1

Y (p) = − 1
p2 + 1

− p

p2 + 1
+

1
p− 1

y(t) = − sin t− cos t+ et
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Př́ıklad 63004 Užit́ım Laplaceovy transformace řešte počátečńı úlohu

y′ + y = te−t, y(0+) = 0.

Řešeńı 63004
L[y(t)] = Y (p)
L[y′(t)] = pY (p) − y(0+) = pY (p)
L[te−t] = − d

dp

(
1
p+1

)
= 1

(p+1)2

pY (p) + Y (p) =
1

(p+ 1)2

Y (p) =
1

(p+ 1)3

L[t2et] = (−1)2 d2

dp2

(
1
p+1

)
= d

dp

(
−1

(p+1)2

)
= 2

(p+1)3

Y (p) =
1
2

2
(p+ 1)3

y(t) = 1
2 t

2e−t
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Př́ıklad 70001 Pomoćı Z-transformace řešte počátečńı úlohu pro diferenčńı rovnici

Δ2yn + yn = 0, y0 = 1, y1 = 0.

Řešeńı 70001

(z − 1)2Y (z) − z

⎛
⎝(z − 1) y0︸︷︷︸

=1

+ y1︸︷︷︸
=0

− y0︸︷︷︸
=1

⎞
⎠+ Y (z) = 0

Y (z)[(z − 1)2 + 1] = z(z − 2)

Y (z) =
z(z − 2)

(z − 1)2 + 1
=

z(z − 1)
(z − 1)2 + 1

− z

(z − 1)2 + 1

yn = (
√

2)n cos nπ4 − (
√

2)n sin nπ
4
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Př́ıklad 70002 Pomoćı Z-transformace řešte počátečńı úlohu pro diferenčńı rovnici

yn+2 − 2yn+1 + 2yn = 0, y0 = 0, y1 = 1.

Řešeńı 70002

z2Y (z) − z2 y0︸︷︷︸
=0

−z y1︸︷︷︸
=1

−2(zY (z) − z y0︸︷︷︸
=0

) + 2Y (z) = 0

Y (z)(z2 − 2z + 2) = z

Y (z) =
z

z2 − 2z + 2

yn = (
√

2)n sin nπ
4
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Př́ıklad 70003 Pomoćı Z-transformace řešte počátečńı úlohu pro diferenčńı rovnici

Δ2yn + 2Δyn + 2yn = 0, y0 = 1, y1 = 2.

Řešeńı 70003

(z − 1)2Y (z) − z

⎛
⎝(z − 1) y0︸︷︷︸

=1

+ y1︸︷︷︸
=2

− y0︸︷︷︸
=1

⎞
⎠+ 2

⎛
⎝(z − 1)Y (z) − z y0︸︷︷︸

=1

⎞
⎠+ 2Y (z) = 0

Y (z)[(z − 1)2 + 2(z − 1) + 2︸ ︷︷ ︸
=z2+1

] = z2 + 2z︸ ︷︷ ︸
=z(z+2)

Y (z) =
z(z + 2)
z2 + 1

=
z2

z2 + 1
+

2z
z2 + 1

yn = cos nπ2 + 2 sin nπ
2
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Př́ıklad 70004 Pomoćı Z-transformace řešte počátečńı úlohu pro diferenčńı rovnici

Δyn = 2n, y0 = 1.

Řešeńı 70004

(z − 1)Y (z) − z y0︸︷︷︸
=1

=
z

z − 2

(z − 1)Y (z) =
z

z − 2
+ z =

z + z2 − 2z
z − 2

=
z(z − 1)
z − 2

Y (z) =
z

z − 2

yn = 2n
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Př́ıklad 70005 Pomoćı Z-transformace řešte počátečńı úlohu pro diferenčńı rovnici

yn+1 + 3yn = 0, y0 = 2.

Řešeńı 70005

zY (z) − z y0︸︷︷︸
=2

+3Y (z) = 0

(z + 3)Y (z) = 2z

Y (z) =
2z
z + 3

yn = 2 · (−3)n

211



Př́ıklad 70006 Pomoćı Z-transformace řešte počátečńı úlohu pro diferenčńı rovnici

Δ2yn − 3Δyn + 2yn = 0, y0 = 1,Δy0 = 1.

Řešeńı 70006

(z − 1)2Y (z) − z

⎛
⎝(z − 1) y0︸︷︷︸

=1

+ Δy0︸︷︷︸
=1

⎞
⎠− 3

⎛
⎝(z − 1)Y (z) − z y0︸︷︷︸

=1

⎞
⎠+ 2Y (z) = 0

Y (z)[(z − 1)2 − 3(z − 1) + 2︸ ︷︷ ︸
=(z−2)(z−3)

] = z2 − 3z︸ ︷︷ ︸
=z(z−3)

Y (z) =
z(z − 3)

(z − 2)(z − 3)
=

z

z − 2

yn = 2n
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Př́ıklad 70007 Pomoćı Z-transformace řešte počátečńı úlohu pro diferenčńı rovnici

Δ2yn − 3Δyn + 2yn = 0, y0 = 1,Δy0 = 2.

Řešeńı 70007

(z − 1)2Y (z) − z

⎛
⎝(z − 1) y0︸︷︷︸

=1

+ Δy0︸︷︷︸
=2

⎞
⎠− 3

⎛
⎝(z − 1)Y (z) − z y0︸︷︷︸

=1

⎞
⎠+ 2Y (z) = 0

Y (z)[(z − 1)2 − 3(z − 1) + 2︸ ︷︷ ︸
=(z−2)(z−3)

] = z(z + 1) − 3z︸ ︷︷ ︸
=z(z−2)

Y (z) =
z(z − 2)

(z − 2)(z − 3)
=

z

z − 3

yn = 3n
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Př́ıklad 70008 Pomoćı Z-transformace řešte počátečńı úlohu pro diferenčńı rovnici

Δ2yn − 3Δyn + 2yn = 0, y0 = 1,Δy0 = 3.

Řešeńı 70008 Neńı vypoč́ıtáno.
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