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7-ultrafilters

LetZ be a family of subsets of a sat such thatZ
contains all singletons and is closed under subsets.

An ultrafilter/ onw Is called an If for
everyl' : w — X there existsA € U/ such that

FlA] e 1.
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7-ultrafilters

Definition A. (Baumgartner)

LetZ be a family of subsets of a sat such thatZ
contains all singletons and is closed under subsets.
An ultrafilter/ onw Is called an/-ultrafilterif for
everyl' : w — X there existsA € U/ such that

FlA] e 1.

o If 7 C 7 then everyZ-ultrafilter is a7 -ultrafilter
e 7-ultrafilters and(Z)-ultrafilters coincide

where(7) is the ideal generated 1%
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7-ultrafilters for X = 2%

family Z corresponding@ -ultrafilters
converging sequences

and finite sets P-points

discrete sets discrete ultrafilters
scattered sets scattered ultrafilters

{A: p(A) =0} measure zero ultrafilters

nowhere dense sets nowhere dense ultrafilters
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7-ultrafilters for X = 2%

family Z corresponding@ -ultrafilters
converging sequences

and finite sets P-points

discrete sets discrete ultrafilters
scattered sets scattered ultrafilters

{A: p(A) =0} measure zero ultrafilters
nowhere dense sets nowhere dense ultrafilters

Theorem (Shelah)
There may be no nowhere dense ultrafilters.
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T-ultrafilters for X = w

Theorem 1.

If 7 is a maximal ideal ang(Z) = ¢ thenZ-ultrafilters
exist in ZFC.
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T-ultrafilters for X = w

Theorem 1.

If 7 is a maximal ideal ang(Z) = ¢ thenZ-ultrafilters
exist in ZFC.

7T CPlw)isa if for every A € |w]“ there
exists an infinite seB C A such thatB € 1.

Proposition 2.
If 7 Is not a dense ideal then there are/nraltrafilters.
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T-ultrafilters for X = w

Theorem 3.
(b = ¢) If 7 is a dense ideal theb-ultrafilters exist.
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T-ultrafilters for X = w

Theorem 3.
(b = ¢) If 7 is a dense ideal theb-ultrafilters exist.

Theorem 4.

If 7 Is a (densef-ideal or analyticP-ideal then every
selective ultrafilter is aff -ultrafilter.
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T-ultrafilters for X = w

Theorem 3.
(b = ¢) If 7 is a dense ideal theb-ultrafilters exist.

Theorem 4.

If 7 Is a (densef-ideal or analyticP-ideal then every
selective ultrafilter is aff -ultrafilter.

Theorem 5.

LetZ be aP-ideal. If there is aX -ultrafilter then there
IS anZ-ultrafilter that is not a”-point.
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Small subsets ofv (or N)

Let A be a subset ab with an increasing enumeration
A =Aa, :n € w}. We say thatd is

thin if lim,, oo =2 =0

An+1

almost thinif lim,, o, 2= < 1

An+1

(SC)-setif limy, o0 Gy — ap = 0
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Small subsets ofv (or N)

Let A be a subset ab with an increasing enumeration
A =Aa, :n € w}. We say thatd is

If hmn_wo aiil = ()

f lim,, oo 2 < 1

If hmn_>oo Api1 — Ap = OO
:{AgN:ZaeA%<OO}

= {ACN:limsup, 22 =0}

n
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Connections

Zy-ultrafilters

AN

1, p-ultrafilters )-ultrafilters

N

(almost) thin ultrafilters
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Connections

Zy-ultrafilters

AN

1, p-ultrafilters )-ultrafilters

NIZEN

(almost) thin ultrafilters | P-points

N

selective ultfs

assuming MAiple
Nno arrow can be added
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Ultrafilter sums and products

Definition B.

LetU/ andV,,, n € w, be ultrafilters onw.
U-sum of ultrafiltersy,,, >, (V, : n € w),
IS an ultrafilter onv x w defined by

M e >, (V,:ne€w)ifand only if
{n:{m:(n,m)e Al € V,} eU.

If V,, =V for everyn € w then we write
> ., (Vpin €w)=U-V and the ultrafilter/ -
IS called theoroduct of ultrafilterg/ and)/.
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Ultrafilter sums and products

Definition C. (Baumgartner)

Let C andD be two classes of ultrafilters.
We say that’ is closed undeP-sumsprovided that

whenevedV,, : n € w} CCandld € D
then) ., (V, :n € w) € C.

o If Dis aclass off-ultrafilters then we say that
C is closed unde¥-sums.
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Some results

Theorem 6.

LetZ be aP-ideal onw (or N).
If U is anZ-ultrafilter and{n : V, is Z-ultrafilter} € U

then) , (V, : n € w) is anZ-ultrafilter.
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Some results

Theorem 6.

LetZ be aP-ideal onw (or N).
If U is anZ-ultrafilter and{n : V, is Z-ultrafilter} € U

then) , (V, : n € w) is anZ-ultrafilter.

Corollary 7.
I -ultrafilters are closed und&rsums if7Z is a P-ideal.
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Some results

Theorem 6.

LetZ be aP-ideal onw (or N).
If U is anZ-ultrafilter and{n : V, is Z-ultrafilter} € U

then) , (V, : n € w) is anZ-ultrafilter.
Corollary 7.

Z-ultrafilters are closed und&rsums if7Z Is a P-ideal.

Proposition 8.

For arbitraryld € w* the ultrafilterl/ - U/ is not an
(SC)-ultrafilter.
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Weak 7 -ultrafilters

LetZ be a family of subsets of a sat such thatZ
contains all singletons and is closed under subsets.

An ultrafilter/ onw Is called an
if for every F' : w — X there existsA € U

such thatF’|A| € 7.
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Weak 7 -ultrafilters

LetZ be a family of subsets of a sat such thatZ
contains all singletons and is closed under subsets.

An ultrafilter/ onw Is called an
If for everyfinite-to-onef' : w — X there existsA € U

such thatF’|A| € 7.
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Weak 7 -ultrafilters

LetZ be a family of subsets of a sat such thatZ
contains all singletons and is closed under subsets.

An ultrafilter{/ onw Is called an
If for every finite-to-onef' : w — X there existA € U

such thatF’|A| € 7.

An ultrafilter{/ onw Is called an If
for everyone-to-onef’ : w — X there existsA € U

such thatF’|A| € 7.
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More results

Proposition 8.

For arbitraryi/ € w* the ultrafilterl/ - U/ is not an
(SC)-close ultrafilter.
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More results

Proposition 8.

For arbitraryl/ € w* the ultrafilterl/ - / Is not an
(SC)-close ultrafilter.

Theorem 6.
LetZ be aP-ideal onw (or N).

o If {n:V,isZ-ultrafilter} € U and
U Is anZ-ultrafilter then
> ., (Vy i n € w) is anZ-ultrafilter.
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More results

Proposition 8.

For arbitraryi/ € w* the ultrafilterl/ - U/ is not an
(SC)-close ultrafilter.

Theorem 9.
LetZ be aP-ideal onw (or N).

o If {n:V), isweakZ-ultrafilter} € U then
>, (Vn i n € w) is aweakZ-ultrafilter.

o If {n:V), isZ-closeultrafilter} € U then
>, (V, : n € w) is anZ-closeultrafilter.
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More results

Theorem 6.

LetZ be aP-ideal onw (or N).

If {n :V, isZ-ultrafilter} € U

and/{ Is anZ-ultrafilter

then) , (V, : n € w) is anZ-ultrafilter.
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More results

Theorem 10.

Assume’ Is an ideal omN.
If > ., (Vi 1 n € w) is anZ-ultrafilter

then{n : V, is anZ-ultrafilter} € U
andi{ is anZ-ultrafilter.

Theorem 6.

LetZ be aP-ideal onw (or N).
If {n :V, isZ-ultrafilter} € U
and/ Is anZ-ultrafilter

then) , (V, : n € w) is anZ-ultrafilter.
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More results
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Assume’ Is an ideal omN.
If > ., (Vi 1 n € w) is anZ-ultrafilter

then{n : V, is anZ-ultrafilter} € U
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More results

Theorem 11.

Assumel is an ideal olN and there existg : N — N
with g(n) > n for everyn € NandA ¢ 7 implies
glA] & 1 for every A C N.

If >, (Vn:n € w) is aweakZ-ultrafilter

then{n : V), is aweakZ-ultrafilter} € U.
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More results

Theorem 11.

Assumel is an ideal olN and there existg : N — N
with g(n) > n for everyn € NandA ¢ 7 implies
glA] & 1 for every A C N.

If >, (Vn:n € w) is aweakZ-ultrafilter

then{n : V), is aweakZ-ultrafilter} € U.

Theorem 12.

Assumel is an ideal orlN and A ¢ 7 implies
A+1&7and2A &€ 71 for eachA C N.

If >, (Vs : n € w) is anZ-closeultrafilter
then{n : V, is anZ-closeultrafilter} € U.

1st European Set Theory Meeting —p. .



A "problematic" ideal

Van der Waerden ides the family
W = {A C N: A does not contain arithmetic
progressions of arbitrary length
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A "problematic" ideal

IS the family
W = {A C N : A does not contain arithmetic

progressions of arbitrary length

o If >, (V,:n € w)isaweak/V-ultrafilter
then{n : V, is a weakV-ultrafilter} € U.

o If Y, (V,:n € w)isanWW-close ultrafilter
then{n : V), is an)V-close ultrafiltet € /.

1st European Set Theory Meeting —p. .



A "problematic" ideal

IS the family
W = {A C N : A does not contain arithmetic

progressions of arbitrary length

o If >, (V,:n € w)isaweak/V-ultrafilter
then{n : V, is a weakV-ultrafilter} € U.

o If Y, (V,:n € w)isanWW-close ultrafilter
then{n : V), is an)V-close ultrafiltet € /.

Question:
Are VWW-ultrafilters closed underV-sums or products?
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