Propagace nejistoty v uloze sledovani
polohy pohybujicich se objektu



Motivace

I Va
! ! =
‘.\ 1 Dynamicky systém §
L R = £ ), L
N RN X0 ~ p(%o)

' T — T p(xo)

» Cil = najit pravdépodobnostni popis stavu x(t), urit oblast ve
které bude stav v daném &ase realizovan s danou pravdépodobnosti



Formalizace problému
» dynamické systémy ve tvaru

x(t) = £(x(t),1), %o ~ p(x0)
nelinedrni £, nap¥. popis pohybu objekti

» méfeni neni k dispozici v dlouhych &asovych intervalech
> nejistota v pocatecni podmince ... chyba posledniho méreni
» hledani ppstniho popisu stavu x(t) ... propagace xg

Fokkerova-Planckova rovnice — 104ing p(x(t))
déno / 4

p(x(to)) koggergence )
pomoci mgy, Py \ aproximovana p(X(?

Metody propagace nejistoty =—— pomoci gaussovské smesi, m(t), P(t), ...
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Simulaéni modely

s 10 Vyvoj polohy stavu jako jedno feSeni ODR
o High-Earth-Orbit:
A pouze pod vlivem gravitace
5 obehu r— o — KL
b 6 r Va 7»3 r
&
= LEO pocétetni viska nad povrchom zems = 225 [km) .
T HEO pociteent viska nad povichem seme — 35,000 {km} Low-Earth-Orbit:
R — vliv gravitace a odporu vzduchu
o S oo akiare n S M Lo(h
31 | T potatetni poloha r=yv, vV = _ﬁr - §P( )6Urelvrel
oncova poloha
4 . . .
5 4 3 2 A 0 1 2
2 Poloha [km x10%

> Stav x(t) = [2(1), y(t), va(t), vy ()] = [T (2), v ()]"
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Vybrané metody

Linear Covariance Analysis (LinCov)

Lokéln{ lineari < ,
T, ORanl AMCANZACC Pirst Order Taylor Expansion (FOTE)
| Linearni metody Based Propagation
S

tatistickd linearizace—Covariance Analysis Describing
Function Technique (CADET)

Monte Carlo simulace (MC)

Vyuziti vzorki Unscentovand Transformace (UT)

Polynomial chaos expansion (PC)

Aproximace State Transition Tensors (STTs)
Nelinearni metod ; <
Y dynamiky Differential Algebra (DA)

Aproximace
hustoty ppsti

<Gaussiam Mixture Model (GMM)
Reseni Fokker-Planckovy rce (FPE)

Transformace souradné sité

Hvbridn J GMM+STTs, GMM+PC, GMM+UT
ybridni meto y<Irnplicitn1' Runge Kutta+UT

Ostatni metody
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;0 before transformation x,(t) after transformation

*generaled MC samples
x initial mean
—— 95.4% error ellipse

Monte Carlo simulace

» popis: mnoZzina vzorki
» transformace nahodné
vygenerovanych vzorki
> nelinedrni

> "pfesnd”

x;0 generated from p(x), i=1,..,
*i(t) = £(x,(1).  xi(0) =xi0
compute m, P from x;(t)

Transformation




;0 before transformation x,(t) after transformation

*generaled MC samples
x initial mean
—— 95.4% error ellipse

> transformed MC samples
x computed mean
——95.4% error ellipse

x;0 generated from p(xy), i=1,.., ¥
x;(t) = f(x,(t), xi(0) =xi0
compute m, P from x;(t)

Transformation

itistical properties before transformation Statistical properties after transformation
generaled WC sarmples

x initial mea

55.4% error ellpse

vransformed MC sampios
x transformed m
55.4% ertor allipse

m = E[f (x)]
P = E[f(x)r"] + E[rf! (x)]

Transformation

Monte Carlo simulace

» popis: mnoZzina vzorki
» transformace nahodné
vygenerovanych vzorki
» nelinearni

> "pfesnd”

CADET

» popis: m(t), P(t)

» statisticka linearizace
X=m-+r
f= N,m + N,r

r ... ndhodna slozka stavu

» nizké poZadavky na f



LinCov

itistical properties before transformation Statistical properties after transformation

Transformed MC samples

generaled MC samples
x  transformed mean

x  initial mean ¢ .
—— et slpse —atmame i » popis: m(ly), P(t)
7
m(t) = %) » lokalni linearizace
t =t A . . , ,
(1, 15.1) = A0 » propagace v diskrétnich

P(tir) = B(te, i) P(1) BT (b, trs1)

Casovych okamzicich (At)

Transformation

A(x(t),1) = V @ f(x(t, 1)



itistical properties before transformation Statistical properties after transformation

Transformed MC samples
x  transformed mean

generaled MC samples
x initial mean
——95.4% error ellipse 95.4% error ellipse, At=30's
———95.4% error ellipse, At=1s

m(t) = X(t)
thor =t + At ‘
Bt 1) = At ) At
P(ti) = <I>(i; ti )P (1) @7 (bt
Transformation
iistical properties before transformation Statistical properties after transformation
generaled MC samples transformed MC samples
x initial mea % transformed m
95.4% error ellipse 95.4% error elllpse
m = f(m)
P=AP +PA", A=A(m().1)
Transformation

LinCov

> popis: m(tx), P(tx)

» lokalni linearizace

» propagace v diskrétnich
Casovych okamzicich (At)

A(x(t),1) = V @ f(x(t, 1)

FOTE based propagation

v

popis: m(t), P(t)
lokdIni linearizace
> propagace ve spojitych
¢asovych okamzZicich

v



X; o before transformation X;(t) after transformation

the transformed MC samples
x the transformed UT samples
% computed mean

95.4% error ellipse

generaled MC samples
generated UT samples
initial mean
——95.4% error ellipse

;o chosen from p(xg), i=1,...,.2n
Xi(t) = £(X(1),  X(0) = A,,
compute m, P from X;(t)

Transformation

Unscentovana
transformace

» popis: m(t), P(t)

» transformace nékolika
zvolenych vzorki, z nich
vypolet m(t) a P(t)

» nelinedrni



X, before transformation X,(t) after transformation

The transformed MC samples
x the transformed UT samples
x  computed mean

95.4% error ellipse

Xy chosen from p(xg), i=1,..,2n
() =£(X(1),  A:(0) = Xio
compute m, P from X;(t)

Transformation

tistical properties before transformation Statistical properties after transformation

transformed MC samples
x_means of GMM components
<—>the resulting GMM PDF
%

generated MG samples
X __initial mean
<> initial PDF

nonlinear propagation of components
monitoring the entropy
splitting a non-Gaussian component

Transformation

Unscentovana
transformace

» popis: m(t), P(t)

» transformace nékolika
zvolenych vzorki, z nich
vypolet m(t) a P(t)

» nelinedrni

metoda AEGIS

» popis: adaptujici se
gaussovska smés

» vyuzivd UT

» nelinearni

» pokrodila

» vypocletné naroénd



Vnit¥ni fungovani metody AEGIS, adaptace GMM

ts_1 Schéma propagace, t € (t;_1,1s) ts

Nelinearni propagator

monitorovéni komponenti GMM: . . .
puvodni . nova
L——» Entropie GMM ! GMM

pro kazdou komponentu:
pokud | — Entropie | > prah:
GMM konec propagace, t := tg

rozdél tuto komponentu Proces délent

modra komponenta splnila

— Entropie | > prah

=

I >
nové komponenty



Vysledky simulaci: Low Earth Orbit, 2 orbity
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TinCov
FOTE based propagation
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Porovnani ptibliznych ¢asovych vypocetnich naroki

HEO LEO
1 orbit 2 orbits 1 orbit 2 orbits
MC 6.8 9.6 6.5 10.0
LinCov 8.9 17.9 0.8 1.6
FOTE 0.2 0.2 0.2 0.2
CADET 0.6 1.4 0.3 0.8
uTt 0.1 0.2 0.1 0.1

s-AEGIS-3 185.6 16829 817 497.6
e-AEGIS-3  296.2 26684 109.3 1050.6
e-AEGIS-5 - - 112.4  889.9




Zavér
Rekapitulace: pro dynamické systémy ve tvaru
X(t) = f(X(t)’ t)v Xp ~~ p(XU)
nelinedrni £, nap¥. popis pohybu objekti
» méFeni neni k dispozici v dlouhych €asovych intervalech

> nejistota v pocatecni podmince ... chyba posledniho mé¥en
» hledani ppstniho popisu stavu x(t) ... propagace xg

.
I

P¥inos:
» analyza a implementace vybranych metod
» simulaéni porovnani téchto metod na dvou modelech
» (Gprava metody AEGIS

Vyuziti p¥i vybéru vhodné metody v rdmci:
» nelinearni filtrace, predikce
» vyuziti v Kalmanoveé filtru, odhadu stavu
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