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D2
Dané prirozené cislo n ma dislice, jejichz hodnoty se zleva doprava zvétsuji.
Ukazte, ze ciferny soucet cisla 9n je vzdy roven deviti. Navod: 9n = 10n — n.



D4

Lukas a Marek, ktefi se znaji, se sesli na party, na niz platilo: Maji-li néktefi dva
Ucastnici stejny pocet znamych, pak nemaji zadného spolecného znamého. Dokazte,
ze na party je nékdo, kdo tam ma praveé jednoho zndmého. Navod: Nejprve vyberte
jednoho ucastnika, ktery zna na party nejveétsi pocet osob.



2. Form a 2000 x 2002 screen with unit screens. Initially, there are more than 1999 x 2001 unit screens
which are on. In any 2 x 2 screen, as soon as there are 3 unit screens which are off, the 4th screen
turns off automatically. Prove that the whole screen can never be totally off.
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D5

Ve spolecnosti lidi jsou nékteré dvojice spratelené. Pro kazdé celé k > 3 rekneme,
ze spolecnost je k-dobré, pokud lze kazdou k-tici lidi ze spole¢nosti rozesadit kolem
kruhového stolu tak, ze se kazdi dva sousedé prateli. Dokazte, ze je-li spolecnost

6-dobré, pak je i 7-dobra. [A—67-111-1]



D3
Naleznéte nejvétsi mozné prirozené ¢islo, jehoz kazda ¢islice (kromé obou kraj-
nich) je mensi nez aritmeticky prumér ¢islic sousednich.



Hbmacciho Usla

The Fibonacci sequence
Fi=1F,=1F3=2F4=3,Fs=5Fs=8,...

is defined as follows: Fy = Fo = 1 and F, = Fp_2+ Fn_, for
all n > 3. Prove that the following statements are true for all

n € N.

(a) i+ Fo+ -+ Fy = Fpy2— 1.

(b) |Frny2Fn "(Fn+1) |=1. !, ",
(c) 5 divides n if and only if 5 d1v1des F,.
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13. (IMO 2002) Let n be a positive integer. Each point (x, y) in the plane, where x
and y are non-negative integers with x + y <n, is colored red or blue, subject to
the following condition: if a point (x, y) is red, then so are all points (x’, y’) with
x’ < x and y’ < y. Let A be the number of ways to choose n blue points with
distinct x-coordinates, and let B be the number of ways to choose n blue points
with distinct y-coordinates. Prove that A= B.



[ Mathematical Induction, Slinko] On each planet in a plan-
etary system consisting of an odd number of planets there is a
astronomer observing the nearest planet. The distances be-
tween each pair of planets are all different. Prove that at least
one planet is not observed by an astronomer.



9. (IMO Shortlist 2002) Let n be a positive integer. A sequence of n positive integers (not necessarily
distinct) is called full if it satisfied the following condition: for each positive integer k > 2, if the
number k£ appears in the sequence then so does the number k£ — 1, and moreover the first occurrence
of k — 1 comes before the last occurrence of k. For each n, show that there are n! full sequences.



EXAMPLE 3.4. [USA MATHEMATICAL OLYMPIAD, 1978] An

integer n ts called good if we can write

ayt+az+:---+ap =n,

where ay,ay, ..., ar are positive integers (not necessarily distinct) sat-
1sfying

1 1 1

—+—+4+ -+ —=1.

al as ar

Given the information that the integers 33 through to 73 are good, prove
every integer greater than 32 is good.



D6

Ve skupiné 90 déti mé kazdé aspon 30 kamarddi (kamaradstvi je vzdjemné).
Dokazte, ze je lze rozdélit do tii 30¢lennych skupin tak, aby kazdé dité mélo ve své
skupiné aspor jednoho kamarada. [A—61-111-5]



2. (IMO 2015) We say that a finite set S of points in the plane is balanced if, for any two different points A and
B in 8§, there is a point C' in S such that AC = BC. We say that S is centre-free if for any three different
points A, B, and C in S, there is no point P in S such that PA = PB = PC.

(a) Show that for all integers n > 3, there exists a balanced set consisting of n points.

(b) Determine all integers n > 3 for which there exists a balanced centre-free set consisting of n points.

@

3. (IMO 2013) Assume that k& and n are two positive integers. Prove that there exist positive integers my, ..., my

such that
2k 1 1 1
1+ =(14+4—)...(14+ —
n mq my

©

3. (IMO 1977) In a finite sequence of real numbers the sum of any seven successive terms is negative and the sum
of any eleven successive terms is positive. Determine the maximum number of terms in the sequence.

&

2. (IMO 1983) Is it possible to choose 1983 distinct positive integers, all less than or equal to 100,000, no three
of which are consecutive terms of an arithmetic progression?



