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Radim Hošek
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Populačńı modely, odvozeńı modelu

Populačńı modely jsou modely dynamických proces̊u.

Počátky v 18.stolet́ı (Malthus).

Modely vystavěny na zjednodušuj́ıćıch p̌redpokladech.

N(x , t) počet jedinc̊u populace v jednotce objemu v čase t.

Počet jedinc̊u v bilančńı oblasti ΩB :

N(t) = N(ΩB , t) =

∫
ΩB

N(x , t) dx
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Odvozeńı modelu

Předpoklad změny velikosti populace

N(t2)− N(t1) =

t2∫
t1

[M(t) + rN(t)] dt. (1)

M ...migrace, r ...relativńı vitalita

Pro M + rN spojitou:

dN(t)

dt
= r(N(t))N(t) + M(t), t ∈ (0,T ). (2)

(lokálńı tvar populačńıho zákona)
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Malthus̊uv model

Analýza model̊u
Verhulst̊uv model

Harvesting = modelováńı sklizně
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Malthus̊uv model

Principy

Vynechané zpožd’ovaćı efekty.

Relativńı vitalita populace je konstantńı (α).

Model

Lokálńı tvar Malthusova populačńıho zákona:

dN(t)

dt
= αN(t), t ∈ (0,T ).

Analytické řešeńı: N(t) = N0eαt .
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Zkoumáńı modelu pomoćı analýzy stacionárńıch bodů

Diferenciálńı rovnice tvaru

ẋ = f (x)

Stacionárńı bod x̄ : f (x̄) = 0.

Charakter stacionárńıho bodu:

df

dx
(x̄) = f ′(x̄)

f ′(x̄) > 0 ..nestabilńı, f ′(x̄) < 0 ..stabilńı.
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Verhulst̊uv model

Pierre François Verhulst (1825).

Zavedeńı regulačńıho mechanismu.

Relativńı vitalita populace — lineárńı funkce.

Model

Lokálńı tvar Verhulstova populačńıho zákona:

dN(t)

dt
= αN(t)

(
1− N(t)

K

)
.

Analytické řešeńı:

N(t) =
KN0eαt

K − N0 + N0eαt
.
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Analýza Verhulstova modelu

Verhulst̊uv model

Ṅ = αN
(

1− N

K

)
.

Stacionárńı body: N = 0 a N = K .

f ′(N) = α
(

1− 2N
K

)
.

Tedy N = 0 je nestabilńı, N = K je stabilńı.

Tvrzeńı: Je-li f spojitá a má-li pouze jednoduché kǒreny, pak
se jejich stabilita pravidelně sťŕıdá.
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Analýza modelu sklizně

Obecný model sklizně (harvesting): Ṅ(t) = rN(t)− h(t).

Model progresivńı sklizně

Ṅ = αN
(

1− N

K

)
− eN.

Kvalitativńı odlǐsnost dvou p̌ŕıpadů:

e < α: stacionárńı body 0 (nestabilńı), K (1− e
α) (stabilńı)

e > α: stacionárńı bod 0 (stabilńı)

bifurkace (
f ′(N) = α

(
1− 2

N

K

)
− e
)
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Úvod, odvozeńı modelu
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Model predace pomoćı harvestingu

Vhodná podoba funkce h(t):

h(N) =
BN2

A2 + N2
, (3)

Model predace

dN(t)

dt
= αN(t)

(
1− N(t)

K

)
− BN(t)2

A2 + N(t)2
(4)

substituce — snazš́ı analýza
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Analýza modelu predace (1)

tvar rovnice modelu predace po substituci

du(τ)

dτ
= %u(τ)

(
1− u(τ)

κ

)
− u(τ)2

1 + u(τ)2

Jedńım stacionárńım bodem je u = 0 (nestabilńı).

f ′(u) = %
(

1− 2
u

κ

)
− 2u

(1 + u2)2

Existence daľśıch stac. bodů

0 = %
(

1− u

κ

)
− u

1 + u2
.
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Malthus̊uv model
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Analýza modelu predace (2)

bifurkace, hystereze
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Závěr

V semestrálńı práci dále najdete

Daľśı modely jednoho druhu populace a jejich rozbory.

Modely interakce v́ıce populaćı.

Analýzu model̊u určených soustavou diferenciálńıch rovnic.
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Závěrem..

DĚKUJI ZA POZORNOST.
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