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1. INTRODUCTION

The strong maximum principle for second order ordinary differential
equations and its variants are well known and have many applications.
They yield a priori bounds which can be used to establish existence
and uniqueness of solutions for initial and boundary value problems
as well as to establish oscillation results. The base strong maximum
principle is as follows.

Theorem 1. (Protter and Weinberger [6, Theorem 1]) Suppose u €
C?(a,b) satisfies the differential inequality

(1) u' + g(z)u >0

fora < x < b, where g s a bounded real valued function. If u attains a
local maximum value, M, at an interior point of (a,b), then u(x) = M.

Recently Mawhin, Tonkes and Thompson [5] established discrete
analogues of the results of Protter and Weinberger and applied their
results to answer some uniqueness questions posed in Thompson [8].

Dynamic equations on time scales is a relatively new, rapidly expand-
ing area of research which unify and extend the discrete and continuous
calculus. See, for example, the books by Bohner and Peterson [1] and
2], together with the references therein.

In the literature recently there has been a number of results on the
existence of multiple solutions for second order differential and differ-
ence equations as well as for dynamic equations on time scales which
have been based on lower and upper solutions.

This raises the question as to what conditions guarantee uniqueness
for second order dynamic equations on time scales. Thus it is natural
to study maximum principles in this context. The importance of max-
imum principles is further highlighted by the fact that the method of
lower and upper solution is based on a weak version of the maximum
principle.

Simple maximum principles for time scales have been already used
by Drébek, Henderson, Tisdell [3] to prove the existence of multiple
solutions and by Stehlik [7] to construct monotone sequences.

In this paper we establish time scales analogues of the results of [5]
and [6] as well as analogues of other maximum principles. In a forth-
coming paper we will apply these to obtain a priori bounds, uniqueness
and oscillation results for boundary value problems for second order
dynamic equations on time scales. In particular we show under fairly
weak assumptions on the coefficients that if x is a solution of

xAA+gle+92an+h2xa Z 0
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on a time scale [a,b];, then z cannot have a non-negative interior
maximum unless x is identically constant.

Our results unify and generalize the results of Mawhin, Tonkes and
Thompson [5] and those given in Protter and Weinberger [6].

2. PRELIMINARIES

To understand the notation used and the notion of a time scale some
preliminary definitions are needed.
Definition A time scale T is a nonempty closed subset of the real
numbers R.

Since a time scale need not be connected, the concept of jump oper-
ators is needed to overcome this difficulty.
Definition The forward (backward) jump operator o(t) at ¢ for ¢t <
supT (p(t) at t € T for t > inf T) by

ot)=inf{r >t:7e€T}, (pt)=sup{r<t:7eT}).

For simplicity and clarity set o%(t) = o(o(t)) and y°(t) = y(o(t)).

If T =R then o(t) =t = p(t). If T = Z then o(t) =t + 1 and
p(t) =1t—1.

Throughout this work it is assumed that T has the topology that it
inherits from the standard topology on the real numbers R. Also it is
assumed throughout that a < b are points in T with [a, by = {t € T :
a<t<b}.

The jump operators o and p allow the following classification of
points in a time scale. If o(t) > ¢ then call the point ¢ right-scattered;
while if p(t) < t then call ¢ left-scattered. If o(¢) = ¢ then call the point
t right-dense; while if p(t) = ¢ then call ¢ left-dense. We shall also use
the notation u(t) := o(t) —t, where p is called the graininess function.

If T has a left-scattered maximum m then define T* = T \ {m}.
Otherwise T* = T.

Definition Fix ¢t € T and let y : T — R. Define > () to be the number
(if it exists) with the property that given € > 0 there is a neighborhood
U of t with

ly(a(t) = y(s)] =y (Do) = s]| < elo(t) — 5|, foralls €.
Call y2(t) the derivative of y(t). Define the second derivative by y*2 =
(y)*

The following theorem is due to Hilger [4].

Theorem 2. Assume that f : T — R and let t € T*.
(i) If [ is differentiable at t then f is continuous at t.
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(i) If f is continuous att andt is right-scattered then f is differentiable

o o) — )
A A -
fo) = T ot
(11i) If f is differentiable and t is right-dense then
) — iy O = 105)

s—t t—s
(iv) If f is differentiable at t then f(o(t)) = f(t) + (o(t) —t)f2(2).

Definition If F2(s) = f(s) for all s € [a,t|r then define the integral
by

/ f(s)As = F(t) — F(a).

Definition Let f : T — R. Define and denote f € C.4(T;R) as
right-dense continuous if for each t € T:
limg .+ f(s) = f(t), if t € T is right-dense,
lim, ;- f(s) exists and is finite if t € T is left-dense.

Note that, in general, the jump operator ¢ is neither differentiable
nor bounded, as shown in [1, Example 1.56]. However, it is right-dense
continuous.

3. DERIVATIVES-ONLY MAXIMUM PRINCIPLES

We present first the weak version of the maximum principle for op-
erators which do not contain non-derivative terms.

Lemma 3. Assume that the functions g1, g2 : [a,bly — R satisfy

(2) kg1 S 17

(3) pgs > —1.

If x satisfies the dynamic inequality

(4) Li[z] = 2% + g1a® + gz >0, for t€[a,bly,

and attains a mazimum M at an interior point of (a,0(b))y, then
r= M.

Remark 4. All quantities in the above and subsequent results are
assumed to exist. For example, since z satisfies (4), 22 is defined
on [a,b]r, = is defined and continuous on [a, o?(b)]r and x® is defined
and continuous on [a, o(b)]r. In particular if b < o(b) = o%(b), then we
assume that 72 (0?(b)) exists. This may appear strange at first as one
usually works with one sided derivatives at end points in the continuous
case.
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Proof. Assume that x is not a constant function. Let us choose ¢ €
(a,02(b))y such that z(c) = M. Let us divide our proof into three parts:

(i) ¢ is left- and right-dense. In this case the maximality of x at ¢
provides 2(c) = 0 = 227(c) and 222(c) < 0 so that (4) reduces
to

2% (c) > 0,
a contradiction.

(ii) ¢ is left-dense and right-scattered. If z2(c) = 0 then the above

conditions imply that

0> :L’AA(C) — SL’A(U(C))
- p(c)
and consequently z2(o(c)) < 0. Multiplying (4) at ¢ by u(c)
yields a following contradiction
p(e) (#22(c) + ga(c)a(a(c))) = 2 (0()) (1 + p(e)gz(c)) < 0.
If 22(c) < 0 then there is § > 0 such that z2(¢) < 0 for (¢ — 6, ¢)
so that x(t) > M on (¢ — 6, c)y, a contradiction.
(ili) c is left-scattered. The necessary condition in this case is
%) <0, 2%(o(c)) = 0.
These immediately give 222 (o(c)) < 0. Multiplying (4) by pu¢(c)
and using (2) and (3) we have
pe(c) (252 (e(e)) + gi ()™ (o(c)) + g3(c)a™(c))
= 2(c) (1 + g3(c)n?(c)) + 2% (0(0)) (9 (c)pu?(c) = 1) <0,
a contradiction.
Thus x = M. U

Y

We give a variant of this result where we weaken the inequality (4)
and strengthen the inequalities (2) and (3).

Theorem 5. Assume that the functions g1, g2 : [a,bly — R satisfy

(5) g1 < 17

(6) g2 > —1,

and

(7) k=979 i bounded.
1+ gopt

If x satisfies the dynamic inequality
(8) Lq]x] >0, for te€a,bly,
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and attains a mazimum M at t € (a,0%(b))y, then © = M.

Proof. Assume the result is false. Thus we may choose ¢ € (a,*(b))
such that x(c) = M. Since x(t) # M there is d € (a,b); such that
x(d) < M. Let us assume first that ¢ < d. Let us take arbitrary a > 0

such that
91t g

o> )
1+ gop

and let us define a function z by
2(t) == eq(t,c) — 1,

where e, (-, ¢) is an exponential function on T. Exploiting the way «
was chosen and the positivity of e, we obtain

Li[z] = 2B 2B 4 ge2Be
= (& 4+ g1+ g2 (1 + p)) €q (-, )

=a (g1 + g2 +a(l+ pg))ea(c)
> 0.

Let us define a function w by

w(t) == x(t) + Bz(t),
where (3 > 0 is chosen so that
M — x(d)

z(d)
Since e,(, ¢) < 1 for any & € (a, c¢)p we have
w(&) < M.
Moreover, the definition of  yields that
w(d) = z(d) + Bz(d) < x(d) + M — z(d) = M.

0 <

Finally, e, (c,c) = 1 provides
w(c) = M.
It follows that w has a maximum inside the interval (£, d);. However
Ly[w] = La[z] + BLi[2] > 0,

which contradicts the statement of Lemma 3.
A more complicated situation occurs if z(t) = M for all ¢ > ¢ so that
d < ¢ (note that e_, is not generally positive). In this case, we define

m:=inf{s>a:2({) =M and s <& <c}.
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If m is left-scattered then 2(m) < 0, and 22 (o(m)) > 0 and multi-
plying Ly (e(m)) by u(e(m)) we get

Li(o(m))u(o(m)) = 2 (o(m)) (gf (m)u(m) — 1) <0,
a contradiction and the result follows. As in the proof of Lemma 1, if

m is left-dense, then z®(m) = 0. Similarly, as in the previous case we
define functions z and w by

z2(t) = e_o(t,m) — 1, and w(t) = x(t) + Bz(1),
where «, § are positive constants satisfying
M — x(d
gl+92,andﬂ< ZE()
1+ gopt 2(d)

Thus, we can choose d; so that 1—pa > 0 and consequently e_, (¢, m) >
0 for all ¢ € [di,m) . Therefore, on this interval we have

a >

Li[z] = (0 — gra — goor (1 — pav)) e_a(:, ¢)
=a(—g1— g2+ a(l+pg))eal,c)
> 0.

Using Lemma 3 we see that the maximum of w must occur at boundary
points of [dy, m]p. Since w(d;) < M = w(m), we see that w attains its
maximum at m. Thus

0 < w?(m) = z%(m) + Bz%(m).

Taking into account z2(m) = —a < 0 we see that #2(m) > 0 which
contradicts the maximality of x at m. The result follows. 0

We include a simple example on T = Z to illustrate that the assump-
tions (5), (6) cannot be improved.

Example 6. Let us assume that T = Z and that x is defined by

<4
x(t):{zl £ 4.

Y

Obviously, x satisfies
22 422 >0, te]0,10]g,

but x attains its local maximum at ¢ = 4. This does not contradict
Lemma 2 since p1g; = 1 in this case.
Similarly, y defined by

4 t<d4,
y(t)_{ 8—t t>4,

attains a local maximum at ¢ = 4, even if it satisfies
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g% — 227 >0,  te]0,10]z.

Note that g, = 1 now.

The presence of both 22 and 227 in (4) is motivated by the desire to
obtain the most general result. However, (v) in the following remark
indicates that this case can be transformed to that of an operator where
only one of these derivatives is present.

Remark 7. Following Protter and Weinberger, [6], we make the fol-
lowing observations.

(i)

(iv)

Theorem 5 shows that a function x satisfying the dynamic in-
equality (8) cannot have a strict local maximum in (a,b)y . In-
deed if x has such a local maximum at ¢ € (a,b)y, then there
is d < ¢ < e € (a,b); such that x has an absolute maximum in
[d, €]y at ¢ so that @ = x(c), a contradiction.

A function z satisfying the dynamic inequality (8) cannot have
two strict local minima in (a,b)y . If it did then there would be
a strict local maximum between the local minima, a contradic-
tion.

If in place of the dynamic inequality (8) in Theorem 5 we assume
that

Lq]z] <0, for te€[a,b,

then we obtain the corresponding minimum principle that if a
function z attains a non positive minimum m at t € (a, 0%(b)),
then z = m.

An examination of the proof of Theorem 5 shows that it is suf-
ficient that k is bounded on every closed subinterval of (a,b) .
This local boundedness of k = 2192 ig necessary for the con-

1+ga2p
clusion of Theorem 5. In the case T =R, g, = 0, and

—3 fort#0
=4 v
a(t) { 0, fort=0

z(t) = 1—15 is a solution of (8) on [—1, 1] which has a maximum
at t = 0.

Assuming that (6) holds and using the fact that z27 = 22 +
pr?, one can rewrite (8) (or similarly (4)) as

28 4 NG + 92 2 > 0.
1+ pgo
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Note, that in this case (5) is equivalent to

’ug1+92 <1
1+ pge

(vi) If pge > —1 then the boundedness of g; and go imply that
g1+ g2

1+ gop
this let [a, bt = [-1,1]r and T = {+27™ : n € N}U{0} so that
p(27™) =27 If g1(27") = n— 1 and ¢2(27") = —n + 1, then
g1+ g2

L+ gop

is bounded however the converse is not true. To see

is bounded however neither g; nor g, is bounded.

4. FuLL MAXIMUM PRINCIPLES

We extend the above results to operators which also contain non-
derivative terms.

Lemma 8. Assume that the functions g1, g2, hs : [a,bly — R satisfy
(2), (3) and

(10) hy < 0.

Moreover, let x satisfy the dynamic inequality

(11)  Lofz] :== 222 + g12® + o™ + hoz” >0, for t € [a,b].
If z attains a nonnegative mazimum M at t € (a,c*())y, then x = M.

Proof. The proof is similar to Lemma 3 and thus omitted. U

Theorem 9. Assume that the functions g1, g2, ho : [a, bl — R satisfy
(5), (6), (7), (10) and

(12) is bounded.
L+ gop

Moreover, let x satisfy the dynamic inequality

(13) Lolx] >0, for te€la,bly.

If x attains a nonnegative mazimum M att € (a,02(b))y, then x = M.

Proof. The proof follows that of Theorem 5. If d > ¢ it suffices to
choose a > 0 large enough, such that

a® (14 gapt) + (g1 + g2) + ha (1 4+ pa — eca(t, ¢)) > 0.

Note that this is possible by (3) and (7) since hy < 0.
In the case when d < ¢, we again define m by

m:=inf{s>a:2({) =M and s <& <c}.
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If m is left-scattered then
Ly(o(m))u(o(m)) = z(o(m)) (gf(m)u®(m) — 1) — ha(m)gf(m)M < 0.

If m is left-dense, we can follow the argument from Theorem 5, except
for choosing large enough o > 0 so that

Lofz] = (o (1 +g21) — (g1 + 92) + ha (1 — pa — eca(:,0))) €-als )
> 0,

for all t € [dy, m);, where d; is close enough to m. The same argument
as above yields that z2(m) > 0, a contradiction. O

5. SHIFTED MAXIMUM PRINCIPLES

Since 222 (t) depends on x(t), x°(t) and 2°°(¢) a more natural form
of operator for the full maximum principle is

Li[x] = 282 4 g1z + o + hax + hox® + hyx?C.

In the spirit of Remark 7 we transform L3 into £, and then apply
Theorem 9.

Corollary 10. Assume that the functions g;, @ = 1,2 and hj, 7 =1,2,3
satisfy

(14) p(gr —hap) <1,

(15) (g2 + hap) > —1,

(16) hi+ ha + hs <0,

and that
—h hsp?

(17) (91 = hupt) + (92 + hpt”) is bounded,
L+ (g2 + hspe) pe

and that

(18) fu g + By is bounded.

L+ (g2 + hap”) p
If x satisfies the inequality

and attains its nonnegative mazimum M at t € (a,0*(b)), then x =

M.
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Proof. 1t is easy to see that

(20) z =1 — pa®,
and
(21) xao — MUxAU + xcr.

Thus one can rewrite (19) in the form

11

(22) 222 + (g1 — hap) 2 + (go + hap®) 227 + (hy + hy + h3) 27 > 0,

that is, the form of (13). The assumptions (14)-(18) ensure that the

operator (22) satisfies the assumptions of Theorem 9 and the result

follows.

6. GENERALIZED MAXIMUM PRINCIPLES

U

In this section we extend Theorem 9 also to the case where condition

(12) is not satisfied, that is, h(t) > 0 for some ¢ € [a,b]; . We consider

here the operator

(23) Lofz] == 22 + ga® + ha”, for t€la, blp.

Thanks to Remark 7, Lo and L can be transformed into each other.

We assume that there exists a function w such that on [a, b],

(24) w>0, for te[a,o*Db)],
while for ¢ € [a, b];
(25) Lo[w] <0, while
A oA
(26) gutw tu and
we + ,qu
(27) Lolu] are bounded.

we +Mw0A
Let us define v by
v="=", for te [a,o?D)l..
: 0.0°0)],
Differentiating x, one obtains

2 = vw® + wv?,

AA o, AA o, AA

28 = 07w + who® + Wt + v wR,

on [a, b]; . Substituting these into (23) provides

Lo[z] = wvd® +o® (gw +w®) + 037w + 07 Law] > 0.
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Dividing by w? yields

agwtwt ™ Llu]
w? we we

g

Lo[v] := v 4

>0, for tela,bl;.

Defining auxiliary functions g, g, and hy by

_gw + w? 7, = w® T Lo[w]
- ) 2 9 T

[ =
w
we see that
Lo[v] = v2% + G0 + G027 + hpv” >0, for t € [a,b]y.

Lemma 11. Let us suppose that

(28) pg <1,  for te€la,bly,
and that w satisfies (24)-(26). Then on [a,b|y
(a) hy < 0,

(b) pg, <1,

(¢) ug, > —1, and
(d) 812Z s hounded.

1+gop

Proof. By continuity of w, w > ¢ > 0 on [a, c?(b)]; so that w” > ¢ >
0 on (a,0%(b))p. Thus (d) is an immediate consequence of (26). If
w(t) = 0, then (b) and (c) are trivially satisfied at ¢, so we assume that
p(t) > 0.

(a) Non-positivity of hy is an immediate consequence of (24) and (25).
(b) (28) and (24) yield that

0> (pug —1)w = pugw — w.
Adding w? to this inequality, we get
p(gw +w?) < w?,

which is equivalent to

A
K9y = u% <1
(c) Finally,
_ B woA Cw? =
9>(t) = we W
Thus o .
utg(t) = D00

we(t)
since w?(t) > 0 and w??(t) > 0 on [a, b|y .
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Combining Lemma 11 and Theorem 9 we obtain the generalized
maximum principle.

Theorem 12. Assume that there exists w satisfying (24)-(27). More-
over, let g satisfy (28). If x is such that Ly[z] > 0 and I attains a
local mazimum at t € (a,0*(b))y, then £ is a constant.

Remark 13. The assumption (26) is always satisfied if o exists and
is bounded. Indeed, if 4 = 0 then the statement follows from (24)

since w’® = UJAUO'A exists and so g, is bounded and g, is bounded.
A o o
If © > 0, then assumption (26) is equivalent to 2™ J;f((s‘(’t(;)))_w ®

bounded which follows from the assumptions on g and w.

This raises the question as to whether or not the generalized maxi-
mum principle requires the existence of w®

Finally, we give some conditions, under which there exist a suitable
function w.

Lemma 14. If g, h satisfy the assumption of Theorem 12, c® exists
and is bounded, b > a and o*(b) — a is sufficiently small, then there
exists a function w satisfying (24)-(26).

Proof. We show that under the stated assumptions the function

(29) w =05 [ ([ a9

is the solution of (24)-(26).
To see that (24) and (25) are satisfied note that

t t s
wAA—irgwA—i—hw":—ﬁ(l—l—g/ As—i—h/(/ Aq)As))+h§O

for # > 0 sufficiently large and b — a sufficiently small that

t t s
1+g/ As+h/(/ Aq)As >0

and w > 0 for any 3 > 0 provided b — a is correspondingly small. To
see that (26) is Satisﬁed note that w, w?, w®(t) = w™(t)o?(t) =
ﬁf ) Asa® ), and g are bounded and w° + pw’® = w°° >k >0

for a constant k
O

Note that in the case T = R then (29) gives w(t) = 1 — 3(t — a)?/2
as in Protter and Weinberger, [6], while if T = hZ and [a,b]; =
{0,h,2h,...,hn} then (29) gives w, = 1 — Bk/2 as in Mawhin,
Thompson, Tonkes [5].
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7. BOUNDARY POINT LEMMA

All of the above results investigate the behaviour of the function
inside the considered interval. In this final section we complete the
description by providing the information about the boundary points.

Lemma 15. Assume that the functions g1, go and hy satisfy (5), (6),
(7), (10) and (12). Moreover, assume that x is a nonconstant function
satisfying

‘CQ [33'] > 07
on [a,bly. If x attains a nonnegative mazimum at a, then z°(a) < 0.
If x attains a nonnegative maximum at o2(b), then x°(p(a*(b))) > 0.

Proof. Assume that the result is false.

First assume that a is right-scattered. Then x7(a) > z(a) = M,
which contradicts the statement of Theorem 9. Similarly if o (b) is right-
scattered (or b is right-scattered and o(b) is right-dense) then z7(b) >
z(c?(b)) = M (or z(b) > z(o(b)) = M) which again contradicts the
statement of Theorem 9.

If a is right-dense, then we choose d close enough to a and define w
and z by

2(t) = eq(t,a) — 1, and w(t) = z(t) + Bz(t),

where (3 satisfies

z(a) — x(d)
0< ﬁ < W,

and a > 0 is big enough to ensure that
(30) & (1+ gop) + (g1 + g2) + h (1 + po — eca(t, a)) > 0.

Then Ly[z] > 0 for t € (a,d]; and Lemma 8 and w(d) < z(a) = w(a)
imply that

0 > w(a) = 2%(a) + B2°(a).
Now since 2%(a) = a > 0 we obtain the desired result 22 (a) < 0. The
proof for the other end is similar. O

In the spirit of Remark 7, one can find in the special case weaker
assumptions on the boundedness of considered functions. We sum up
this reasoning in the following refinement of the above boundary point
lemma.

Lemma 16. Let g1, go and hs satisfy (5), (6),(10) and that

g1+ 9o ho
and
L+ pgo 1+ pgo




MAXIMUM PRINCIPLES ON TIME SCALES 15

are bounded on every closed subinterval of (a,b)y. Let x be a noncon-
stant function satisfying

£2 [‘T] > 07
on (a,b).
(i) If a is right-dense and x has a nonnegative mazimum at a and
the function

:91+92+h2(t+ﬂ—a)
I+ pg2

is bounded from below in a neighborhood of a, then x*(a) < 0.
(ii) Similarly, if b is right- and left-dense and x has a nonnegative
maximum at b and the function

9 + go + hao(b—1t — )
L+ 1192
is bounded from above in a neighborhood of b, then x> (b) > 0.

ka

Ky

Proof. We prove only the part (i). As in the previous case, assume the
result is false. Since z is non constant we may choose d close enough
to a so that z < z(a) and k, is bounded from below in (a,d|;. Then
for @ > 0 and t € (a,d); we have the following inequality

1 —ecu(t,a) < —0a(t—a) <at—a).

Thus, for a large a > 0 the inequality (30) becomes (note that thanks
(10) we have h <0)

o (14 gapt) + (g1 + g2) + ha (1 + pa — eco(t, a)) >
o (14 gop) + (g1 + g2) + ahy(t + p — a) =
o? (14 gop) + @ (g1 + go + ho(t + o — a)) > 0.

And the argument follows that of Lemma 15. Similarly, we get the
statement for the other case. 0

Remark 17. We have the following variant of Lemma 15 where we
weaken the assumptions on ¢;, g2 and hy while strengthening the as-
sumptions on L.

Assume that the functions gy, go satisfy (2), (3) while the function
hy satisfies (10). Moreover, assume that x is a nonconstant function
satisfying

£2 [x] > 07
on [a,b];. If x attains a nonnegative maximum at a, then 2 (a) < 0.
If x has a nonnegative maximum at o2(b), then 22 (p(c2(b))) > 0.



MAXIMUM PRINCIPLES ON TIME SCALES 16

As in the real line case (see Protter and Weinberger, [6]) a function

cannot have a point of horizontal inflection at ¢ € (a, b); . In particular,
there cannot exist d < ¢ < e € (a, b); such that z is strictly increasing
on [d, €]y while z2(c) = 0. Indeed if 2 has a point of inflection then z
has maximum in [c, e]; at ¢ while 22(c) = 0, a contradiction.

[1]
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