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LOCALLY DISCONNECTED GRAPHS
WITH LARGE NUMBERS OF EDGES

ZDENEK RYJACEK, BOHDAN ZELINKA

Let G be a finite undirected graph, let v be its vertex. By the symbol N (v) we
denote the subgraph of G induced by the set of vertices which are adjacent to
v, the graph N,(v) is called the neighbourhood graph of v in G.

If Ng(v) is disconnected for each vertex v of G, the graph G is called locally
disconnected [1].

At the Czechoslovak Conference on Graph Theory in Luhacovice in 1985 the
second author has proposed the problem of finding the maximum number of
edges of a locally disconnected graph with n vertices. In [1] it was shown that this
number cannot be expressed as a linear function of n. Probably it could be
expressed as a quadratic function of n, because so can the number of edges of
a complete graph with n vertices.

In this paper we shall not find this maximum number, we shall only show that
its asymptotical behaviour is the same as that of the number of edges of a
complete graph with n vertices.

Theorem 1. Let n be a square of an integer, n = 4. Then there exists a locally

disconnected graph with n vertices and %nz — %nﬁ + 3n — 2\/75 edges.

Proof. For n = 4 such a graph is a circuit of the length 4. Now let n = 9.
The vertex set of the required graph G consists of the vertices u(i, j), where
1<iL \/;1, 155 \/r; Two vertices u(i;, j,), u(i,, j,) are adjacent if and only if
some of the following conditions is fulfilled:

(1) I # by Jy = Jn .
(11) Iy = Iy, J; # Jo, min {j, jo} = 1;
(i) i, # L, i # L h# 1, #Jz
Evidently the number of pairs of vertices fulfilling (1) is \/ﬁ (‘é’;), the number of
pairs of vertices fu]ﬁlling (ii) is \/;’l—(\/lg — 1) and the number of pairs fulﬁlling (iii)

is (‘/;2_ 1) Jn(y/n —1). By adding these three expressions we obtain

-;—nz ~—-—;—n\/ﬁ+ 3n — 2\/3
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Now we shall investigate the graphs Ng(u(iy, j;)), where 1<) =< \/Z,
1 <j, < +/n. Fist suppose j, = 1. Then the vertex set of Ng(u(iy, ji,)) is the union
of disjoint sets M, = {u(i, )li #i, j=1}and M, ={u(i,))li=1i> j+#1}. No
vertex of M, is adjacent to a vertex of M, and both M,, M, are non-empty,
therefore Ng(u(iy, j;)) is disconnected. Now suppose j, # 1. Then the vertex set
of Ng(u(iy, jo)) is the union of disjoint sets M; = {u(i, Hli # iy, J=jo}) Ms=
={u(, i #i, j+# 1} and M= {u(i,, 1)}. The unique vertex u(i, 1) of M, is
adjacent to no vertex of M, u M,, therefore Ng(u(iy, j,)) is again disconnected.
The graph G is locally disconnected.

Note that :

(-2 )
nlgrolo (2n 2n\/ﬁ+3n 2\/ﬁ 2n 271 1
The numerator of this fraction is the number from Theorem 1 and the denomi-
nator is the number of edges of a complete graph with n vertices. We see that
a locally disconnected graph can have a number of edges which can be expressed
by a function of n which behaves asymptotically the same as the number of edges
of a complete graph with n vertices, i.e. the maximum number of edges of a
graph with n vertices and without loops and multiple edges. We shall extend this
result to the case when » is an arbitrary integer.

Theorem 2. There exists a function 1(n) defined on the set of all positive integers
with the following properties:

, P, 1 _
(a) nh_’rr; t(n)/(zn 2n> 1;
(b) for each integer n = 4 there exists a locally disconnected graph G with n
vertices and t(n) edges.

Proof. Let n be an integer, n = 36. By p we denote the upper integral
part of \/n, i.e. the least integer which is greater than or equal to /n. We
construct a graph G. The vertex set V of G will be the union of pairwise disjoint

sets Vy, ..., V,, As nz36 and obviously p= \/7; + 1, the inequalities

%p(p +3) < —;:(\/r; + 1) (\/; + 4) < n hold, which (together with #n < p?) implies

the existence of the integers ry, ..., r, satisfying the conditions r, = r, = r; = p,

P
%p sr=pforj=4,..,p, ) r,=n.InG thereis |Vi=rforj=1,...,p. The
j=1
vertices of each V; are denoted by u(i, j) for i =1, ..., r, Two vertices u(iy, j;),
u(i,, j,) are adjacent if and only if some of the conditions (i), (ii), (iii) from the
proof of Theorem 1 is fulfilled. Analogously to the proof of Theorem 1 we can
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prove that G is locally disconnected. We shall compute the number of edges
of G. We start with the number of edges of the subgraph G, of G induced by the
set V' — V. We may consider G, as the graph obtained from a complete graph
on n — p vertices by deleting edges of p pairwise disjoint complete graphs, each

of which has at most p—1 vertices. Hence G, has at least -;(n — D)
m—p—1)— -;:p(p — 1) (p —2) edges. As /n <p<+/n+ 1, this number is
greater than or equal to %(n — \/;1 —Dn— \/—l; - 2) — -;\/I;(\/; + 1)
(Wn—1) = —;—nz - %n\/ﬁ —n -+ 2\/}; + 1. Further the subgraph of G induced
by V, is complete, therefore it has é— p(p — 1) edges; this number is greater than
1 ; L : :
or equal to 5-\/7;(\/7; — 1). The number of edges joining the vertices of ¥, with
vertices of G, is at least 2p + —; pp—3)= ;n + éﬁ The whole graph G has at

least—;—n2 — -;n\/;i + 2 \/; + 1 edges. By #(n) for n = 36 we denote the maximum

number of edges of a graph G thus described; for n such that 4 < n < 35 we may
put #(n) = n, because every circuit of the length at least 4 is a locally disconnected

graph. Thus for n = 36 we have #(n) = —;-nz - —;—nﬁ + 2\/; + 1 and obviously

tn) < % — él-n, which is the number of edges of a complete graph with » vertices.

As

n-— o

1 3 1 1

i (120 2 ) (L)
5 5 \/2+ \/1;—{- 5 2n

we have also

1 . 1
lim ¢ (—nz—-——n>= 1.
b (m)/ 9 2
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JIOKAJIBHO HECBA3HBIE I'PA®BI C BOJIBIIMMU YUCIIAMUWU PEBEP
Zdenék Ryjacek — Bohdan Zelinka

PesromMe

CumsonioM Ng(v) o6o3nauaetca nomrpad rpada G, NOPOXKIEHHBIH MHOXECTBOM BEpILUH,
cMexHbIX ¢ v. Ecnin N (v) HecBs3eH [U1s BCeX BEpUIMH v, rpad G Ha3bIBAETCA JIOKAIBHO HECBA3HBIM.
Jloka3aHo, YTO MAKCHMAIIbHOE YUCII0 pebep JIOKaIbHO HECBA3HOIO Ipada ¢ # BEpLIMHAMY HMeEeT
TO X€ ACHMIITOTHYECKOE TIOBEIeHHe, KaK 1 Yyucjo pebep noaHoro rpada ¢ n BeplIMHAMH.
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