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Abstract

We say that a graph G is k-extendable if every set of k independent edges of G

can be extended to a perfect matching. In the paper it is proved that if G is an

even (2k+1)-connected K

1;k+3

-free graph such that the set of all centers of claws is

independent, then G is k-extendable. As a corollary we obtain an analogous result

for almost claw-free graphs and for claw-free graphs, thus extending a result by

M.D. Plummer.

1. INTRODUCTION

In this paper, a graph will be a �nite undirected graph G = (V (G); E(G)) without

loops and multiple edges. We say that a graph G is odd or even if G has an odd or

even number of vertices, respectively. For any A � V (G) we denote by hAi the subgraph

of G induced on A, G � A stands for hV (G) n Ai, c(G � A) denotes the number of

components of G � A and c

o

(G � A) denotes the number of odd components of G � A.

A set A � V (G) such that c(G � A) > 1 will be called a cutset. For any A;B � V (G)

we put N

A

(B) = fx 2 Aj xy 2 E(G) for some y 2 Bg. If H is a subgraph of G and

B � V (G), then we put N

H

(B) = N

V (H)

(B) and N

B

(H) = N

B

(V (H)); we simply denote

N(B) = N

G

(B).
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A set A � V (G) is independent if A\N(A) = ;. The size of a maximum independent

set in G will be called the independence number of G and will be denoted by �(G). A set

B � V (G) is a dominating set if B [N(B) = V (G). The size of a minimum dominating

set in G will be called the domination number of G and will be denoted by (G). If

(G) � k, we say that G is k-dominated. A 1-factor of G will be referred to as a perfect

matching. For other notation and terminology not de�ned here we refer to [1].

G is said to be K

1;r

-free (r � 3) if G does not contain an induced subgraph which is

isomorphic to the star K

1;r

. In the special case r = 3 we say that G is claw-free. If G

is not claw-free, then any induced subgraph H of G isomorphic to K

1;3

will be called a

claw. A vertex v 2 V (G) is a claw center if there is a claw H in G such that v 2 V (H)

and jN

H

(v)j = 3.

Claw-free graphs are known to have many interesting properties. The following theo-

rem appeared in [2] and [8].

Theorem A [2], [8]. Every even connected claw-free graph has a perfect matching.

In [9], Sumner further extended Theorem A showing the following.

Theorem B [9]. If G is an even connected graph that does not have a perfect matching,

then there is a set S � V (G) such that c

o

(G� S) > jSj and every vertex of S is adjacent

to vertices of at least three odd components of G� S.

The set S introduced in Theorem B will be called an antifactor set in G. Clearly,

every vertex of an antifactor set is a claw center.

Sumner [9] also showed that Theorem A can be strengthened for graphs with higher

connectivity.

Theorem C [9]. Let G be an even k-connected K

1;k+1

-free graph. Then G has a perfect

matching.

In [6], the class of claw-free graphs was extended in the following way. We say that

a graph G is almost claw-free if there is a (not necessarily nonempty) independent set

A � V (G) such that �(hN(x)i) � 2 for x =2 A and (hN(x)i) � 2 < �(hN(x)i) for x 2 A.

Equivalently, G is almost claw-free if the neighborhood of every vertex is 2-dominated

and the set of all claw centers is independent.

Since G is claw-free if and only if �(hN(x)i) � 2 for every x 2 V (G) and since

(H) � �(H) for every graph H, every claw-free graph is almost claw-free.

The following properties of almost claw-free graphs were proved in [6].
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Theorem D [6]. Let G be a connected almost claw-free graph. Then

(i) G is K

1;5

-free,

(ii) if a vertex x 2 V (G) centers an induced claw, then (hN(x)i) = 2,

(iii) if G is even, then G has a perfect matching.

We say that an even graph G is k-extendable (0 � k < jV (G)j=2) if every set of k

independent edges of G can be extended to (i.e., is a subset of) a perfect matching (for

k = 0, G is 0-extendable if G has a perfect matching). For a survey paper on matching

extension see [5].

The following result was proved by Plummer in [4].

Theorem E [4]. Every even (2k + 1)-connected claw-free graph is k-extendable.

In this paper we extend Theorem E in a way similar to the way that Theorems C and

D(iii) extend Theorem A.

2. MAIN RESULT

Theorem 1. Let G be an even (2k+1)-connected K

1;k+3

-free graph such that the set of

claw centers is independent. Then G is k-extendable.

We �rst prove the following auxiliary assertion.

Lemma. Let T � V (G) be a cutset in a graph G such that no vertex of T is a claw

center and c(G� T ) � jT j+ 2. Then G is disconnected.

Proof. We prove the lemma by induction on t = jT j.

(i) If t = 0, then T = ; and clearly G is disconnected.

(ii) Suppose that the lemma holds for any graph having a cutset with at most t � 1

vertices with the described properties and let T be a cutset in a connected graph G such

that jT j = t, c(G � T ) � t + 2 and no vertex of T is a claw center. Then every vertex

of T has neighbors in at most two components of G � T and, since c(G � T ) � t + 2,

there is a component H of G � T such that jN

T

(H)j � 1. If jN

T

(H)j = 0, then G is

disconnected; thus let N

T

(H) = fug � T . Put G

0

= G � (V (H) [ fug). Then the set

T

0

= T n fug is a cutset of G

0

such that c(G

0

� T

0

) � jT

0

j + 2, no vertex of T

0

is a claw

center and jT

0

j = t � 1. By the induction assumption, G

0

is disconnected. Let G

0

1

be a

component of G

0

and put G

0

2

= G

0

�G

0

1

. Since no vertex of H has a neighbor in G

0

1

or in

G

0

2

, N

T

(H) = fug and since G is connected, we have N

G

0

1

(u) 6= ; and N

G

0

2

(u) 6= ; which

implies that for any vertex v

1

2 N

G

0

1

(u); v

2

2 N

G

0

2

(u) and v

3

2 N

H

(u), hfu; v

1

; v

2

; v

3

gi is
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an induced claw. This contradiction proves the lemma.

Proof of Theorem 1. For k = 0 the theorem follows immediately from Theorem A

and hence we can suppose that k � 1. Suppose, on the contrary, that G satis�es the

assumptions of the theorem and there is a set H of k independent edges that cannot be

extended to a perfect matching. Put H = fe

1

; : : : ; e

k

g and denote e

i

= x

i

y

i

, i = 1; : : : ; k.

Since no claw centers are adjacent, we can assume that no y

i

(i = 1; : : : ; k) is a claw center.

Put M

1

= fx

1

; : : : ; x

k

g; M

2

= fy

1

; : : : ; y

k

g and M =M

1

[M

2

(i.e., jM

1

j = jM

2

j = k). By

the assumption, the graph G

1

= G �M has no perfect matching. Let S = fz

1

; : : : ; z

s

g

be an antifactor set in G

1

, put C = V (G

1

� S) and let C

1

; : : : ; C

c

be the components of

hCi. Since G is even, by Theorem B and by parity we have c

o

(G

1

�S) � s+2 and hence

also c � s+ 2.

Suppose �rst that s � k. Choose a subset M

1

2

� M

2

with jM

1

2

j = k � s and put

M

2

2

= M

2

nM

1

2

. Then jM

2

2

j = s and the graph G

1

1

= G � (S [M

1

[M

1

2

) is induced by

V (C

1

) [ : : : [ V (C

c

) [M

2

2

. By the lemma (with T = M

2

2

and G = G

1

1

), the graph G

1

1

is

disconnected. Hence S[M

1

[M

1

2

is a cutset of G. Since apparently jS[M

1

[M

1

2

j = 2k, we

have a contradiction with the assumption that G is (2k+1)-connected. Hence s � k+1.

Let C(G) be a graph obtained from G by contracting every component C

i

to a vertex

c

i

and by deleting multiple edges that might be created in doing these contractions. For

each subset A �M [ S and for any i = 1; : : : ; c denote e(C

i

; A) = jfc

i

x 2 E(G)j x 2 Agj

and let e(C;A) =

P

c

i=1

e(C

i

; A). (Note that e(C

i

; A) is equal to the number of vertices of

attachment of the component C

i

in A.)

Since G is (2k+1)-connected, we have jN

M[S

(C

i

)j � 2k+1 for every C

i

, i = 1; : : : ; c.

From this and from the fact that G is K

1;k+3

-free and no y

i

(i = 1; : : : ; k) is a claw center,

we have

(2k + 1)c �

c

X

i=1

N

M[S

(C

i

) = e(C; S) + e(C;M) � (k + 2)s+ (k + 2)k + 2k;

from which, since c � s+ 2,

(2k + 1)(s+ 2) � (k + 2)s+ (k + 2)k + 2k;

or, equivalently,

(k � 1)s � k

2

� 2:

Since s � k + 1, we further have

(k � 1)(k + 1) � k

2

� 2;

which implies �1 � �2, a contradiction.

Example 2. For any k � 1, we construct a graph G

k

by the following construction.
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Let k � 1 and put s = k + 1 and c = k + 3. Choose an odd number p � k

2

+ 2k + 2

and let C

1

; : : : ; C

c

be c vertex disjoint copies of the complete graph K

p

. Let H be a set of

k independent edges e

i

= x

i

y

i

(i = 1; : : : ; k) and let S = fz

1

; : : : ; z

k+1

g be a set of k + 1

independent vertices. For every `; 1 � ` � c, choose in V (C

`

) a set of 2(k + 1) vertices

a

`

i;j

; i = 1; : : : ; k + 1; j = 1; 2 and a set of k

2

vertices b

`

i;j

; i; j = 1; : : : ; k. Let

N(z

i

) = fa

`

i;j

j j = 1; 2; ` = 1; : : : ; cg; i = 1; : : : ; k + 1

and

N(x

i

) = fb

`

i;j

j j = 1; : : : ; k; ` = 1; : : : ; cg; i = 1; : : : ; k:

Finally, for every i = 1; : : : ; k choose two integers `

1

i

; `

2

i

such that 1 � `

1

i

; `

2

i

� c and put

N(y

i

) = fb

`

1

i

i;j

j j = 1; : : : ; kg [ fb

`

2

i

i;j

j j = 1; : : : ; kg; i = 1; : : : ; k

(for k = 1, see Figure 1).
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.

Then G

k

is an even (2k+1)-connectedK

1;k+4

-free graph with independent claw centers.

However, G

k

is not K

1;k+3

-free and the set of edges H cannot be extended to a perfect

matching. This example shows that the assumption that G is K

1;k+3

-free is sharp.

It is easy to construct an example showing that also the connectivity assumption of

Theorem E (and hence also of Theorem 1) is sharp.

In the special case of almost claw-free graphs, we have the following analogous result

on k-extendability.

5



Theorem 3. If G is an even (2k + 1)-connected almost claw-free graph, then G is k-

extendable.

Proof. For k = 0 the theorem follows immediately from part (iii) of Theorem D and for

k � 2 it follows from Theorem 1 and from part (i) of Theorem D. Hence it remains to

consider the case k = 1.

Suppose again that G satis�es the assumptions but is not 1-extendable and let G

1

,

M , S and C be the same as in the proof of Theorem 1. For every v 2 V (G) that is a claw

center choose a 2-element (cf. part (ii) of Theorem D) dominating set D(v) in hN(v)i.

Suppose now that some z

i

2 S has neighbors in at least four components of hCi (say,

z

i

u

j

2 E(G) for some u

j

2 V (C

j

); j = 1; 2; 3; 4). Then, as there is no edge with vertices

in two di�erent C

j

's, hfz

i

; u

1

; u

2

; u

3

; u

4

gi is an induced K

1;4

(with center at z

i

). Since

every vertex in D(z

i

) is adjacent to exactly two u

j

's (otherwise we have two adjacent

claw centers), D(z

i

) \ C = ;. Clearly also D(z

i

) \ S = ; (otherwise we again have two

adjacent claw centers since, by Theorem B, every vertex in S is a claw center) and hence

D(z

i

) = fx

1

; y

1

g. We can suppose that fu

1

; u

2

g � N(x

1

) and fu

3

; u

4

g � N(y

1

). Since

hfx

1

; u

1

; u

2

; y

1

gi cannot be an induced claw and u

1

u

2

=2 E(G), we have u

1

y

1

2 E(G)

or u

2

y

1

2 E(G), but then hfy

1

; u

1

; u

3

; u

4

gi or hfy

1

; u

2

; u

3

; u

4

gi is an induced claw - a

contradiction. Hence every z

i

2 S has neighbors in at most three di�erent components of

hCi.

By a similar argument, x

1

has also neighbors in at most three di�erent components of

hCi (otherwise at least one vertex of D(x

1

) is in S or in C which both yields an immediate

contradiction). Finally, recall that y

1

is not a claw center. Hence we have

3c � e(C; S) + e(C;M) � 3s+ 3 + 2;

from which

3c � 3s+ 5:

From this and from c � s+ 2 we further have

3(s+ 2) � 3s+ 5;

which implies 6 � 5, a contradiction.

Since every claw-free graph is almost claw-free, Theorem 3 immediately implies The-

orem E.

Remark. A vertex x 2 V (G) is a center of an induced K

1;r

if and only if hN(x)i contains

an independent set I with jIj = r. Thus, if we put

�

L

(G) = maxf�(hN(x)i)j x 2 V (G)g;

6



then the smallest integer r for which G isK

1;r

-free satis�es r = �

L

+1 . IfG is a graph with

independent claw centers, then hN(x)i is a claw-free graph for any x 2 V (G) (otherwise

we have two adjacent claw centers). Since the determination of the independence number

is polynomial in claw-free graphs (see [3], [7]), �

L

(G) can be computed in polynomial time

for any graph with independent claw centers (although it is NP-complete in general). It

is easy to see that also the assumption of independent claw centers can be veri�ed in

polynomial time. Thus, it is convenient to restate Theorem 1 in the following way.

Corollary 4. Let G be a graph of connectivity �(G) with independent claw centers and

let

�

L

(G) = maxf�(hN(x)i)j x 2 V (G)g:

Suppose that

�

L

(G) �

�(G) + 3

2

:

Then G is b

�(G)�1

2

c-extendable.
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