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1 Introdution

In this paper we onsider �nite simple undireted graphs G = (V (G); E(G)) and for

onepts and notations not de�ned here we refer the reader to [2℄.

For a set S � V (G) we denote by N(S) the neighborhood of S, i.e. the set of all

verties of G whih have a neighbor in S. If S = fxg, we simply write N(x) for N(fxg).

For any subset M � V (G), we denote N

M

(S) = N(S) \ M . If H is a subgraph of

G, we write N

H

(S) for N

V (H)

(S). For subsets M;N � V (G), M \ N = ;, we denote

E(M;N) = fxy 2 E(G)j x 2 M; y 2 Ng. The indued subgraph on a set M � V (G) in

G will be denoted by hMi

G

.

We denote by diam(G) the diameter of G, i.e. the largest distane of a pair of verties

x; y 2 V (G). A path with endverties x; y will be sometimes referred to as an xy-path. If

x; z are verties at distane diam(G), then any shortest xz-path will be alled a diameter

path of G. By (G) we denote the irumferene of G, i.e. the length of a longest yle in

G. A graph G is hamiltonian if (G) = jV (G)j.

If H

1

; : : : ; H

k

(k � 1) are graphs, then a graph G is said to be H

1

H

2

: : :H

k

-free if G

ontains no opy of any of the graphs H

1

; : : : ; H

k

as an indued subgraph. The graphs

H

1

; : : : ; H

k

will be also referred to in this ontext as forbidden subgraphs. Spei�ally, the

graph K

1;3

will be also denoted by C and alled the law and in this ase we say that G

is law-free. Whenever verties of an indued law are listed, its enter, (i.e. its unique

vertex of degree 3) is always the �rst vertex of the list. We denote by P

i

the path on i

verties. Further graphs that will be often onsidered as forbidden subgraphs are shown

in Figure 1.
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Figure 1

We say that a vertex x 2 V (G) is loally onneted if hN(x)i

G

is a onneted graph. A

loally onneted vertex with a nonomplete neighborhood is alled eligible and the graph

G

0

x

, obtained from G by adding to the neighborhood of an eligible vertex x all missing

edges, (i.e. suh that N(x) indues in G

0

x

a omplete graph), is alled the loal ompletion

of G at x. The following was proved in [12℄.

Theorem A [12℄. Let G be a law-free graph and let x be an eligible vertex of G.

Let N

0

x

= fuv j u; v 2 N

G

(x); uv =2 E(G)g and let G

0

x

be the graph with vertex set

V (G

0

x

) = V (G) and with edge set E(G

0

x

) = E(G) [N

0

x

. Then

(i) the graph G

0

x

is law-free,

(ii) (G

0

x

) = (G).
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It an be shown that a graph whih is obtained from a law-free graph G by reursively

performing the loal ompletion operation, as long as there is at least one eligible vertex,

is uniquely determined and is again law-free. This graph is alled the losure of G and is

denoted by l(G). The following theorem summarizes the basi properties of the losure.

Theorem B [12℄. Let G be a law-free graph. Then

(i) l(G) is well-de�ned (i.e., uniquely determined by G),

(ii) there is a triangle-free graph H suh that l(G) is the line graph of H,

(iii) (l(G)) = (G),

(iv) G is hamiltonian if and only if l(G) is hamiltonian.

If G = l(G), then we say that the graph G is losed (thus, G is losed if and only if

G is the line graph of a triangle-free graph).

There are many results dealing with hamiltonian properties in lasses of graphs de�ned

in terms of forbidden indued subgraphs (see e.g. [10℄, [7℄, [11℄, [3℄, [4℄). Bedrossian [1℄

(see also [8℄) haraterized all pairs X; Y of onneted forbidden subgraphs implying

hamiltoniity.

Theorem C [1℄. Let X and Y be onneted graphs with X; Y 6= P

3

, and let G be a

2-onneted graph that is not a yle. Then, G being XY -free implies G is hamiltonian

if and only if (up to symmetry) X = C and Y = P

4

; P

5

; P

6

; C

3

; Z

1

; Z

2

; B;N or W .

The lasses of CB-free graphs and CN -free graphs were extended in [5℄ as follows. We

denote by (see also Figure 2):

B

i;j

(j � i � 1) { the generalized (i; j)-bull, i.e. the graph whih is obtained by

identifying eah of some two distint verties of a triangle with an

endvertex of one of two vertex-disjoint paths of lengths i; j,

N

i;j;k

(k � j � i � 1) { the generalized (i; j; k)-net, i.e. the graph whih is obtained by

identifying eah vertex of a triangle with an endvertex

of one of three vertex-disjoint paths of lengths i; j; k.
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Figure 2

Thus, B

1;1

' B; B

1;2

' W and N

1;1;1

' N . The graphs Z

i

(i � 1) an be de�ned

analogously (see Figure 1). We further denote byH the hourglass, i.e. the graph onsisting

of two triangles with a ommon vertex.
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A lass C of graphs suh that l(G) 2 C for every G 2 C is alled a stable lass. Clearly,

the lass of CA-free graphs is trivially stable if A is not law-free or if A is not losed.

The following theorem haraterizes all onneted losed law-free graphs A for whih the

CA-free lass is stable.

Theorem D [6℄. Let A be a losed onneted law-free graph. Then G being CA-free

implies l(G) is CA-free if and only if

A 2 fH;C

3

g [ fP

i

j i � 3g [ fZ

i

j i � 1g [ fN

i;j;k

j i; j; k � 1g:

Making use of the speial struture of losed law-free graphs, the results on hamil-

toniity in CP

i

-free, CZ

i

-free and CN -free graphs were extended in [5℄ and [6℄ to larger

lasses of CP

7

-free, CZ

4

-free and CN

1;2;2

N

1;1;3

-free graphs by haraterizing the lasses of

nonhamiltonian exeptions. Spei�ally, the following was proved in [5℄ (F denotes the

lass of graphs shown in Figure 3, where the elliptial parts represent liques of arbitrary

order).
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Figure 3

Theorem E [5℄. If G is a 2-onneted CN

1;1;2

-free graph, then either G is hamiltonian

or G 2 F .

In the lass of CB

i;j

-free graphs, the following result was proved in [9℄.

Theorem F [9℄. Let j � 2 be an integer and let G be a 2-onneted CB

2;j

-free graph

of diameter d � maxf7; 2jg. Then G is hamiltonian.

In the main result of this paper we extend this result to the lass of all 2-onneted

CN

1;2;j

-free graphs.

2 Main result

It is easy to see that, for any i; j; k � 1, there are CN

i;j;k

-free graphs of arbitrarily

large diameter. A simple example an be obtained by taking d+ 1 vertex-disjoint liques

K

0

; K

1

; : : : ; K

d

(for suÆiently large d) and by adding all of the edges between onseutive

liques, namely fxyj x 2 K

i

; y 2 K

i+1

; i = 0; 1; : : : ; d� 1g).
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In the main result of this paper, Theorem 1, we show that nonhamiltonian 2-onneted

CN

1;2;j

-free graphs must have small diameter.

Theorem 1. Let j � 2 be an integer and let G be a 2-onneted CN

1;2;j

-free graph of

diameter d � maxf7; 2jg. Then G is hamiltonian.

Sine every B

2;j

-free or N

1;1;j

-free graph is also N

1;2;j

-free, Theorem 1 implies as im-

mediate orollaries Theorem F and a orresponding result for N

1;1;j

-free graphs. However,

while it is shown in [9℄ that the assumptions of Theorem F are sharp, the lower bound on

the diameter of G an be slightly improved in the ase of N

1;1;j

-free graphs.

Corollary 2. Let j � 2 be an integer and let G be a 2-onneted CN

1;1;j

-free graph of

diameter d � maxf4; 2jg. Then G is hamiltonian.

The proofs of Theorem 1 and Corollary 2 are postponed to Setion 3.

Remarks. 1. From [7℄ we know that every 2-onneted CN

1;1;1

-free graph is hamiltonian.

The graph in Figure 4 indiates that there are 2-onneted nonhamiltonian graphs of

diameter d = 6 that are CN

1;2;j

-free for any j � 2. The example in Figure 5 shows that

there are 2-onneted nonhamiltonian graphs whih are CN

1;2;j

-free and have diameter

d = 2j � 1 for any j � 3. Hene the requirement d � maxf7; 2jg in Theorem 1 is sharp.

Moreover, for any j � 3, the graph in Figure 6 is an example of a 2-onneted non-

hamiltonian CN

1;3;j

-free graph of arbitrarily large diameter, and, similarly, the graph

in Figure 7 is 2-onneted, nonhamiltonian, CN

2;2;j

-free and has also arbitrarily large

diameter. Hene the assumption CN

1;2;j

-free in Theorem 1 is also best possible.

It is easy to see that, in fat, eah of the examples in Figures 4 { 7 yields an in�nite

family, sine eah of the vertial edges in the graphs of Figures 4, 5 (marked in the �gure

by K

i

) and eah of the edges inident with a vertex of degree 2 in the graphs of Figures 6, 7

an be blown up to a lique of arbitrary order.
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Figure 4

2. The graph in Figure 5 is also an example of a nonhamiltonian CN

1;1;j

-free graph

of diameter d = 2j � 1. Moreover, the graph in Figure 3 is a nonhamiltonian CN

1;1;2

-free

graph of diameter 3. Hene the assumption d � maxf4; 2jg of Corollary 2 is also best

possible.
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Figure 6
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Figure 7

3 Proofs

Before we prove the main result of the paper, Theorem 1, we �rst make some preliminary

observations on shortest paths and their neighborhoods. Their main idea an be found

already in [7℄, however, for the sake of ompleteness, we inlude them here as well.

Let G be a law-free graph, let x; y 2 V (G) and let P : x = v

0

v

1

v

2

: : : v

k

= y, k � 4,

be a shortest xy-path in G. Let z 2 V (G) n V (P ).

1. If jN

P

(z)j = 1, then, sine G is law-free, z is adjaent to x or to y.

2. If jN

P

(z)j � 2 and fv

i

; v

j

g � N

P

(z), then, sine P is a shortest path, ji� jj � 2.

3. By (1) and (2), jN

P

(z)j � 3 for every vertex z 2 V (G) n V (P ). Moreover, the

verties of N

P

(z) are onseutive on P .

This motivates the following notation:

N

i

:= fz 2 V (G) n V (P )j N

P

(z) = fv

i�1

; v

i

; v

i+1

gg for 1 � i � k � 1,

M

i

:= fz 2 V (G) n V (P )j N

P

(z) = fv

i�1

; v

i

gg for 1 � i � k,
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M

0

:= fz 2 V (G) n V (P )j N

P

(z) = fv

0

gg,

M

k+1

:= fz 2 V (G) n V (P )j N

P

(z) = fv

k

gg.

Thus, by (1), (2) and (3), N(P ) [ V (P ) = (

S

k

i=1

N

i

) [ (

S

k+1

i=0

M

i

) [ V (P ).

We further denote S = V (P ) [ N(P ), R = V (G) n S, M

�

i

= N

R

(M

i

), 1 � i � k, and

N

�

i

= N

R

(N

i

), 1 � i � k � 1.

The sets M

i

, N

i

, M

�

i

, N

�

i

have the following properties.

Lemma 3. Let G be a law-free graph, x; y 2 V (G), and let P : x = v

0

v

1

v

2

: : : v

k

= y

(k � 3) be a shortest x; y-path in G. Then

(i) hN

i

[ fv

i

gi

G

is omplete for 1 � i � k � 1 and hM

i

[ fv

i�1

; v

i

gi

G

is omplete for

1 � i � k,

(ii) hN

i�1

[M

i

[fv

i�1

; v

i

gi

G

and hM

i

[N

i

[fv

i�1

; v

i

gi

G

are omplete for 2 � i � k�1,

(iii) N

�

i

= ; for 1 � i � k � 1.

Proof. (i) If some N

i

or M

i

is not omplete, then some v

j

, j 2 fi� 1; i; i+1g, is a enter

of an indued law, a ontradition.

(ii) If x 2 N

i�1

and y 2 M

i

are nonadjaent, then hfv

i

; x; y; v

i+1

gi

G

is an indued

law. Hene hN

i�1

[M

i

i

G

(and similarly also hM

i

[ N

i

i

G

) is omplete; v

i�1

and v

i

are

adjaent to all its verties.

(iii) If x 2 N

�

i

, then x has a neighbor y in N

i

and hfy; x; v

i�1

; v

i+1

gi

G

is a law.

If, moreover, G is net-free, then we know more about its struture.

Lemma 4. Let j � 2, let G be a CN

1;2;j

-free graph, let x; y 2 V (G) and let P : x =

v

0

v

1

v

2

: : : v

k

= y be a shortest xy-path of length k � maxf7; 2jg in G. Then

(i) M

�

i

= ; for 3 � i � k � 2,

(ii) for every vertex z 2 R we have N

P

(z) = ; and N

S

(z) � M

0

[M

1

[M

2

[M

k�1

[

M

k

[M

k+1

.

Proof. (i) Suppose x 2 M

�

i

for some i, 3 � i � k � 2, and let y be a neighbor of x in

M

i

. Then for i � bk=2 we have hfv

i�3

; v

i�2

; v

i�1

; y; x; v

i

; : : : ; v

i+j

gi

G

' N

1;2;j

. The ase

i > bk=2 is symmetri.

(ii) N

P

(z) = ; follows from the de�nition of R; the rest follows from (3) of Lemma 3

and from (1) of Lemma 4.

Proof of Theorem 1. Let G be a 2-onneted CN

1;2;j

-free graph of diameter d �

maxf7; 2jg, j � 2, and let P : v

0

v

1

v

2

: : : v

d

be a diameter path in G. LetM

i

; N

i

;M

�

i

; S; R

be as above. Set  = bd=2.

We distinguish two ases.

Case 1: M



[N



[ fv



g is not a utset of G.
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Let H = G � fM



[ N



[ fv



gg and let P

0

: v

d

v

d+1

v

d+2

: : : v

d+`�1

v

d+`

= v

0

be a shortest

v

d

v

0

-path in H. Sine P is a diameter path, ` � d. Sine H is CN

1;2;j

-free and P

0

is a

shortest path in H, we an de�ne analogously the sets M

i

, N

i

, M

�

i

for i = d+1; : : : d+ `.

Spei�ally, by (1) of Lemma 4 we have M

�

i

= ; for d+ 3 � i � d+ `� 2.

Set H

0

= G � fM

2

[ M

d+`�2

[ N

2

[ N

d+`�2

[ fv

2

; v

d+`�2

gg. By virtue of (1) of

Lemma 4, there is a shortest v

3

v

d+`�3

-path in H

0

ontaining all verties v

i

for i 2

f3; : : : ; d � 2g [ fd + 2; : : : ; d + ` � 3g. Let P

d

: v

3

v

4

: : : v

d�2

P

d

v

d+2

: : : v

d+`�3

be suh

a path (where P

d

is a v

d�2

v

d+2

-path). If v

d�2

v

d+2

2 E(G), then v

d+2

2 M

d�1

, implying

hfv

d+4

; v

d+3

; v

d+2

; v

d�1

; v

d

; v

d�2

; : : : ; v

d�(j+2)

gi

G

' N

1;2;j

, and if v

d�2

v

d+2

are at distane 2

with a ommon neighbor x, then we have similarly x 2M

d�1

and hfv

d+3

; v

d+2

; x; v

d�1

; v

d

;

v

d�2

; : : : ; v

d�(j+2)

gi

G

' N

1;2;j

. Hene P

d

is of length at least 3. Then the length of P

d

is

at least (d� 5) + 3 + (`� 5) = d+ `� 7 � maxf7; 2jg (sine ` � d and d � maxf7; 2jg).

Hene N(P

d

) has the struture desribed in Lemma 3 and Lemma 4.

Let, symmetrially, P

0

: v

d+3

v

d+4

: : : v

d+`�2

P

0

v

2

: : : v

d�3

be a shortest v

d+3

v

d�3

-path in

the graph H

0

= G � (M

d�2

[M

d+2

[ N

d�2

[ N

d+2

[ fv

d�2

; v

d+2

g) (where again P

0

is a

v

d+`�2

v

2

-path of length at least 1). De�ne the yle C by C : v

2

v

3

: : : v

d�2

P

d

v

d+2

v

d+3

: : :

v

d+`�2

P

0

v

2

. Then C is a (hordless) yle of length `

0

� d�5+3+ `�5+3 � 2d�4 > d.

Relabel the verties of P , P

0

suh that C : v

1

; v

2

: : : v

`

0

v

1

, and de�ne the sets M

i

, N

i

, M

�

i

,

N

�

i

aordingly (indies modulo `

0

). ThenM

�

i

= N

�

i

= ; for all i = 1; : : : ; `

0

, implying that

([

`

0

i=1

(M

i

[N

i

))[ V (C) = V (G), i.e., V (G) = V (C)[N(C). Sine learly v

i

is eligible in

G if and only if N

i

6= ; or E(M

i

;M

i+1

) 6= ;, we onlude that l(G) is either omplete (if

N

i

= ; or E(M

i

;M

i+1

) = ; for at most three i = 1; : : : ; `

0

), or otherwise l(G) onsists of

k liques K

1

; : : : ; K

k

(4 � k � `

0

) suh that jV (K

i

) \ V (K

j

)j = 1 for ji � jj 2 f1; k � 1g

and V (K

i

) \ V (K

j

) = ; for i 6= j otherwise. In both ases, the hamiltoniity of l(G)

(and hene also of G) is apparent.

Case 2: M



[N



[ fv



g is a utset of G.

Then, by (1) of Lemma 4 and (2) of Lemma 3, eah of hM

i

[N

i

[fv

i

gi

G

is a lique utset

of G for i = 2; : : : ; d� 2.

First observe that M

0

� N(M

2

) and M

�

1

� M

�

2

, for otherwise there is a vertex

x 2M

0

[M

�

1

at distane d+1 from v

d

(sine every xv

d

-path passes throughM

2

[N

2

[fv

2

g).

Symmetrially, M

d+1

� N(M

d�1

) and M

�

d

�M

�

d�1

. Set

G

1

= hfv

0

; v

1

; v

2

g [N

1

[N

2

[M

0

[M

1

[M

2

[M

�

2

i

G

,

G

2

= hfv

3

; : : : ; v

d�3

g [N

3

[ : : : N

d�3

[M

3

[ : : :M

d�2

i

G

,

G

3

= hfv

d�2

; v

d�1

; v

d

g [N

d�2

[N

d�1

[M

d�1

[M

d

[M

d+1

[M

�

d�1

i

G

.

Sine G is 2-onneted, for any i = 2; : : : ; d�2 we have either N

i

6= ;, orM

i

6= ;,M

i+1

6= ;

and E(M

i

;M

i+1

) 6= ;. This implies that v

i

is eligible in G for all i, 2 � i � d � 2, and

hene V (G

2

) indues a lique in l(G).

If both V (G

1

) and V (G

3

) indue a lique in l(G), then l(G) is omplete and we are

done. Hene, by symmetry, suppose that hV (G

1

)i

l(G)

is not omplete. This immediately
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implies that v

1

annot be eligible in G (reall that M

0

� N(M

2

) and M

�

1

� M

�

2

), hene

N

1

= ; and E(M

1

;M

2

) = ;. Sine G is 2-onneted, v

1

annot be a utvertex, implying

M

0

6= ; orM

�

1

6= ;. Then it is straightforward to hek that in all possible ases (aording

to whih of M

0

, M

�

1

is nonempty), for any v

0

2

2 N

2

[M

2

there is a v

2

v

0

2

-path P

1

suh

that V (P

1

) = V (G

1

) (note that hM

0

i

G

and all hN

R

(v)i

G

, v 2M

2

, are omplete sine G is

law-free). By Theorem B (iv), G is hamiltonian.

Proof of Corollary 2. Sine N

1;1;j

-free implies N

1;2;j

-free, we immediately have the

result for d � maxf7; 2jg. If G is N

1;1;j

-free, then in Lemma 4 (i) we moreover get

M

�

i

= ; for 2 � i � d� 1, whih, reonsidering the proof of Theorem 1, yields the result

for d � maxf5; 2jg. Finally, every CN

1;1;2

-free graph of diameter at least 4 must be

hamiltonian by Theorem E.
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