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Abstract

A connected edge-colored graph G is rainbow-connected if any two distinct ver-
tices of G are connected by a path whose edges have pairwise distinct colors; the
rainbow connection number rc(G) of G is the minimum number of colors that are
needed in order to make G rainbow connected. In this paper, we complete the
discussion of pairs (X,Y’) of connected graphs for which there is a constant kxy
such that, for every connected (X,Y)-free graph G with minimum degree at least
2, r¢(G) < diam(G) + kxy (where diam(G) is the diameter of G), by giving a com-
plete characterization. In particular, we show that for every connected (Z3, S333)-
free graph G with 0(G) > 2, rc(G) < diam(G) + 156, and, for every connected
(S2,2,2, N2 2 2)-free graph G with 6(G) > 2, rc(G) < diam(G) + 72.

1 Introduction

We use [2] for terminology and notation not defined here and consider finite simple undi-
rected graphs only. To avoid trivial cases, all graphs considered will be connected with at
least one edge.

A subgraph of an edge-colored graph G is rainbow if all its edges have pairwise distinct
colors, and G is rainbow-connected if, for any =,y € V(G), the graph G contains a rainbow
path with x, y as endvertices. Note that the edge coloring need not be proper. The rainbow
connection number of G, denoted by rc(G), is the minimum number of colors that are
needed in order to make GG rainbow connected.
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This concept of rainbow connection in graphs was introduced by Chartrand et al. in
[5]. An easy observation is that if G has n vertices then rc¢(G) < n — 1, since one may
color the edges of a given spanning tree of G with different colors and color the remaining
edges with one of the already used colors. Chartrand et al. determined the precise value of
the rainbow connection number for several graph classes including complete multipartite
graphs [5]. The rainbow connection number has been studied for further graph classes
in [3, 7, 11, 15] and for graphs with fixed minimum degree in [3, 12, 17]. See [16] for a
survey.

There are various applications for such edge colorings of graphs. One interesting
example is the secure transfer of classified information between agencies (see, e.g., [8]).

For the rainbow connection number of graphs, the following results are known (and
obvious).

Proposition A. Let G be a connected graph of order n. Then
(1) 1 <rc(G) <n-—1,
(77) re(G@) > diam(G),
(i13) rc(G) =1 if and only if G is complete,
(iv) rc(G) =n —1 if and only if G is a tree.
Note that the difference rc(G) — diam(G) can be arbitrarily large since e.g. for G ~
K -1 we have re(K,,—1) — diam (K ,—1) = (n — 1) — 2 = n — 3. Especially, each bridge
requires a single color. For bridgeless graphs, the following upper bound is known.

Theorem B [1].  For every connected bridgeless graph G with radius r,
re(G) < r(r+2).

Moreover, for every integer r > 1, there exists a bridgeless graph G with radius r and
re(G) =r(r+2).

Note that this upper bound is still quadratic in terms of the diameter of G.

Let F be a family of connected graphs. We say that a graph G is F-free if G does not
contain an induced subgraph isomorphic to a graph from F. Specifically, for F = {X}
we say that G is X -free, and for F = { X, Y} we say that G is (X, Y')-free. The members
of F will be referred to in this context as forbidden induced subgraphs.

If X, X, are graphs, we write X, INCD Xy if X is an induced subgraph of X, (not
excluding the possibility that X; = X5), and if {X;,Y;}, {Xs, Y5} are pairs of graphs, we
write {X1,Y;} C {X,,Ya} if either X; C Y; and Xp C Y3, or X; C Y; and X, C V3.
It is straightforward to see that if X; INCD X5, then every Xi-free graph is Xs-free, and if
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{X1,Y1} C {Xy,Ya}, then every (Xi,Y))-free graph is (X, Ys)-free.

Although, by Theorem B, rc(G) can be quadratic in terms of diam(G), it turns out
that forbidden subgraph conditions can remarkably lower the upper bound on rc(G).



In [9], the authors considered the question for which families F of connected graphs, a
connected F-free graph satisfies rc(G) < diam(G)+kx, where kx is a constant (depending
on F), and gave a complete answer for 1 < |F| < 2 by the following two results (where
N denotes the net, i.e. the graph obtained by attaching a pendant edge to each vertex of
a triangle).

Theorem C [9]. Let X be a connected graph. Then there is a constant ky such that
every connected X -free graph G satisfies rc(G) < diam(G) + kx, if and only if X = Pj.

Theorem D [9]. Let X,Y be connected graphs, X,Y # P;. Then there is a constant
kxy such that every connected (X,Y)-free graph G satisfies rc¢(G) < diam(G) + kxy, if

and only if either {X,Y} < {Ki,, P,} for somer >4, or {X,Y} < {Ki3,N}.

Let S;;r denote the graph obtained by identifying one endvertex of three vertex dis-
joint paths of lengths i, 7, k, Z; the graph obtained by attaching a path of length 7 to a
vertex of a triangle, and let N; ;; denote the graph obtained by identifying each vertex of
a triangle with an endvertex of one of three vertex disjoint paths of lengths i, 7, k. We also
use Z} to denote the graph obtained by attaching a triangle to each vertex of degree 1 of
a star K, (see Fig. 1).
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Figure 1: The graphs 32’272, 837373, 517174, Zg, N27272 and Zf

In [10], the authors considered an analogous question for graphs with minimum degree
at least two and gave the following results.

Theorem E [10]. Let X be a connected graph. Then there is a constant kx such that
every connected X-free graph G with §(G) > 2 satisfies rc(G) < diam(G) + kx, if and
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only if X C Ps.

Theorem F [10]. Let X.,Y %D P5 be a pair of connected graphs for which there is
a constant kyy such that every connected (X,Y)-free graph G with §(G) > 2 satisfies

re(G) < diam(G)+kxy. Then {X,Y} (« {Ps, Z7} for somer € N, or { X, Y} («t {Zs, P:},
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or {X,Y} C {237517174}, or {X,Y} C {Z3,537373}, or {X,Y} C {52,272,]\[272,2}.



In [10], it was also shown that for the first three of the forbidden pairs listed in
Theorem F', the converse is also true.

Theorem G [10].
(i) Let r be a positive integer and let G be a (Py, Z7)-free graph with 6(G) > 2. Then
re(G) < diam(G) + 20 + .
(ii) Let G be a connected (Zs, P;)-free graph with 6(G) > 2. Then r¢(G) < diam(G) +
30.
(iii) Let G be a connected (Z3,S114)-free graph with 6(G) > 2. Then rc(G) <
diam(G) + 59.

In this paper, we complete the characterization of forbidden pairs (X,Y’) for which
there is a constant kxy such that every (X,Y)-free graph G with §(G) > 2 has r¢(G) <
diam(G) + kxy, by proving sufficiency for the remaining pairs listed in Theorem F. In
particular, we show the following:

e in Theorem 1, we show that every connected (Z3, S 3 3)-free graph G with 6(G) > 2
has rc(G) < diam(G) + 156, and
e in Theorem 2, we show that every connected (S222,Na22)-free graph G with
d(G@) > 2 has r¢(G) < diam(G) + 72.
Finally, in Theorem 3, we summarize these results and the results of the paper [10]
and we give a complete characterization of all forbidden pairs {X,Y} implying rc(G) <
diam(G) + kxy in (X,Y)-free graphs G with §(G) > 2.

2 Definitions and notations

In this section, we summarize some further notations and known facts that will be needed
for the proofs of our results.

A path with endvertices x,y will be referred to as an (z,y)-path, and for ' C G, an
(x,y)-path with y € V(F) is called an (z, F')-path. For a nontrivial (x,y)-path P, we set
int(P) = V(P) \ {z,y}, and two paths P, @ are said to be internally vertez-disjoint if
int(P) Nint(Q) = 0. We use rad(G) for the radius of G and diam(G) for the diameter of
G. If z,y € V(G) are at distance diam(G) and P is a shortest (z,y)-path, we say that
P is a diameter path. If C'is a cycle, then a subgraph of C' which is a path is called an
arc of C', and for A, B C V(C), an arc of C' with endvertices in A and B, respectively, is
called an (A, B)-arc of C. For a path P and x,y € V(P), a subpath of P with origin at
x and end at y is denoted by zPy, and for a cycle () (with a fixed orientation), we use
xQy to denote the (x,y)-arc of (). The same arc, traversed in the opposite orientation, is
denoted by yQz. For X|Y C V(G), we use E[X,Y] to denote the set of edges of G with
one vertex in X and the other vertex in Y. We will also sometimes use Ng[P] to denote
the closed neighborhood of a subgraph P C G. Finally, a bridge of G is an edge e € E(G)
such that G' — e has more components than G.



A dominating set D in a graph G is called a two-way dominating set if D includes all
vertices of G of degree 1. In addition, if G[D] is connected, we call D a connected two-way
dominating set. Note that if §(G) > 2, then every (connected) dominating set in G is a
(connected) two-way dominating set.

Theorem H [4]. If D is a connected two-way dominating set in a graph G, then
re(G) < re(G[D]) + 3.

A set D C V(G) is called a k-step dominating set of G, k > 0, if every vertex of G is
at a distance at most k from D.

Theorem I [6]. If G is a connected graph, and D* is a connected k-step dominating
set of G, then G has a connected (k — 1)-step dominating set D*~1 > D* such that
re(G[D*]) < re(G[DF]) + max{2k + 1,b}, where by is the number of bridges of G in
E(D*, N(D")).

In our proofs, we will use several times the following easy consequence of Theorem 1.

Corollary J. Let GG be a connected graph, and let D be a connected k-step dominating
set of G such that G[D] contains all bridges of G. Then rc(G) < rc¢(G[D]) + k (k + 2).

Proof. Let D be a connected k-step dominating set of G' such that G[D] contains all
bridges of G. By Theorem I, there is a connected (k — 1)-step dominating set D*~1 in
G such that D=1 D D and re(G[D*1]) < re(G[D]) + (2k + 1). By induction, we get
a sequence of sets D, D¥=' D*=2 DY such that D'"! D D! and D! is a connected
(i — 1)-step dominating set in G, i = k,..., 1, (i.e., specifically, D° = V(G)), and such
that re(G) = r¢(G[D°)) < re(G[D)) + (2k +1) + (2k — 1) + ... + 3 = r¢(G[D]) + X2 —
rc(G[D]) + k (k 4+ 2). |

We will also use the following two results on bridgeless graphs of small diameter.

Theorem K [13]. If G is a connected bridgeless graph of diameter 2, then rc(G) < 5.

Theorem L [14]. If G is a connected bridgeless graph of diameter 3, then rc(G) < 9.



3 Results

The following two theorems are the main results of this paper.

Theorem 1. Let G be a connected (Zs, Ss33)-free graph with §(G) > 2. Then
re(G) < diam(G) + 156.

Theorem 2. Let G be a connected (S22, Nooo)-free graph with 6(G) > 2. Then
re(G@) < diam(G) + 72.

Summarizing the statements of Theorems 1 and 2 with those of Theorems F and G,
we obtain the following characterization.

Theorem 3. Let X,Y I%D Ps5 be a pair of connected graphs. Then there is a constant
kxy such that every connected (X,Y)-free graph G with 6(G) > 2 satisfies rc(G) <
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diam(G) + kxy, if and only if either {X,Y} C {Fs, Z]} for some r € N, or {X,Y} C
IND IND IND
{Zs, Pr}, or {X, Y} C {Z3, 5114}, or {X,Y} C {Z3, 8533}, or {X, Y} C {8222, Nopo}.

4 Proofs

Let P = xg,x1,...,2, be a shortest (zg,z)-path in G and let z € V(G) \ V(P). If
|INp(z)| > 2 and {x;,z;} C Np(2), then |i — j| <2 and |Np(z)| < 3 since P is a shortest
path. In the proofs of Theorems 1 and 2, we will use the following notation (for more
details see Fig. 2):

o M}(P):={2€V(G)\V(P)|Np(z) ={z;}} for 0 <i <,
e N}(P):={2e€V(G)\V(P)|Np(2) D{wi_1,zis1}} for 1 <i <l —1,
e O/(P):={2e€V(G)\V(P)|Np(2) ={mj_1,z;}} for 1 <i < (.

¢ l—1 ¢
We set M'(P) = J M{(P), N'(P) = U N/(P), O'(P) = U Oi(P), and R'(P) =
=0 =1 =1
V(G)\ Ng|P]. For j =1,2,3,...,¢ — 1 we further denote
o M/ (P) = Ng(M](P))NRI(P) for 0 <i < ¢, NJ™'(P) = No(N;(P)) N RI(P) for
1<i<l—1,0/"™(P) = Ng(O)(P))NRI(P) for 1 < i<,

7

e . -1 , £
o MI(P) = U MITH(P), NHI(P) = U NTH(P), 071(P) = U O]1(P),
i=0 =1 =

o RITI(P) = RI(P)\ (M7 (P)U N+L(P) U O+ (P)).

We also denote M;(P) = 6 M!(P), N;(P) = 6 N} (P) and O;(P) = CJ Ol(P).

j=1
If the path P is clear from the context, we will omit the letter P in all the above
notations, i.e., we will shortly write M/, N/, O! etc. for M;(P), N/(P), O}(P) etc.,
respectively.
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Figure 2: The sets M7, N7 and O/.

4.1 The pair (Z3,5533)

Before proving sufficiency for the pair X = Z3 and ¥ = S333, we give some auxiliary
statements.

Lemma 4. Let G be a connected bridgeless Zs-free graph with w(G) > 3 and 6(G) > 2.
Then rc¢(G) < min{24, diam(G) + 20}.

Proof. Let S C V(G) denote the vertex set of a maximum clique in G. Suppose
that there is a vertex z € V(G) \ S at distance £ > 4 from G[S] in G, and let P :
Yo, Y1, Y2, - - -, Y = 2, be a shortest path between z and some vertex y, € S. Since P is
shortest, 1o is the only vertex of P belonging to S, P is induced and y; has no neighbor
in S for 2 < i < k. Since S is maximum, voy; ¢ E(G) for some vy € S. If there
is another v; € S with v; # vy and viyn ¢ E(G), then G[{yo,vo,v1, 1, -, U} ~ Zk,
otherwise, for some v; € S, v; # vy, we have G[{y1, %0, v1,%2,---, Y} ~ Zr_1. Since
k > 4, G contains an induced Z3, a contradiction. Therefore, distg(z,y) < 3 for every
pair of vertices x € S and y € V(G) \ S, implying rad(G) < 4. By Theorem B, we have
re(G) < 24. If diam(G) > 4, then rc(G) < diam(G) 4 20. Now, by Theorems K and L,
we obtain rc¢(G) < min{24, diam(G) + 20}. n

Lemma 5. Let G be a connected Zs-free graph with w(G) > 3 and §(G) > 2 such that
G contains a bridge. Then rc(G) < 4.

Proof. Let xy be a bridge in G. Since G is connected, G — xy has two components.
Let GG; denote a component containing a triangle and let G5 denote the other component
of G — zy. Up to a symmetry, suppose that x € V(G1) and y € V(Gs). Every vertex
of (G5 is adjacent to y, for otherwise we get an induced Z5 with a triangle in (G;. Then
w(Ge) > 3 since §(G) > 2. Now, every vertex of GGy is adjacent to x, otherwise we get an
induced Zs with a triangle in G5. This implies that D = {z,y} is a two-way dominating
set in G and, by Theorem H, rc(G) < rc¢(G[D]) + 3 = 4. [



The following easy observation is a useful tool.

Lemma 6. Let G be a triangle-free graph with 6(G) > 2, let b = uv be a bridge in
G, and let G, G, denote the components of G — b such that u € V(G,) and v € V(G,).
Then there is a vertex at distance two from u in (G,, and a vertex at distance two from v

in G,.

Proof.  Consider a component G, of the graph G — b. If every vertex = of G, is a
neighbor of u, then dg(z) = 1 since G is triangle-free, a contradiction. The proof for G,
is symmetric. [ |

Proof of Theorem 1. Let G be a (Z3,S333)-free graph. If G contains a triangle,
then the statement follows from Lemma 4 and 5. Thus, we assume that G is triangle-free.

First suppose that diam(G) < 5. If G is bridgeless, then rc¢(G) < 35 < diam(G) + 35
by Theorem B. Thus, we assume that G contains a bridge b, and let G, G5 denote the
components of G — b. By Lemma 6, diam(G) = 5 and b is the central edge of a diameter
path in G. Since diam(G) = 5, rad(G;) = rad(Gs) = 2 and Gy, G, are both bridgeless.
Then, by Theorem B, rc(G;) < 8 and rc(G2) < 8. Thus we get rc(G) < re(Gh)+rce(Ge)+1
since we need an extra color for the bridge b, implying that rc(G) < 17 = diam(G) + 12.

For the sets M/ and N/, we have the following statement.

Claim 1.1.  Let a,b € V(G) be vertices at distance distg(a,b) > 6, and let P : a =
xo,Z1,...,2, = b (k > 6) be a shortest (a,b)-path in G. Then
(i) M/ =0 for3<i<k—3andj>3,

(1) N? =0 for3<i<k—3andj>4,

(ii1) Ng(y) C (MY U N?Y) for every y € M?, 3 <i<k— 3,

(iv) Ng(y) C N? for everyy € N2, 3 <i <k —3.
Proof. We prove the statement (7). Let, to the contrary, 2 € M? for some 3 <7 < k—3.
Let @ be a shortest (z, z;)-path in G. Then the set of vertices {z;_3,z;_2,... 243} UV (Q)
induces an Ss 33, a contradiction. The proof of (i7) and (i) is analogous. To prove (iv),
let y € N? (for some i, 3 <i <k —3), let y> € N(y) N N2, and let y' € N(y?) N N}!. If
z € N(y)\{y*}, then the set {y', y?, y, 2, i1, Ti_9, Ti_3, Tir1, Tira, Tirz} induces an Ss 33,
unless z € N(y'), implying 2z € N?. O

For the rest of the proof, we suppose that d = diam(G) > 6. We choose a diameter path
P :xy,xq,...,24 in G. Unless otherwise stated, the sets Mij, Nij and R/, as introduced
above, will be always understood with respect to this fixed diameter path P. Since G
is triangle-free, Np(2) = {x;_1,2;11} for any z € N}, 1 < i < d—1, and O} = 0 for
1< <d.

Claim 1.2.  The path P contains all bridges of G.
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Figure 3: The paths P, @; and )5 in the proof of Claim 1.2

Proof. Let, to the contrary, b = ujus be a bridge with b ¢ E(P), and choose the notation
such that u; is in the component Bp of G—b containing P, and us is in the other component
Bpr of G — b (see Fig. 3). By Lemma 6, Bg contains a vertex w with dist(us, w) = 2 (i.e.,
dist(uy, w) = 3). Let @; denote a shortest (w, zp)-path in G and Q)5 a shortest (w, z4)-path
in G. Let v be the last common vertex of )1 and ()s, i.e., a vertex such that the paths
vQ1xo and vQyxy are internally vertex-disjoint. Denote s = dist(v,z9) = |E(vQ1z0)],
t = dist(v, zq) = |[E(vQaz4)|, and r = dist(v,w) = |E(vQiw)| = |E(vQaw)|. Obviously,
r>3.
Now, choose the paths @)1, ()2 such that

(1) |E(Q1)] is minimum and |F(Qs)| is minimum (as already mentioned), and

(7i) subject to (i), s+t = |[E(vQ1x0)| + | E(vQaz4)| is minimum.
Since d = diam(G), we have

dist(zg, w) = s+ 1 < d, (1)

dist(zq, w) =t +r < d. (2)
Since xoanﬂd is an (g, x4)-path and P is a diameter path, we have
dist(zg,v) + dist(xg,v) = s+t > d. (3)

We show that ¢ > 3: if t < 2, then from (3) we have s +2 > s+t > d, from which
s > d—2, and then (1) impliesd > s+r>d—2+r >d—2+3 = d+ 1, a contradiction.
Hence ¢ > 3, and, symmetrically, (using (2) instead of (1)), s > 3. Hence the graph F,
consisting of the paths vQixg, vQ2x4 and vQ w, contains a subgraph isomorphic to the
graph S3 33 (with center at v). Since G is Ss 3 3-free, F' is not an induced subgraph of G.

Thus, let h = 2125 be an arbitrary edge with 21, 20 € V/(F') but h € E(G)\ E(F). Since
both @, and Q, are shortest (hence chordless), up to a symmetry, z; € V(07?1 Q1)
and z € V(v'92Qyx,), where v7@ and v*% denotes the successor of v on @ and
@2, respectively. Set p = dist(v,z1) = |E(vQ121)| and ¢ = dist(v,25) = |E(vQ222)].
Obviously, p > 1 and ¢ > 1.



We show that p = ¢. First suppose that p > ¢+1. Then, considering the paths ¢); and
Q) = wQ12122Q274, we have a contradiction with the choice of 1 and Qa: if p > g+ 1,
then Q) is shorter than @, contradicting (i), and if p = ¢ + 1, then |E(Q2)| = |E(Q))],
but |E(z1Q1z0)| + |E(21Q%4)| < |E(vQ1z0)| + |E(vQ2x4)|, contradicting (i7) (where z;
plays the role of v). Hence p < ¢+ 1. Symmetrically, ¢ < p+1, implying p = ¢q. Moreover,
since G is triangle-free, we have

p=q=2. (4)

Now, we choose the edge h = 2129 such that

(731) subject to (i) and (i7), p = ¢ is maximum.
By (4), and since r > 3, g+r > 5, i.e., 7 > 5—¢q. From (2) we then have d > t+r > t+5—q,
from which ¢t — ¢ < d — 5. Since the path xoazlengd is an (xg, zq4)-path of length
s—p+1+t—gq, and P is a diameter path, d < s—p+1+t—q¢g<s—p+1+d—5,
from which we conclude that s — p > 4. Thus, dist(21,2¢) = |E(21Q120)] = s — p > 4.
Symmetrically, dist(za, x4) = |E(22Q2x4)| =t — ¢ > 4, and hence |E(z120Q224)| > 5.

<_
Thus, the graph consisting of the paths z1Q12¢, 212:Q274 and 21w contains a sub-
graph F’ isomorphic to Ss33 (with center at z;). By the choice (i), F’ is an induced
subgraph of G, a contradiction. O

We set s
i—3

By Claim 1.1,_distg(x, P) < 3 for each x € Jo. Moreover, the vertices in Jo at distance
3 from P have no neighbors in V(G) \ Je, as shown in the following statement.

Claim 1.3.  Let x € Jo. If distg(x, P) = 3, then x has no neighbor in V(G) \ Je.

Proof. If x € Jo is at distance three from P, then z € N? by Claim 1.1(i) for some
i, 3 < i < d—3, and by Claim 1.1(iv), every neighbor of z belongs to N?, and hence
to Jc. O

We also show the following observation.

Claim 1.4. Let w € V(G) \ Jo and v € Jo be such that wv € E(G). Then v €
M; U N; U{z3} for some i <6, orve M;UN,; U{xy 3} for some i > d— 6.

Proof.  Up to a symmetry, suppose that u € (MyUM; UN;UMyUNyU{zg, 21, 22}) \ Jo.
If v € M; for some i > 7, then distg(u, P) + distg(v, P) < 3 by Claim 1.1 (4i7), implying
that ¢ < 6, for otherwise a path consisting of a shortest (xg,u)-path, the edge uv and
a shortest (v, z4)-path is an (zg,x4)-path shorter than P, a contradiction. Analogously,
if v € N; for some ¢ > 7, then distg(u, P) + distg(v, P) < 4 by Claim 1.1(:v), implying
that ¢ < 6, for otherwise a path consisting of a shortest (o, u)-path, the edge uv and
a shortest (v, x4)-path is shorter than P, a contradiction. Similarly, if v = x; for some
i > 5, then there is a shorter (xq, z4)-path containing the edge uv, a contradiction again.
Finally, if v = x4, then u € M, U N3 U N5, contradicting the choice of u. U
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We now distinguish two cases.

Case 1: The set Jo is a cutset of G.

We show that there is no vertex at distance greater than 5 from P in G.
Claim 1.5.  For every z € V(G) \ Jo, distg(z, P) < 5.

Proof. Let, to the contrary, ¢ = distg(z, P) > 6 for some z € V(G) \ Jo. Up to a
symmetry, suppose that z € MyUM;UN;UM;UN,. Let () denote a shortest (z, z4)-path
in GG, and let 3/ denote the last vertex of 1 in Jo and y the successor of 3’ on ()1, both in
an orientation of ()1 from x, (note that 3’ exists since J¢ is a cutset). From Claim 1.3 and
from the fact that y & Jo, distg(y, P) < 2. Then clearly distg(zo, y) < 4 and distg(y, 2) >
¢ —2 > 4. We have d > distg(z,zq4) > distg(z,y) + distg(y, zq) > 4 + diste(y, za),
implying that distg(y,z4) < d — 4. But d < distg(zo,y) + distg(y, z4), implying that
distg(y, z4) > d — 4. Hence distg(y, 74) = d — 4, distg(y, o) = 4, distq(z,y) = 4, y € M3
(by Claim 1.3) and z € MS. We denote Qo a shortest (y,zs)-path. Then the path
r122Q2yQ1 2 is induced, and the path xorix2Q2yQ 12, is a diameter path. Recall that (),
is a shortest path. Now, if d > 7, then the subgraph consisting of the paths yQsxoz1,
yQix4 and yQ1z contains an induced Ss33 (with center at y). Hence d = 6, and then
distg(y, z4) = 2, implying y'zs € E(G). But then, by the definition of Je, y' € N3 U Mj,
contradicting the fact that P is a shortest path. O

Now, by Claim 1.5, the set V(P) is 5-step dominating in G, hence by Corollary J and
by Claim 1.2, we have rc(G) < diam(G) + 5 - 7 < diam(G) + 35.

Case 2: The set Jo is not a cutset of G.

If G is not bridgeless, then all bridges of G are on P by Claim 1.2, and at least one vertex
of each bridge is in Jo by Lemma 6. But then Jgo is a cutset of G, contradicting the
assumption of Case 2. Thus, G is bridgeless.

First suppose that d = diam(G) < 12. Since G is bridgeless, by Theorem B, we
have re(G) < rad(G)(rad(G) + 2) < d(d + 2). It is easy to verify that, for d < 12,
dld+2)=d+d(d+1) <d+ 156, we have rc(G) < diam(G) + 156, and we are done.

Thus, for the rest of the proof, we suppose that d = diam(G) > 13. We introduce the

following notation:
6

7
Jg = U (Mz U Nl U {LL’l}),
i=d—6
JV - JC \ (Jl U JQ)
We further denote P’ a shortest (zg,z4)-path in G — Jo. Note that J; N Jy = 0 since
d>13.

Note that, by Claim 1.4, there is no edge between Jy and V(G) \ Je.

11



If F C G is a cycle or a path, and A’ = v;Fv, is an arc of F, we say that A’ is
Jo-internal if V(A!) C Jgo, Al is maximal (in terms of the number of vertices) with
this property and v; € J; and vy € J3_; for some j € {1,2}. We also say that an arc
AE = wFw, is Je-external if no internal vertex of AP belongs to Jo, and wy € J;
and wy € J3_; for some j € {1,2}. We will use j&(F) to denote the number of internally
vertex-disjoint Jeo-internal arcs of F and jE(F) for the number of internally vertex-disjoint
Jo-external arcs of F'. Finally, we say that an arc A of F'is a Jg-arc if A is Je-internal
or Jo-external.

Let now C be a shortest cycle in G such that j5(C) is odd (note that C' exists since
the subgraph G[V (P) UV (P')] certainly contains such a cycle.) We observe that j5(C)
is also odd. Clearly, the total number of arcs of C' between some vertex of J; and some
vertex of J; is even. Since jL(C) is odd, there must be an arc of C' between J; and Jo
which is not Jg-internal. Let A’ be such an arc and choose A’ shortest possible. Since
A’ is not Jo-internal, A’ contains some vertex z € V(G) \ Je, and since A’ is shortest,
int(A")N(J1UJz) = 0. By Claim 1.4, we also have int(A’) N Jy = (), since there is no edge
between z and Jy. Thus, A’ is Jo-external. This means that every arc of C' between J;
and J, is either Jo-internal or Jo-external, hence a Je-arc. Thus j5(C) + jE(C) is even
and, since j5(C) is odd, jE(C) must be also odd.

Claim 1.6.  Let A be a Je-internal (v, vy)-arc of C, let v}, v}, denote the neighbor of vy
or vy in V(C) \ int(A), respectively. Then distg (v}, v) > d — 8.

Proof. By the definition of a Jgo-internal arc, v}, vy & Jo. By symmetry, we can sup-
pose that v} € (Mo U M; U Ny U My U Ny U {xg,21,22}) \ Jo. Then distg(v], P) < 2
and distg(vh, P) < 2 by Claim 1.3 and since v],v5 ¢ Jo. Hence distg(zg,v)) < 4
and distg(vh, z4) < 4. Since distg(zo,v}) + distg(vq, v5) + distg(vh, z4) > d, we get
distg (v], vh) > d — distg(zo,v]) — distg(vh, x4) > d — 8. O

Note that, using Claim 1.6, we immediately observe that |V (C)| > 10.
Claim 1.7.  The cycle C' can be chosen such that j&(C) = jE(C) = 1.

Proof.  Since both j5(C) and jE(C) are odd, hence nonzero, there is a pair Af, AF of
Jo-arcs of C such that A” is Jo-internal, A” is Jgo-external, and A?, A” are consecutive
on C, i.e., at least one of the components of C' — (int(A?) U int(AF)) contains no Je-
arc. Let v}, vF denote the endvertex of A", AF in J; (i = 1,2), respectively, let (v!)’
denote the neighbor of v/ on C' — A, and let (vF)" denote the neighbor of v¥ on AE
Then (vf), (vE) € (My U M; U Ny U My U Ny U {xg,21,22}) \ Jo and (vd), (vF) €
(Md_QUNd_QUMd_l UNd_lLJMdU{LL’d, Td—1, Id_g})\Jc. By Claim 13, diStg((U{)/, P) S 2
and distg((vF)’, P) < 2, implying that distg((v!), (vF)") < 6 for i = 1,2. Since A’ and
AE are consecutive on C, we may assume (up to a symmetry) that there is no Jg-arc
between v! and vF.

Now, if, say, j&(C) > 1, then the cycle C' consisting of AL, A the arc vICvF, and a
shortest ((vl)’, (vF))-path, has length at most [V(C)| —2-5+6 = |V(C)| — 4 since we

12



delete from C' at least two Jo-internal arcs and we add a shortest ((v1)’, (v)')-path. But
this contradicts the fact that C' is shortest possible. Therefore j.(C) = 1, and analogously
E

By Claim 1.7, for the rest of the proof we suppose that the cycle C' is chosen such that
Jt(C) = jE(C) = 1.

V()
2

Claim 1.8.  Every (y,y')-arc of C of length at most is a shortest (y,y')-path in G.

Proof.  Suppose, to the contrary, that there is an arc yCvy' of length at most @ that
is not a shortest path in G, let @ be a shortest (y,y’)-path in G, and, among all such arcs
in C, choose the arc Ay : yCy' such that the path () is shortest possible. By the same
argument as in the proof of Claim 1.7, j5(Q) < 1 and jE(Q) < 1.

Let A, : y'Cy denote the complementary arc to A; (i.e., V(A;) UV (A2) = V(C) and
V(A1) NV(As) = {y,y'}). Then clearly A;, Ay and @ are pairwise internally vertex-
disjoint paths with common endvertices, hence both C; : yAy (@y and Cy : ' AyyQy’
are cycles in G. By the definition of @) and by the assumption that A; is of length at
most m, we have |E(Q)| < |E(A1)| < |E(Ay)|, hence both C; and Cy are shorter than
C. Let A : v1Cvy be the (only) Je-internal arc of €, and choose the notation such that
v; € J1 and vy € Jy. According to the position of y and 3’ with respect to A, we have the
following three possibilities.

() y,y ¢ Jo. Then either A C Ay, or A C Ay, thus, for each value of j5(Q), either
J&(Ch) =1 or jE(Cy) = 1.

(B) y,y € Jo. Then both y and y' are vertices of A (possibly A = Ay, or {y,y'} N
int(A) # 0). If jE(Q) = 0, then jL(Cy) = 1, and if jE(Q) = 1, then j5L(C) = 1.

(7) y € Jo and ¥ ¢ Jo. Let z be the vertex in @ N (J; U J;) such that distg(z,y) is
maximal (i.e., z is the last vertex of ) in J¢, in the orientation from y to y’). Now,
if z € Jp, then j5(C)) = 1, and if 2 € Jy, then j5L(Cy) = 1.

In each of the possible cases, we have obtained a contradiction with the choice of C'. [

Recall that, by Claim 1.6, |V(C)| > 10. We show that the set V(C) is 3-step
dominating in G. Let, to the contrary, y, be a vertex at distance 4 from C, and

let @ : wa,y3,92,91,% be a shortest (y4,C)-path in G (ie., {yo} = V(C) N V(Q)).
Let yi* (y5') denote the i-h successor (predecessor) of yo on C, respectively, and set
A = y3Cy™. Since G is S3z3-free, the subgraph G[V(A) U int(Q)] is not isomor-
phic to S333, and since both @ and C' are induced, there is an edge uwv € E(G) with
ue V(Q)\{v} and v € V(A)\ {yo}. Then u = y; since @ is shortest, and by Claim 1.8
and since G is triangle-free, v € {y;2,y4?}. By symmetry, let v = yd2. But then
GI(V(QUVA) U{yd* D\ {vg' v} is an induced S 33 with center at y;, a contradic-
tion. Thus, the set V(C) is 3-step dominating in G.

Recall that G is bridgeless since Jg is not a cutset. Then, by Corollary J, we have
re(G) < diam(C) + 1+ 3 -5 < diam(G) + 16. u
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4.2 The pair (5222, N222)

The proof of Theorem 2 basically follows the same strategy as the proof of Theorem 1.
We first handle the cases with small diameter, show that all bridges are on a diameter
path, and then we again distinguish two cases according to whether the set Ji is a cutset
of G or not: in the first case, we obtain a 3-step domination by a diameter path, while
in the second case we obtain a 2-step domination by a certain chordless cycle. However,
there are 2 major differences:

e the graph G does not have to be triangle-free (implying that the sets Og(P) can

be nonempty and vertices in the sets N} (P) can have three neighbours),

e all distances are smaller since we work with an S, 59 instead of an S5 3 3.
Consequently, some parts of the proof are identical with the corresponding parts of the
proof of Theorem 1, some parts are almost identical with only different constants, and
some parts are substantially different. In order to avoid unnecessary (and tedious) repeti-
tions, for the identical parts, we refer to the corresponding parts of the proof of Theorem 1.

Proof of Theorem 2. Let G be an (S22, Nogo)-free graph. First suppose that
d = diam(G) < 4. If G is bridgeless, then r¢(G) < 24 < diam(G)+20 by Theorem B. Thus
we assume that G contains a bridge b = wv. If d = 3, then wv is a two-way dominating
set in G since 0(G) > 2, implying that rc(G) < 4 by Theorem H. Hence we suppose that
d = 4. Let G,, G, denote the components of G — b such that u € V(G,) and v € V(G,).
Up to a symmetry, suppose that every vertex of G,, is adjacent to u. Then rad(G,) = 1 and
G, is bridgeless, and rad(G,) = 2. If G, is also bridgeless, then rc(G,) < 8 by Theorem B,
implying that rc(G) = re(G,) + 1 +1¢(G,) < 34148 = 12. Thus, we assume that G,
contains a bridge. Since G is Sy g o-free and §(G) > 2, G, contains only one bridge ¥/, for
otherwise v would be a center of an induced Sy 25. Moreover, V' is incident with v. Let
G, , Gy, denote the components of G, — b such that G,, contains v. Then G,,,G,, are
both bridgeless, rad(G,,) = 1, and rad(G,,) = 1 since otherwise v would be a center of
an induced Sy 29. Thus rc(G) = re(Gy) + 2 +1¢(Gy, ) +1¢(Gy,) <3+2+3+3 =11

For the rest of the proof, we suppose that d = diam(G) > 5. We choose a diameter
path P : xg,21,...,24 in G. Unless otherwise stated, the sets M7, N7 O! and R’, as
introduced above, will be always understood with respect to this fixed diameter path P.

For these sets M7, N/ and O/, we can prove the following statement.

Claim 2.1.
(i) M/ =0 for2<i<d—2andj>2,
) Ol =0 for3<i<d—2andj>3,
(i1i) N} =0 for2<i<d—2andj> 3,
) ifz €0} 3<i<d-2,andy € R' is such that xy € E(G), then y € O?,
) ifx e N}, 2<i<d-—2,and y € R is such that vy € E(G), then y € N?.

Proof. The statements (7), (i) and (zii) follow from the fact that G is Spgo-free or
Ny o o-free. Now we show (iv). Let z € O? for some i, 3 < i < d—2,let y € R' be
such that zy € E(G), and let  denote a neighbor of z in O}. Then xly € E(G), for
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otherwise the set {2}, z;_1, %, ¥, Y, Ti_2, Ti—3, Tiy1, Tir2} induces an No 5o, a contradiction.
The statement (v) can be proved analogously. O

Claim 2.2.  The path P contains all bridges of G.

Proof.  For the proof of Claim 2.2, we can basically follow the proof of Claim 1.2, and
we refer to Figure 3. Differently from Claim 1.2, for the vertex w in the component Bp,
we have only dist(ug, w) = 1, i.e., dist(uy, w) = 2, and for r = dist(v, w) = |E(vQiw)| =
|E(vQow)|, we have r > 2.

We choose the paths @1, Q2 satisfying (i) and (ii), and we have the inequalities (1),
(2) and (3) as in the proof of Claim 1.2.

We show that t > 2: if ¢ < 1, then from (3) we have s +1 > s+ ¢ > d, from which
s >d—1, and then (1) impliesd > s+r>d—1+r >d—1+2 = d+1, a contradiction.
Hence ¢ > 2, and, symmetrically, (using (2) instead of (1)), s > 2. Hence the graph F,
consisting of the paths vQ xo, vQ2xy and vQw, contains a subgraph isomorphic to the
graph Syo 5 (with center at v). Since G is S 2 o-free, F' is not an induced subgraph of G.

Now, as in the proof of Claim 1.2, we have an edge h = z129 with the same properties,
and, in the same way, we show that p = ¢q. However, since G need not be triangle-free,
inequality (4) now reads

p=g=>1 (4)

As in Claim 1.2, we choose the edge h = z1z5 such that

(#4i) subject to (i) and (i7), p = ¢ is maximum.
By (4), and since r > 2, we have ¢ +r > 3, i.e., r > 3 — q. From (2) we then have
d>t+r >t+3—q, from which t —q < d—3. Since the path x¢Q12120Q224 is an (xg, z4)-
path of length s—p+1+t—¢q, and P is a diameter path, d < s—p+1+t—q < s—p+1+d—3,
from which we conclude that s — p > 2. Thus, dist(z1,2¢) = |E(21Q120)] = s —p > 2.
Symmetrically, dist(ze, x4) = |E(22Q2x4)] =t — g > 2, and hence |E(2122Q214)| > 3.

If p = g = 1 the subgraph [{z1290, 21Q120, 22Q224, vQ1w }] ¢ contains an induced Ny o9,
a contradiction

For p = ¢ > 2, the graph consisting of the paths 2, Q1 xq, 2122224 and zlaw contains
a subgraph F” isomorphic to Sy 25 (with center at z;). By the choice (i4i), F' is an induced
subgraph of G, a contradiction. O

d—2 d—2
We define the set Jo = (U (M; UN; U {xl})> U <U Oi).
1=2 =3

By Claim 2.1, distg(z, P) < 2 for each x € Jo.

We also show the following observation.

Claim 2.3. Let w € V(G) \ Jo and v € Jo be such that wv € E(G). Then v €
M; UN; UO;q U{xg} for somei <4, orve M; UN;UO;U{xy4_o} for somei > d— 4.

15



Proof. By Claim 2.1(z), (i) and (#ii), we have distg(v, P) < 2, and by Claim 2.1(iv), (v),
distg(u, P) < 2. Up to a symmetry, suppose that u € (My U M; U Ng U Ny U Oy U Oy U
{Z‘O,ZEI}) \ Jo (the case u € (Md UMg_1 UN;UN;_1 UOgUOy_1 U {Z‘d, xd—l}) \ Jo is
symmetric).

If v € M; for some i > 5, then distg(u, P)+ distg(v, P) < 2 by Claim 2.1(7), implying
that ¢ < 4, for otherwise a path consisting of a shortest (xg,u)-path, the edge uv and
a shortest (v, z4)-path is an (zg, x4)-path shorter than P, a contradiction. If v € N; for
some ¢ > 5, then distg(u, P) + distg(v, P) < 3 by Claim 2.1(v), implying that i < 4,
for otherwise a path consisting of a shortest (xg,u)-path, the edge uv and a shortest
(v, zq)-path is an (zg, z4)-path shorter than P, a contradiction. Analogously, if v € O;
for some ¢ > 6, then distg(u, P) + distg(v, P) < 3 by Claim 2.1(v), implying that i <5,
since otherwise a path consisting of a shortest (zo,u)-path, the edge uv and a shortest
(v, zq)-path is an (zg,z4)-path shorter than P, a contradiction. Similarly, if v = z; for
some i > 4, then there is a shorter (zg, x4)-path containing the edge uv, a contradiction
again. Finally, if v = x3 then v € M3 U Ny U N3 U Ny U O3 U Oy, contradicting the choice
of u. O

We now distinguish two cases.

Case 1: The set Jo is a cutset of GG.

We show that there is no vertex at distance greater than 3 from P in G.
Claim 2.4.  For every z € V(G) \ Jo, distg(z, P) < 3.

Proof.  Let, to the contrary, x € V(G) \ Jo be at distance 4 from P in G. Up to a
symmetry, suppose that distg(z, z9) < distg(z,z4). Let @ denote a shortest z, z4-path,
2! the first vertex of @) in Jo (in an orientation of @ from z) and z; the predecessor of 2/
on @ in the same orientation. By Claim 2.1 and by the definition of Jg, distg(z;, P) =1
and distg(z;, o) < 2, implying that distg(z;, x4) > d — 2. Then distg(z, z;) > 3, implying
that distg(x,z4) > 3+ d — 2 > d, a contradiction. O

By Claim 2.4, the set V(P) is 3-step dominating in G, hence by Corollary J and by
Claim 2.2, we have r¢(G) < diam(G) + 3 -5 < diam(G) + 15.

Case 2: The set Jo is not a cutset of G.

First suppose that d = diam(G) < 8. If G is not bridgeless, then all bridges of G are
on P by Claim 2.2, and at least one vertex of each bridge is in Jo. But then J¢ is a
cutset of GG, contradicting the assumption of Case 2. Hence G is bridgeless, and then, by
Theorem B, we have rc(G) < rad(G)(rad(G) +2) < d(d+2). It is easy to verify that, for
d<8,d(d+2)=d+d(d+1) < d+ 72, we have rc(G) < diam(G) + 72, and we are done.

Thus, for the rest of the proof, we suppose that d = diam(G) > 9. We introduce the
following notation:
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4
Jl = U (Mz U NZ U Oi+1 U {CL’Z}>,
o
Jo= U (M;UN;UO; U{x;}),
i=d—4
Jy =Jo \ (J1U Js).
We further denote P’ a shortest (zg,x4)-path in G — Jo. Note that J; N Jo = () since
d>9.

Note that, by Claim 2.3, there is no edge between Jy and V(G) \ Jo.

As in the proof of Theorem 1, we introduce the concepts of a Jo-internal arc and a
Jo-external arc and the numbers j5(C) and jE, and we define the cycle C to be a shortest
cycle in G such that j5(C) is odd. Using Claim 2.3 (which is a counterpart of Claim 1.4),
we show in the same way that j& is also odd.

Claim 2.5.  Let A be a Je-internal (v, va)-arc of C, let v}, v} denote the neighbor of v
or ve in V(C) \ int(A), respectively. Then distg(v],vh) > d — 4.

Proof. By the definition of a Je-internal arc, v}, v} € Jo. By symmetry, we can suppose
that v| € (MoUM;UNUMyUNyU{zo, z1})\Je. Then diste(v], P) < 1 and distg(vh, P) <
1 by Claim 2.1 and since v}, v5 ¢ Jo. Hence distg(zo,v]) < 2 and distg(vh, z4) < 2. Since
distg(xo, v]) + distg(v), vh) + distg(vh, x4) > d, we get distg(v], vy) > d — distg(xo, v]) —
distg(vh, xq) > d — 4. O

Note that, using Claim 2.5, we immediately observe that [V (C)| > 10.
Claim 2.6.  The cycle C can be chosen such that jL(C) = jE(C) = 1.

Proof.  Since both j5(C) and j&(C') are odd, hence nonzero, there is a pair A’, AF of
Jo-arcs of C such that A! is Jo-internal, A” is Jgo-external, and A?, AF are consecutive
on C, i.e., at least one of the components of C' — (int(A’) U int(A¥)) contains no Jo-arc.
Let v/, vF denote the endvertex of A7, AF in J; (i = 1,2), respectively, let (v!)" denote
the neighbor of v! on C — Al and let (vF)" denote the neighbor of v on AF. Then
(v]), (vF) € (MyUM,UN;UO;UOU{zo, x1})\ Je and (v, (vF) € (O4_2UO;UMy 1 U
Ny UMgU{zg,741}) \ Jo. By Claim 2.1, distg((v!)’, P) < 1 and distg((vF), P) < 1,
implying that distg((v!), (vF)') < 4 for i = 1,2. Since A’ and AF are consecutive on C,
we may assume (up to a symmetry) that there is no Jo-arc between v and vF.

Now, if, say, j&(C) > 1, then the cycle C' consisting of Af, A the arc v!CvF, and a
shortest ((vi)’, (v¥)')-path, has length at most |V(C)| —2 -5+ 3 = [V(C)| — 7 since we
delete from C' at least two Jo-internal arcs and we add a shortest ((v1)’, (v)')-path. But
this contradicts the fact that C' is shortest possible. Therefore j.(C) = 1, and analogously
JEC) =1 .

By Claim 2.6, for the rest of the proof we suppose that the cycle C' is chosen such that
je(C) = jé(C) = 1.
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The next claim is identical with Claim 1.8, and since the proof of Claim 1.8 uses only
metric arguments on cycles and arcs, the proof of Claim 2.7 is also identical with that of
Claim 1.8 (using Claim 2.6, which is a counterpart to Claim 1.7). We therefore include
here only the statement of Claim 2.7, and for its proof, we refer to the proof of Claim 1.8.

V()]
2

Claim 2.7.  Every (y,y')-arc of C' of length at most is a shortest (y,y')-path in G.

g

Recall that, by Claim 2.5, |V(C)| > 10. Now, every vertex of GG is at distance at
most 2 from C' by the same arguments as in the proof of Claim 2.1. But then the
set V(C) is 2-step dominating in G, hence by Corollary J and by Claim 2.2, we have
re(G) < diam(C) + 1+ 2 -4 < diam(G) + 9. u
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5 Appendix (for referees only, not for publication)

We include here a full proof of Theorem 2, containing also the omitted parts.

Proof of Theorem 2.  First suppose that d = diam(G) < 4. If G is bridgeless, then
re(G) < 24 < diam(G) + 20 by Theorem B. Thus we assume that G contains a bridge
b= wuv. If d =3, then wv is a two-way dominating set in G since §(G) > 2, implying
that rc(G) < 4 by Theorem H. Hence we suppose that d = 4. Let G,, G, denote the
components of G — b such that v € V(G,) and v € V(G,). Up to a symmetry, suppose
that every vertex of G, is adjacent to w. Then rad(G,) = 1 and G, is bridgeless, and
rad(G,) = 2. If G, is also bridgeless, then rc(G,) < 8 by Theorem B, implying that
re(@) = re(Gy) + 1 +1¢(G,) < 3+ 1+ 8 = 12. Thus, we assume that G, contains a
bridge. Since G is Sago-free and §(G) > 2, G, contains only one bridge ¥/, for otherwise
v would be a center of induced Sy 2. Moreover, b’ is incident with v. Let G,,, G,, denote
the components of G, — V/ such that G,, contains v. Then G,,,G,, are both bridgeless,
rad(Gy,) = 1, and rad(G,,) = 1 since otherwise v would be a center of an induced S 9 2.
Thus rc¢(G) = rc(Gy) + 2 + 1¢(Gy,) + 1¢(Gy,) <3+2+3+3 =11

For the rest of the proof, we suppose that d = diam(G) > 5. We choose a diameter
path P : zg,x1,...,24 in G. Unless otherwise stated, the sets Mij, Nij, Of and R/, as
introduced above, will be always understood with respect to this fixed diameter path P.
For these sets M7, N7 and O, we can prove the following statement.

Claim 2.1.

(i) M =0 for2<i<d—2andj>2,

(11) Oj—®f0r3<z<d—2and]>3

(i1i) N} =0 for2<i<d-—2andj >3,
(iv) 1fx €0? 3<i<d-2,andy € R is such that xy € E(G), then y € O?,
(v) ifz € N?,2<i<d—2, andy € R' is such that zy € E(G), then y € N?.

Proof. The statements (i), (i7) and (zii) follow from the fact that G is Sggo-free or
Ny 5 o-free, respectively. Now we show (iv). Let z € O? for some i, 3 < i < d— 2,
let y € R! be such that zy € F(G), and let x} denote a neighbor of x in O}. Then
ziy € E(QG), for otherwise the set {z}, z;,_1, x;, x, Y, Ti—2, Ti_g, Tit1, Tiyo} induces an Ny o,
a contradiction. The statement (v) can be proved analogously. U

Claim 2.2. The path P contains all bridges of G.

Proof.  Let, to the contrary, b = ujus be a bridge with b ¢ E(P), and choose the notation
such that u; is in the component Bp of G—b containing P, and us is in the other component
Bpr of G—b (see Fig. 4). The component Bg, contains a vertex w with dist(us, w) =1 (i.e.,
dist(uy, w) = 2). Let Q1 denote a shortest (w, xp)-path in G and @)y a shortest (w, z4)-path
in GG. Let v be the last common vertex of ()1 and ()s, i.e., a vertex such that the paths
vQ1xo and vQyx, are internally vertex-disjoint. Denote s = dist(v,z9) = |E(vQ1z0)],
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Figure 4: The paths P, @; and )5 in the proof of Claim 2.2

= dist(v, x4) = |E(vQ2x4)|, and r = dist(v, w) = |E(vQiw)| = |E(vQ2w)|. Obviously,
r > 2.
Now, choose the paths @)1, ()2 such that
(7) |E(Q1)] is minimum and |F(Qs)| is minimum (as already mentioned), and
(77) subject to (i), s +t = |E(vQizo)| + |E(vQ2x4)| is minimum.
Since d = diam(G), we have

dist(zg, w) = s+ r <d, (1)

dist(zq,w) =t +r < d. (2)
Since xO&ngscd is an (xg, z4)-path and P is a diameter path, we have
dist(zg,v) + dist(x4,v) = s+t > d. (3)

We show that ¢ > 2: if t < 1, then from (3) we have s + 1 > s+t > d, from which
s >d—1, and then (1) impliesd > s+r>d—1+r >d— 142 = d+ 1, a contradiction.
Hence ¢ > 2, and, symmetrically, (using (2) instead of (1)), s > 2. Hence the graph F,
consisting of the paths vQ xg, vQ2xy and vQw, contains a subgraph isomorphic to the
graph Sy o5 (with center at v). Since G is S 2 o-free, F' is not an induced subgraph of G.

Thus, let h = 2123 be an arbitrary edge with 21, 20 € V/(F') but h € E(G)\ E(F'). Since
both @, and Q, are shortest (hence chordless), up to a symmetry, z; € V(vT91Q 1)
and z, € V(0v792Qq14), where v*91 and v denotes the successor of v on Q; and
()2, respectively. Set p = dist(v,z1) = |E(vQ121)| and ¢ = dist(v, z2) = |E(vQ222)].
Obviously, p > 1 and ¢ > 1.

We show that p = ¢. First suppose that p > ¢+1. Then, considering the paths ), and
Q) = wQ1z122Q274, we have a contradiction with the choice of @ and Qs: if p > g+ 1,
then Q5 is shorter than @)y, contradicting (i), and if p = ¢ + 1, then |E(Q2)| = |E(Q5)],
but |E(z1Q1z0)| + |E(21Q%4)| < |E(vQix0)| + |E(vQ2x4)|, contradicting (i) (where z
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plays the role of v). Hence p < ¢+ 1. Symmetrically, ¢ < p+ 1, implying p = q. Moreover
we have

p=q>1 (4)

Now, we choose the edge h = 2125 such that

(731) subject to (i) and (i7), p = ¢ is maximum.
By (4), and since r > 2, g+r > 3, i.e., 7 > 3—q. From (2) we then have d > t+r > t+3—q,
from which ¢t — ¢ < d — 3. Since the path xoazlengd is an (xg, zq4)-path of length
s—p+1+t—gq, and P is a diameter path, d < s—p+1+t—q¢g<s—p+1+d—3,
from which we conclude that s — p > 2. Thus, dist(21,2¢) = |E(21Q120)] = s —p > 2.
Symmetrically, dist(ze, x4) = |E(22Q224)] =t — g > 2, and hence |E(2120Q224)| > 3.

If p = ¢ = 1 the subgraph [{z1200, 21Q170, 22Q2 4, vQ1w}] contains an induced N o,
a contradiction -
For p = q¢ > 2, the graph consisting of the paths z;Q1x¢, 2122Q2x4 and 201w contains
a subgraph F” isomorphic to Sy 25 (with center at z;). By the choice (i4i), F" is an induced
subgraph of G, a contradiction. O
d—2

d—2
We define the set Jo = (U (M; UN; U {ml})> U <U Oi).
i=2 i=3
By Claim 2.1, distg(z, P) < 2 for each x € Jo.

We also show the following observation.

Claim 2.3. Let w € V(G) \ Jo and v € Jo be such that wv € E(G). Then v €
M; UN; UO;q U{xs} for somei <4, orve M;UN;UO;U{xy o} for somei > d— 4.

Proof. By Claim 2.1(¢), (i7) and (i7), we have distg(v, P) < 2, and by Claim 2.1(iv), (v),
distg(u, P) < 2. Up to a symmetry, suppose that u € (My U M; U Ng U Ny U Oy U Oy U
{ZL‘O,ZEI}) \ Jo (the case u € (Md UMg_1 UNgjUN;_1UOzU Oy U {:L‘d, xd—l}) \ Jo is
symmetric).

If v € M; for some i > 5, then distg(u, P)+ distg(v, P) < 2 by Claim 2.1(7), implying
that ¢ < 4, for otherwise a path consisting of a shortest (zg,u)-path, the edge uv and
a shortest (v, zg4)-path is an (zg, x4)-path shorter than P, a contradiction. If v € N; for
some ¢ > 5, then distg(u, P) + distg(v, P) < 3 by Claim 2.1(v), implying that i < 4,
for otherwise a path consisting of a shortest (zg,u)-path, the edge wv and a shortest
(v, zq)-path is an (zg, z4)-path shorter than P, a contradiction. Analogously, if v € O;
for some i > 6, then distg(u, P) + distg(v, P) < 3 by Claim 2.1(4v), implying that i <5,
since otherwise a path consisting of a shortest (zo,u)-path, the edge uv and a shortest
(v, xq)-path is an (zg,z4)-path shorter than P, a contradiction. Similarly, if v = z; for
some i > 4, then there is a shorter (zg, x4)-path containing the edge uv, a contradiction
again. Finally, if v = x3 then u € M3 U Ny U N3 U Ny U O3 U Oy, contradicting the choice
of u. O
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We now distinguish two cases.

Case 1: The set Jo is a cutset of G.

We show that there is no vertex at distance greater than 3 from P in G.
Claim 2.4.  For every x € V(G) \ Jo, distg(x, P) < 3.

Proof.  Let, to the contrary, x € V(G) \ Jo be at distance 4 from P in G. Up to a
symmetry, suppose that distg(z, o) < distg(z,z4). Let @ denote a shortest z, z4-path,
2} the first vertex of @) in J (in an orientation of @) from z) and z; the predecessor of 2]
on @ in the same orientation. By Claim 2.1 and by the definition of Jg, distg(z;, P) =1
and distg(z;, 79) < 2, implying that distg(z;, x4) > d — 2. Then distg(z, z;) > 3, implying
that distg(x,z4) > 3+ d — 2 > d, a contradiction. O

By Claim 2.4, the set V(P) is 3-step dominating in G, hence by Corollary J and by
Claim 2.2, we have rc(G) < diam(G) + 3 -5 < diam(G) + 15.

Case 2: The set Jo is not a cutset of G.

First suppose that d = diam(G) < 8. If G is not bridgeless, then all bridges of G are
on P by Claim 2.2, and at least one vertex of each bridge is in Jo. But then Jo is a
cutset of G, contradicting the assumption of Case 2. Hence G is bridgeless, and then, by
Theorem B, we have rc(G) < rad(G)(rad(G) +2) < d(d +2). It is easy to verify that, for
d<8,dd+2)=d+d(d+1) < d+ 72, we have rc(G) < diam(G) + 72, and we are done.

Thus, for the rest of the proof, we suppose that d = diam(G) > 9. We introduce the
following notation:

4
Jl = U (Mz U Nz U Oi+1 U {CL’Z}),
=2
d—2
Jo= U (M;UN;UO; U{x}),

i=d—4
Jy =Jo \ (J1U Js).

We further denote P’ a shortest (zg,x4)-path in G — Jo. Note that J; N Jy = () since

d>09.

Note that, by Claim 2.3, there is no edge between Jy, and V(G) \ Je.

If F C G is a cycle or a path, and A’ = v, Fv, is an arc of F, we say that Al is
Jo-internal if V(A?) C Jo, Al is maximal (in terms of the number of vertices) with
this property and v; € J; and vy € J3_; for some j € {1,2}. We also say that an arc
AE = w Fw, is Jo-external if no internal vertex of A¥ belongs to Jo, and wy € J;
and wy € J3_; for some j € {1,2}. We will use j4(F) to denote the number of internally
vertex-disjoint Je-internal arcs of F and jE(F') for the number of internally vertex-disjoint
Jo-external arcs of F'. Finally, we say that an arc A of F' is a Jg-arc if A is Jo-internal
or Jo-external.

Let now C be a shortest cycle in G such that j5(C) is odd (note that C' exists since
the subgraph G[V (P) UV (P’)] certainly contains such a cycle.) We observe that j5(C)
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is also odd. Clearly, the total number of arcs of C' between some vertex of J; and some
vertex of Jy is even. Since j5(C) is odd, there must be an arc of C between .J; and J
which is not Jg-internal. Let A’ be such an arc and choose A’ shortest possible. Since
A’ is not Jeo-internal, A’ contains some vertex z € V(G) \ Jeo, and since A’ is shortest,
int(A")N(J;UJy) = 0. By Claim 2.3, we also have int(A’) N Jy = 0, since there is no edge
between z and Jy,. Thus, A’ is Jo-external. This means that every arc of C' between J;
and J is either Jo-internal or Jo-external, hence a Jo-arc. Thus j4(C) + jE(C) is even
and, since j5(C) is odd, jE(C) must be also odd.

Claim 2.5.  Let A be a Je-internal (v, vq)-arc of C, let v}, v}, denote the neighbor of vy
or vy in V(C) \ int(A), respectively. Then distg (v, vh) > d — 4.

Proof. By the definition of a Je-internal arc, v}, vy € Jo. By symmetry, we can suppose
that v € (MoUM;UN;UMyUNyU{zo, z1})\Je. Then distg(v], P) < 1 and distg(vh, P) <
1 by Claim 2.1 and since v}, v5 ¢ Jo. Hence distg(zo,v]) < 2 and distg(vh, 24) < 2. Since
distg (g, v]) + distg(v], vh) + distg(vh, x4) > d, we get distg(vy, vy) > d — distg(xg, v]) —
distg(vh, zq) > d — 4. O

Note that, using Claim 2.5, we immediately observe that |V (C)| > 10.
Claim 2.6.  The cycle C' can be chosen such that j&(C) = jE(C) = 1.

Proof.  Since both j5(C) and jE(C) are odd, hence nonzero, there is a pair A’; AF of
Jo-arcs of C such that A! is Jo-internal, A” is Jgo-external, and A’, AF are consecutive
on C, i.e., at least one of the components of C' — (int(A”) U int(A¥)) contains no Je-arc.
Let v}, v¥ denote the endvertex of AL, AF in J; (i = 1,2), respectively, let (v!)" denote
the neighbor of v/ on C' — A!, and let (vF)" denote the neighbor of v® on A¥. Then
(U{)/, (UlE)/ S (M0UM1UN1U01UOQU{$0, {L‘l})\JC and (U%)’, (UQE)/ S (Od_QUOdUMd_lu
Ng_1 UMgU{z4,741}) \ Jo. By Claim 2.1, distg((v!)’, P) < 1 and distg((v?), P) < 1,
implying that distg((v!)', (vF)) < 4 for i = 1,2. Since AT and AF are consecutive on C,
we may assume (up to a symmetry) that there is no Jg-arc between v! and v¥.

Now, if, say, j&(C) > 1, then the cycle C' consisting of A?, AP the arc v{CvF, and a
shortest ((vi)’, (vE)')-path, has length at most |V(C)| —2-5+ 3 = |[V(C)| — 7 since we
delete from C' at least two Je-internal arcs and we add a shortest ((vi)’, (v¥)')-path. But
this contradicts the fact that C' is shortest possible. Therefore j5(C') = 1, and analogously
JEC) = 1. 0

By Claim 2.6, for the rest of the proof we suppose that the cycle C' is chosen such that
JL(C) = JE(C) = 1.

Claim 2.7.  Every (y,y')-arc of C' of length at most @ is a shortest (y,y')-path in G.
v

Proof.  Suppose, to the contrary, that there is an arc yC'y’ of length at most @ that
is not a shortest path in G, let @) be a shortest (y,y’)-path in GG, and, among all such arcs
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in C, choose the arc A; : yCy' such that the path () is shortest possible. By the same
argument as in the proof of Claim 2.6, j4(Q) < 1 and j5(Q) < 1.

Let As : y'Cy denote the complementary arc to A; (i.e., V(A1) UV (A2) = V(C) and
V(A;) NV (As) = {y,y'}). Then clearly A;, Ay and @ are pairwise internally vertex-
disjoint paths with common endvertices, hence both Cy : yA1y' Qy and Cy : 3y AyQy’
are cycles in G. By the definition of () and by the assumption that A; is of length at
most @, we have |E(Q)| < |E(A1)] < |E(Asz)|, hence both C; and Cy are shorter than
C. Let A : v1Cvy be the (only) Je-internal arc of C, and choose the notation such that
v; € J1 and vy € Jy. According to the position of y and 3’ with respect to A, we have the
following three possibilities.

() y,y ¢ Jo. Then either A C Ay, or A C Ay, thus, for each value of j5(Q), either
J&(Ch) = 1or jE(Cy) = 1.

(B) y,y € Jo. Then both y and y' are vertices of A (possibly A = Ay, or {y,y'} N
int(A) # 0). If jE(Q) = 0, then jL(Cy) =1, and if jE(Q) = 1, then jL(Cy) = 1.

(7) y € Jo and ¢’ ¢ Jo. Let z be the vertex in @ N (J; U J) such that distg(z,y) is
maximal (i.e., z is the last vertex of @) in J¢, in the orientation from y to y’). Now,
if z € Jp, then j5(C)) = 1, and if 2 € Jy, then j5L(Cy) = 1.

In each of the possible cases, we have obtained a contradiction with the choice of C'. [

Recall that, by Claim 2.5, |V(C)| > 10. Now, every vertex of G is at distance at
most 2 from C' by the same arguments as in the proof of Claim 2.1. But then the
set V(C) is 2-step dominating in G, hence by Corollary J and by Claim 2.2, we have
re(G) < diam(C) +1+2-4 < diam(G) + 9. |
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