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Abstract

The generalized bull is the graph B; ; obtained by attaching endvertices of two disjoint
paths of lengths 4,5 to two vertices of a triangle. We prove that every 3-connected
{Ki 3, X}-free graph, where X € {B;¢,B25, B34}, is Hamilton-connected. The re-
sults are sharp and complete the characterization of forbidden induced bulls implying
Hamilton-connectedness of a 3-connected {claw,bull}-free graph.
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1 Definitions and notations

In this paper, by a graph we always mean a simple finite undirected graph; whenever we admit
multiple edges, we always speak about a multigraph. We generally follow the most common
graph-theoretical notation and terminology and for notations and concepts not defined here
we refer to [4]. Specifically, a multiple edge of multiplicity at least 2 (exactly 2, exactly 3) is
referred to as a multiedge (double edge, triple edge), respectively. We use dg(z) to denote the
degree of a vertex x in G, and for i > 1 we set V;(G) = {z € V(G)| dg(z) =i}. If z € Va(G)
with Ng(x) = {v1,y2}, then the operation of replacing the path y;zys by the edge y1y, is
called suppressing the vertex x. The inverse operation is called subdividing the edge y,ys with
the vertex x. We write I C H if F' is a sub(multi)graph of H, G ~ G5 if the (multi)graphs
(1, Go are isomorphic, and (M) to denote the induced sub(multi)graph on a set M C V(G).
We say that a vertex x € V(G) is simplicial if (Ng(z))g is a complete graph, and we use
Vs1(G) to denote the set of all simplicial vertices of G. The circumference of G, denoted ¢(G),
is the length of a longest cycle in G. The line graph of a multigraph H is the graph G = L(H)
with V(G) = E(H), in which two vertices are adjacent if and only if the corresponding edges
of H have at least one vertex in common.

By a closed trail in G we mean an eulerian subgraph of GG, and a connected subgraph with
exactly two vertices of odd degree is called a trail in G. Its vertices of odd degree are its
endvertices, and (any) its edge incident to an endvertex is a terminal edge (note that these
definitions are equivalent with those in [4]). For x,y € V(G), a path (trail) with endvertices
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x,y is referred to as an (z, y)-path ((x, y)-trail), a trail with terminal edges e, f € E(G) is called
an (e, f)-trail, and Int(7T") denotes the set of interior vertices of a trail 7. A set of vertices
M C V(G) dominates an edge e, if e has at least one vertex in M, and a sub(multi)graph
F C G dominates e if V(F) dominates e. A closed trail 7" is a dominating closed trail
(abbreviated DCT) if 7" dominates all edges of G, and an (e, f)-trail is an internally dominating
(e, f)-trail (abbreviated (e, f)-IDT) if Int(7") dominates all edges of G. A graph is Hamilton-
connected if, for any u,v € V(G), G has a hamiltonian (u, v)-path, i.e., an (u,v)-path P with
V(P)=V(Q).

Finally, if F is a family of graphs, we say that G is F-free if G does not contain an induced
subgraph isomorphic to a member of F, and the graphs in F are referred to in this context
as forbidden (induced) subgraphs. It F = {F}, we simply say that G is F-free. Here, the
claw is the graph K 3, P; denotes the path on ¢ vertices, and I'; denotes the graph obtained
by joining two triangles with a path of length 7 (see Fig. 2(a)). Several further graphs that
will be used as forbidden subgraphs are shown in Fig. 1 (specifically, the vertex of degree 2
in the triangle of the bull B;; will be called its mouth and denoted u(B; ;)). Whenever we
will list vertices of an \S; ;5 in a graph, we will always write the list such that ¢« < j <k, and
we will use the notation S; ; x(v;a1as ... a;;01bs ... bj;c1c0. .. ¢) (in the labeling of vertices as
in Fig. 1(d)). Similarly, when listing vertices of an induced claw K3, we will always list its
center as the first vertex of the list, and when listing vertices of an induced subgraph F' ~ B, ;,
we will always list first p(F'), and then vertices of the two paths, starting (if possible) with
the shorter one.
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Figure 1: The graphs Z;, B; j, N; ;i and S; ;x

We also recall two well-known graphs that will occur as exceptions in some of the results,
namely, the Petersen graph IT and the Wagner graph W (see Fig. 2(b), (¢)). It is a well-known
fact that the Wagner graph can be obtained from the Petersen graph by removing an arbitrary
edge and suppressing the two created vertices of degree 2. We will often refer to these graphs
using the labeling of their vertices as indicated in Fig. 2.
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Figure 2: The graph I';, the Petersen graph II and the Wagner graph W



2 Introduction

There are many results on forbidden induced subgraphs implying various Hamilton-type graph
properties. For hamiltonicity in 2-connected graphs (recall that 2-connectedness is the neces-
sary connectivity level for the property), pairs of forbidden connected subgraphs are completely
characterized [8]. However, for Hamilton-connectedness in 3-connected graphs (where again,
3-connectedness is the necessary connectivity level for the property), the progress is relatively
slow. For forbidden pairs of connected graphs, there is a list of potential candidates: one of
them must be the claw K 3, and the second one belongs to the list mentioned in Section 6.
Among them, P, and N, ;j are easier to handle since if G is {K 3, P;}-free or {K; 3, N,k }-
free, then so is its closure (more on closures in Section 3), but this is not true for B; ;, Z; or
I';. In this paper, we introduce a technique that allows to overcome this problem for bull-free
graphs.

Theorem A below lists the best known results on pairs of forbidden subgraphs implying
Hamilton-connectedness of a 3-connected graph (where, in the statement (i7), W' denotes the
graph obtained from the Wagner graph W (see Fig. 2(c)) by attaching exactly one pendant
edge to each of its vertices).

Theorem A [3, 6, 13, 14, 15|. Let G be a 3-connected { K 3, X }-free graph, where
(1) [6] X =T, or
(17) [3] X = Py, or
(i17) [20] X = Zs, or X = Z; and G % L(W1), or
() [15, 13, 14] X = B, fori+j < 6, or
(U) [15] X = N172’4, or
(UZ) [13, 14] X e {N17175,N17373,N27273}.
Then G is Hamilton-connected.

Note that statement (iv) is an immediate corollary of (v) and (vi) since B; ; with i 4+j < 6
is an induced subgraph of Ny 15, N124 or Ny 3.

Let W be the family of graphs obtained by attaching at least one pendant edge to each of
the vertices of the Wagner graph W, and let G = {L(H)| H € W} be the family of their line
graphs. Then any G € G is 3-connected, non-Hamilton-connected (there is e.g. no hamiltonian
(L(wyws), L(wswy))-path), Pio-free, B; ;-free for i + j = 8, and N, j,-free for i + j + k = 8.
Thus, this example shows that parts (i7), (v) and (vi) of Theorem A are sharp, and also the
next result, which is the main result of this paper, is sharp.

Theorem 1. Let X € {Bi4, Bas, Bsa}, and let G be a 3-connected { K 3, X }-free graph.
Then G is Hamilton-connected.

The proof of Theorem 1 is postponed to Section 5. In Section 3, we collect some known results
and facts on line graphs and on closure operations that will be needed. In Subsection 3.5, we
develop a method to overcome the difficulties arising from the fact that the class of { K3 3, B; ;}-
free graphs is not stable under closure operations. In Section 4, we develop a technique that
allows a significant reduction of the number of cases to be considered. Finally, in Section 6,
we briefly update the discussion of remaining open cases in the characterization of forbidden
pairs of connected graphs for Hamilton-connectedness from [14].



3 Preliminaries

In Subsections 3.1 — 3.4, we summarize some known facts that will be needed in our proof
of Theorem 1, and in Subsection 3.5, we introduce a class of graphs B;; such that every
{K\3, B; j}-free graph is in B;;, and for any G € B, ;, each of its UM-closures also belongs
to Bi,j'

3.1 Line graphs of multigraphs and their preimages

While in line graphs of graphs, for a line graph G, the graph H such that G = L(H) is uniquely
determined with a single exception of G = K3, in line graphs of multigraphs this is not true.
Using a modification of an approach from [22], the following was proved in [18].

Theorem B [18].  Let G be a connected line graph of a multigraph. Then there is, up
to an isomorphism, a uniquely determined multigraph H such that G = L(H) and a vertex
e € V(G) is simplicial in G if and only if the corresponding edge e € E(H) is a pendant edge
in H.

The multigraph H with the properties given in Theorem B will be called the preimage
of a line graph G and denoted H = L™'(G). We will also use the notation a = L(e) and
e = L™ !(a) for an edge e € F(H) and the corresponding vertex a € V(G).

An edge-cut R C E(H) of a multigraph H is essential if H — R has at least two nontrivial
components, and H is essentially k-edge-connected if every essential edge-cut of H is of size
at least k. It is a well-known fact that a line graph G is k-connected if and only if L7!(G) is
essentially k-edge-connected. It is also a well-known fact that if X is a line graph, then a line
graph G is X-free if and only if L™!(G) does not contain as a sub(multi)graph (not necessarily
induced) a (multi)graph F such that L(F) = X (but not necessarily F' = L™'(X)). However,
it is straightforward to verify that for the graph B;; there is exactly one multigraph F' such
that L(F) = B, j, namely, the graph L™Y(B; ;) = S1,i41,+1 (see Fig. 1(d)).

Harary and Nash-Williams [9] established a correspondence between a DCT in H and a
hamiltonian cycle in L(H) (the result was given in [9] for line graphs of graphs, but it is
easy to see that it is true also for line graphs of multigraphs). A similar result showing that
G = L(H) is Hamilton-connected if and only if H has an (e;,e2)-IDT for any pair of edges
e1,e9 € E(H), was given in [12] (in fact, part (ii) of the following theorem is slightly stronger
than the result from [12], and its easy proof is given in [13]).

Theorem C [9, 12].  Let H be a multigraph with |E(H)| > 3 and let G = L(H).
(1) [9] The graph G is hamiltonian if and only if H has a DCT.
(i1) [12] For every e; € E(H) and a; = L(e;), i = 1,2, G has a hamiltonian (ay, as)-path if
and only if H has an (ey, e5)-IDT.

3.2 SM-closure

For a graph G and z € V(G), the local completion of G at x is the graph G, = (V(G), E(G) U
{v1y2| y1,y2 € No(z)}) (i-e., G, is obtained from G by adding all the missing edges with both
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vertices in Ng(z)). Obviously, if G is claw-free, then so is ;. Note that in the special case
when G is a line graph and H = L™'(G), G, is the line graph of the (multi)graph obtained
from H by contracting the edge L™'(x) into a vertex and replacing the created loop(s) by
pendant edge(s). Also note that clearly x € Vg;(G.) for any = € V(G), and, more generally,

Vsi(G) C Vsi(G) for any x € V(G).

We say that a vertex x € V(G) is eligible if (Ng(x))q is a connected noncomplete graph,
and we use Vg (G) to denote the set of all eligible vertices of G. In [17], it was shown that
if G is claw-free and z € Vgr(G), then G, is hamiltonian if and only if G is hamiltonian,
and the closure cl(G) of a claw-free graph G was defined as the graph obtained from G by
recursively performing the local completion operation at eligible vertices, as long as this is
possible (more precisely: cl(G) = Gy, where Gy, ...,Gy is a sequence of graphs such that
Gy = G, Gi1 = (Gy),, for some z; € Vpr(Gy), i =1,...,k — 1, and Vg (Gy) = 0). We say
that G is closed if G = cl(G). The closure cl(G) of a claw-free graph G is uniquely determined,
is the line graph of a triangle-free graph, and is hamiltonian if and only if so is G. However, as

observed in [5], the closure operation does not preserve (non-)Hamilton-connectedness of G.

For Hamilton-connectedness, the concept of an SM-closure GM of a claw-free graph G was
defined in [11] by the following construction.
(i) If G is Hamilton-connected, we set GM = cl(G).

(77) If G is not Hamilton-connected, we recursively perform the local completion operation
at such eligible vertices for which the resulting graph is still not Hamilton-connected,
as long as this is possible. We obtain a sequence of graphs G, ..., G such that

L] G1 = G,

o Gy = (Gz); for some x; € VEL(Gz)7 1=1,...,k—1,

e G} has no hamiltonian (a, b)-path for some a,b € V(Gy),

o for any z € Vg1 (G}), (Gy), is Hamilton-connected,

and we set GM = Gy.

A resulting graph GM is called a strong M-closure (or briefly an SM-closure) of the graph G,
and a graph G equal to its SM-closure is said to be SM-closed. Note that for a given graph
G, its SM-closure is not uniquely determined.

As shown in [18] and [11], if G is SM-closed, then G = L(H), where H does not contain
any of the multigraphs shown in Fig. 3.

T I 13 I T3 I
Figure 3: The diamond 77, the multitriangle 7, and the triple edge T3

The following theorem summarizes basic properties of the SM-closure operation.

Theorem D [11].  Let G be a claw-free graph and let GM be some of its SM-closures.
Then G™ has the following properties:

(i) V(G) =V(GM) and E(G) C E(GM),

(i) GM is obtained from G by a sequence of local completions at eligible vertices,



110 1s Hamilton-connected 1t and only 1 1s Hamilton-connected,
i) G is Hamil d if and only if GM is Hamil d
) 1 1s Hamilton-connected, then =cC ,
w) if G is Hamil d, then GM = cl(G
(v) if G is not Hamilton-connected, then either
() Ver(GM) =0 and GM = cl(G), o
(B) VEL(GM) # 0 and (GM), is Harm]ton connected for any x € Vi, (GM),
V1 , where H contains either
) GM = L(H), where H h
(o) at most 2 triangles and no multiedge, or
(8) no triangle, at most one double edge and no other multiedge,
(vii) if GM contains no hamiltonian (a,b)-path for some a,b € V(G™) and
(a) X is a triangle in H, then E(X) N {L_y(a), GM( )} #0,
(8) X is a multiedge in H, then E(X) = {Lgy(a), Loy (b)}-

We will also need the following lemma on SM-closed graphs proved in [19].

Lemma E [19]. Let G be an SM-closed graph and let H = L™*(G). Then H does not
contain a triangle with a vertex of degree 2 in H.

3.3 The core of the preimage of an SM-closed graph

The definition of the core is slightly problematic for multigraphs, therefore we restrict our
observations to the case that we need. Thus, let G be a 3-connected SM-closed graph and
let H = L '(G). The core of H is the multigraph co(H) obtained from H by removing all
pendant edges and suppressing all vertices of degree 2.

Shao [21] proved the following properties of the core of a multigraph.

Theorem F [21]. Let H be an essentially 3-edge-connected multigraph. Then
(1) co(H) is uniquely determined,

(i1) co(H) is 3-edge-connected,

(1ii) V(co(H)) dominates all edges of H,

(1v) if co(H) has a spanning closed trail, then H has a DCT.

3.4 UM-closure

As shown in [13], the concept of SM-closure can be further strengthened by omitting the
eligibility assumption for the application of the local completion operation (which was defined
in Subsection 3.2 for any vertex x € V(G)). Specifically, for a given claw-free graph G, we
construct a graph GV by the following construction.

(¢) If G is Hamilton-connected, we set GV = Ky ().

(#7) If G is not Hamilton-connected, we recursively perform the local completion operation
at such vertices for which the resulting graph is still not Hamilton-connected, as long
as this is possible. We obtain a sequence of graphs G, ..., Gy such that

L4 Gl = G>
o Gip1 = (G),, for some x; € V(Gy), i=1,...,k—1,
e (. has no hamiltonian (a,b)-path for some a,b € V(Gy),



e for any z € V(Gy), (Gy), is Hamilton-connected,
and we set GV = G},
A graph GY obtained by the above construction is called an ultimate M-closure (or briefly a
UM-closure) of the graph G, and a graph G equal to its UM-closure is said to be UM-closed.

Obviously, if G is UM-closed, then G is also SM-closed, implying that G is a line graph and
H = L7!(G) has a special structure (contains no diamond etc. — see Fig. 3 and Theorem D
(vi), (vii)). The next theorem shows that for UM-closed graphs, not only H, but also co(H)
has these strong structural properties.

Theorem G [13]. Let G be a claw-free graph and let GV be some of its UM-closures.
Then GY has the following properties:
(i) V(G) =V(GY) and E(G) C E(GY),
(ii) GY is obtained from G by a sequence of local completions at vertices,
(iit) G is Hamilton-connected if and only if GU is Hamilton-connected,
(v) if G is Hamilton-connected, then GV = Ky (g,
v) if G is not Hamilton-connected, then (GY), is Hamilton-connected for any x € V(GY),
(vi) GY = L(H), where co(H) contains no diamond, no multitriangle and no triple edge,
and either
() at most 2 triangles and no multiedge, or
(B) no triangle, at most one double edge and no other multiedge, and if co(H)
contains a double edge, then this double edge is also in H,
(vii) if GY contains no hamiltonian (a,b)-path for some a,b € V(GY) and
(a) X is a triangle in co(H), then E(X) N {Lzy(a), Ly (b)} # 0,
(8) X is a multiedge in co(H), then E(X) = {Lzy(a), Lo (b)}.
The following lemma will be crucial in our proof of Theorem 1 (recall that W denotes the
Wagner graph, see Fig. 2(c)).

Lemma H [13].  Let G be a 3-connected non-Hamilton-connected UM-closed claw-free
graph. Then G has an induced subgraph G (possibly G = G) such that G is 3-connected,

non-Hamilton-connected and UM-closed, and, moreover, Hy = co(L™"(G)) is 2-connected, and
either ¢(Hy) > 9 and |V (Hy)| > 10, or Hy ~ W.

3.5 Closure operations and bull-free graphs

When applying closure techniques to {claw,bull}-free graphs, the main problem is that a clo-
sure of a {K 3, B; j}-free graph is not necessarily { K 3, B; ;}-free (i.e., in the terminology of
[16], the class of {K 3, B; j}-free graphs is not stable under the closure operation). Unfortu-
nately, this is the case with all the closure operations mentioned in the previous subsections.

It turns out that this difficulty can be overcome by working in a slightly larger class of
graphs which contains all the requested { K 3, B; ; }-free graphs but is stable under the closure.
We define the class B; ; as follows.

For any positive integers i, j, B; j is the class of all claw-free graphs G such that every
induced subgraph F' C G, F' ~ B, ;, satisfies u(F) € Vs;(G).



Clearly, every {K 3, B; ; }-free graph is in B; ;.

Theorem 2.  Let i,j be positive integers and let G € B, ;. Then, for any x € V(G),
G, € Bi;.

Proof. Let, to the contrary, G € B;; and z € V(G) be such that G, contains an induced
subgraph F ~ B;; with u(F) ¢ Vs;(G,). We will keep the notation of the vertices of F' as in
Fig. 1(b), and we will denote by T the triangle ({b,ag,a3})r. Since G € B, ; and b = u(F) is
nonsimplicial also in G (recall that Vs;(G) C Vsr(G.)), we have E(F)\ E(G) # 0. The edges
in E(F)\ E(G) will be referred to as new edges, and we will denote E(F) \ E(G) = new(F).

Suppose first that new(F) N E(T) = (. Let, say, e = aja;_, be a new edge for some £,
0 <k<j—1. Since e € E(G,) \ E(G), we have a},ai,, € Ng(z). Since F is induced in
G, the vertices af,aj , are the only neighbors of z in V(F) (both in G and in G). But
then the graph F' = ({b,qy, ..., a}, a3, ..., a3, a3 ,,...,a5 1 })g is an induced B;; in G with
p(F") ¢ Vsi(G), contradicting the fact that G € B, ;.

Thus, we have new(F) C E(T). If new(F) = E(T), then ({z,b,a},a3})e ~ Ki3, a
contradiction. Hence 1 < |new(F)| < 2.

Suppose first that [new(F)| = 2. By symmetry, either new(F) = {ba}, baZ}, or new(F) =
{ba}, ala2}. In both cases, necessarily Ng(z) N V(F) = {b,a},a?} (since F is induced in
G,). Then, in the first case F' = ({x,aq,...,a},a3,...,a3})q, and in the second case F' =
({b,z,a5,...,a{_,a3,...,a5})q is an induced B;; in G with pu(F') ¢ Vg;(G), a contradiction.

Hence [new(F)| = 1 and then, by symmetry, either new(F) = {baj}, or new(F) = {a}a3}.
However, if new(F) = {ba}}, then immediately ({a3,a?,a,b})q =~ K 3, a contradiction.

Thus, the only remaining case is new(F) = {aja2}. Then aj,a} € Ng(z), and x # b (since
otherwise x = b € Vs;(G,). We have alz,alb ¢ E(G) since F is induced in G, implying
br € E(G), for otherwise ({a},al,b,2})¢ ~ K;3. Since b ¢ Vs;(G,), there is a vertex
u € Ng(b) such that xu ¢ E(G), and since ({b,u,a}, a3} 2 K13, No(u) N{a}, a3} # 0. By
symmetry, let uaj € E(G). Since ({aj, z,u,a}})g # K13, we have uaj € E(G).

We consider the graph F”' = ({z,b,u, a3, ...,a;} )¢ if i =1, F" = ({z,b,u,a},qj, ..., a3 })a
if i =2, or F" = ({x,b,u,ay...,a; y,a3,...,03})g if i > 3, respectively. If F” ~ B ;, then
x = p(F"), contradicting the fact that G € B, ; since x ¢ Vg;(G). Hence F” % B, ;, implying
that either ua? € F(G), or, if i > 3, possibly ua} € E(G) (all other potential edges either
imply a claw with center at u, or contradict the fact that F is induced in G).

Let first ua3 € E(G). Since ({a2,a},z,u})c # K13, we have ua} € E(G), but then
({u,a?,b,al})e ~ K 3, a contradiction.

Secondly, if i = 1, then F" = ({z,b,u,a,...,a5})¢ ~ Bij;, and if i = 2, then F" =
({z,b,u,a1,a3,...,a3})g ~ By; with u(F") = x, a contradiction again.

Hence i > 3 and ua? € E(G). But then we have F"” = ({z,b,u,a} ..., a},ad3, ..., a3})q
B; j with p(F") = z, a contradiction.

|

The following corollary is immediate.

Corollary 3.  Let G be a {Ki3, B;j}-free graph for some i,j > 1, and let GV be one of
UM-closures of G. Then GV € B;;.



4 A special version of the “Nine-point-theorem”

We will use a special version of the well-known “Nine-point-theorem” by Holton et al. [10]
and of its modification by Bau and Holton [2], developed in [13]. For this, we need some more
terminology from [1].

Let G be a multigraph, R C G a spanning sub(multi)graph of GG, and let R be the set of
components of R. Then G/R is the multigraph with V(G/R) = R, in which, for each edge in
E(G) between two components of R, there is an edge in F(G/R) joining the corresponding
vertices of G/R. The (multi)graph G/R is said to be a contraction of G. (Roughly, in G/R,
components of R are contracted to single vertices while keeping the adjacencies between them).
Clearly, if R is connected, then G/R = K;, and if R is edgeless, then G/R = G; these two
contractions are called trivial.

The contraction operation maps V(G) onto V(G/R), where vertices of a component of R
are mapped on a vertex of G/R. If G/R ~ F, then this defines a function o : G — F which
is called a contraction of G on F.

Throughout the rest of this section, II denotes the Petersen graph.

The following special version of the “nine-point-theorem” was proved in [13].

Theorem I [13]. Let H be a 3-edge-connected multigraph, A C V(H), |A| = 8, and let
e € E(H). Then either

(i) H contains a closed trail T such that A C V(T') and e € E(T), or

(#7) there is a contraction o : H — I such that a(e) = xy € E(Il) and a(A) = V(II)\{z,y}.

We will also need the following auxiliary result from [13].

Lemma J [13]. Let H be a graph such that co(H) = W. If there is a vertex x € V(co(H))
such that Ny (x) = Neomr)(x), then L(H) is Hamilton-connected.

Theorem 4. Let X € {Byg, Bajs, Bsa}, and let G be a 3-connected { K 3, X }-free graph
with a UM-closure GY such that co(H), where H = L™Y(GY), is 2-connected. Let ey, ey €
E(H) be such that there is no (eq,e2)-IDT in H. Then for every set A C V(co(H)), |A| =8,
there is an (e, e)-trail T in H such that A C Int(T).

Proof. First of all, it should be noted here that some parts of the proof of Theorem 4 are
(almost) the same as the corresponding parts of the proof of Theorem 9 in [13]. Since the
other parts are quite different, for the sake of completeness, we give a complete proof here,
including the identical parts.

Let G be a graph satisfying the assumptions of the theorem. By Corollary 3, GY €
By U Bys U Bsy, implying that in H = L™*(GY), every subgraph (not necessarily induced)
isomorphic to Sy 27, S136 Or S145 has its branch of length 1 at a pendant edge (recall that a
vertex in GV is simplicial if and only if the corresponding edge in H = L~}(GY) is pendant
by Theorem B).

Let H' be the multigraph obtained from H by the following construction:

(1) if ey, eq share a vertex of degree 2, say, e; = v;v, i = 1,2 with v € Vo(H), we suppress

v and set h = vyv9,



(17) otherwise, we subdivide either e; if e; is nonpendant, or some edge in co(H) sharing a

vertex with e; if e; is pendant, with a vertex v;, © = 1,2, and add a new edge h = v,vs.

If there is no contraction o : H" — II such that o/(h) = z129 € E(II) and o/(A) = V(II) \

{1, 22}, then, by Theorem I, there is a closed trail 77 in H' such that A C V(T") and

h € E(T'). Returning to H, i.e., in case (i) subdividing h, or in case (ii) removing h,

suppressing vy, v, and extending the trail to e; if e; is pendant, we obtain an (eq, e)-trail T
in H with A C Int(T).

Thus, we suppose that there is a contraction o’ : H" — II such that o/(h) = x125 € E(II)
and o/(A) = V(II) \ {z1,x2}. In case (i), H can be contracted on a graph isomorphic to the
Petersen graph with at least one subdivided edge which contains each of the graphs S o7,
Sy36 and Sy 45 in the labeling of vertices as in Fig. 2(b), if, say, the edge pip? is subdivided
with a vertex g, we have S1 5 7(pl; ¢; P3p3; PEPAPAPIPAPEDS), S1.3.6(P1; ¢ PEPAD3; PAP3PIPIPAPE), and
S1.45(p1; ¢; PEPAPIDY; P3P3PAPEPS) as subgraphs of H with the branch of length 1 at a nonpendant
edge, a contradiction. Thus, for the rest of the proof, we suppose that H’ is obtained by

construction (i7).

Set Hy = co(H), and recall that Hy is 3-edge-connected (since H is essentially 3-edge-
connected). Let R’ be the spanning sub(multi)graph of H’ that defines «’, and suppose that,
say, the component Ry = (o/)~!(z1) of R’ is nontrivial. Since z; € V(II), Ry is separated from
the rest of H' by a 3-edge-cut containing the edge h, implying that in Hy, the sub(multi)graph
Ry — vy is separated from the rest of Hy by a 2-edge-cut, contradicting the fact that Hy
is 3-edge-connected. Hence (o/)7!(z1), and symmetrically also (o/)~!(z3), are trivial, i.e.,
V(o)) Yx;)) = {vi}, i = 1,2. Removing from H’ the edge h and suppressing v; and vy,
we obtain from R’ the corresponding spanning sub(multi)graph R of H, and from R, in a
standard way, a spanning sub(multi)graph Ry of Hy. Note that clearly every component of
R’ except {v1} and {vs} corresponds to a nonempty component of Ry since o maps H' on a
cubic graph and hence every component of R’ must contain a vertex of degree more than 2.
Then the components of Ry define a contraction o : Hy — W, where W is the Wagner graph
(see Fig. 2(c); recall that W can be obtained from II by removing an edge and suppressing
the created vertices of degree 2).

Case 1: a !(w) is trivial for any w € V(W).
Then we have Hy ~ W. By Lemma J, every vertex of Hj is incident in H to a pendant
edge or to a subdivided edge.

Subcase 1.1: no edge of Hy is subdivided in H.

Then, by Lemma J, each vertex of Hy is incident in H with at least one pendant
edge, and then H contains each of the subgraphs S 2 7(w1; w]; wswg; wewswawswewsws),
S1.3.6(w; Wi wswrwh; wewswawswewg) and Sy 4 5(we; W Wswrwewg; wowswswswy) (where
w} is a vertex of degree 1 adjacent to w;, i =1,...,8).

Since G is X-free for X € {B; 4, By, B34}, for some vertex w; € V(Hy), the set of edges
incident to w; corresponds in L(H) = GY to a clique obtained from a certain subgraph of
G by a series of local completions. Let G, ..., Gy be the sequence of graphs that yields
GY,ie., G =G, G, =GY and Gy = (Gl)xl for some z; € V(G;), 1 =1,...,k — 1.

Then z_; € Vsr(GY), thus, by Theorem B, z;_; corresponds to a pendant edge in

10



H. Choose the notation such that L™'(zx_1) = wyw). For any edge ww; € E(W)
/ . .
set L(w;w;) = v; 4, and set L(ww)) = v;, i = 2,...,8. Since ({Ty_1,v12,V15,V18})qv
is a clique, 3 is adjacent in Gj_; to each of v;9, v15 and v15. Now, if viov18 €
E(qu), we have [} = <{$k71>01,8,1)8,v1,2,U2,37@3,4,U4,5,’U5,67U6,7,U?})Gk,l = Bl,Ga Fy =
({Tr—1,v1,8, V7,8, V7, V1,2, V2.3, U 4, Va5, Us 6, V6 } )Gy = Bos and Fz = ({xp_1,v18, V78, V61,
Vg, V1,2, V2,3, V3,4, Va5, Us 1) Gy = Bag with u(Fy) = u(Fy) = pu(F3) = r,_1, contradicting
the fact that Gy_1 € Big U Bas U B4 (since x;_q is simplicial in Gy, but not in Gj_4).
Hence v 9018 ¢ E(Gg_1), i.e., v120;1 5 is a new edge in Gy = GY.
If both U1,2V1,5 ¢ E(Gk_1> and U1,5U1,8 ¢ E(Gk_l), we have <{$k_1,’U1’2,U175,U1,8}>Gk71 ~
K3, a contradiction. If both viov15 € E(Gj_1) and vis018 € E(Gj_1), then we
have ({v15,v12,v18,Va5})c,_, =~ K13, a contradiction again. Thus, by symmetry, we
can assume that vy 9015 € E(Gg—1) and vyisv18 ¢ E(Gg-1). Then F; = ({zg_1,v12,
712,@1,5,05,67116,7,1)7,8,U4,8,U3,4,Us}>ck,1 ~ Byg, Iy = <{xk717U1,57U5,6>U67U1,27U2,3;U3,47U4,87
U7,8,U7}>Gk,1 ~ Bys and F3 = ({xk—h01,57?]4,5,@3,4,713,U1,2,U2,6;06,7707,8,U8}>Gk,1 ~ B3y
with p(Fy) = u(Fy) = p(F3) = x,_1, a contradiction again.

Subcase 1.2: at least one edge of Hy is subdivided in H.

By symmetry, we can choose the notation such that wyws or wyws is subdivided in H
with a vertex w of degree 2 in H. Then we have the following possibilities.

Subdivided edge Subgraph S; ; i
wiwy S1,2,7 (W15 W WsWE; WsW4W3WrWeWrWY)
S1,3,6 (W1 Ws; Wsw4wWY; WWW3W7WeW )
51,4,5(71)1; Ws, w8w7w6wé; ww2w3w4wﬁl)
( 6)
( 6)

. . /.
w1 Ws 51,2,7 W1; W2; WeWg; WWsW4W3W7WeW,
. . /.
51,3,6 W3; Wr; WaWgWg; WaW1 WWsWeWeg
. . /. /
51,4,5(w1, Wa; WgW7WeWeg, ww5w4w3w3)

where w} is a neighbor of w; in H — Hy which exists by Lemma J (note that w; can be
a vertex of degree 2, subdividing some of the edges incident to w;, in which case the last
two vertices of a branch can occur in reverse order).

Since in each of the cases the branch of length 1 is a nonpendant edge, we have a contra-
diction with the fact that GV € By g U Bas U Bs 4.

Case 2: a~!(w) is nontrivial for some w € V(W).

Let R, ..., RY be the components of the (multi)graph Ry that defines o, and choose the
notation such that RY = a~'(w;), i = 1,...,8, and such that R? = a~'(w;) is nontrivial.
Recall that US_ (V(RY)) = V(Ry) = V(Hy).

We observe that e;,e; € E(Hp) \ E(Rp) since, by the construction of H', a~!(z;) = v; are
trivial and after deleting the edge h and suppressing the vertices vy, vy, each of the edges
e1, €2 has its vertices in different components of Ry. By Theorem G(vi),(vii), this implies
that each R? is a triangle-free (simple) graph. Moreover, each RY is 2-edge-connected since
R? = o~ (wy;) is separated from the rest of Hy by a 3-edge-cut and a cut-edge in R? would
create a 2-edge-cut in Hy.

We introduce the following notation. For any edge wsw; € E(W), we set fi; = o' (ww;)
(i.e., fij joins R} and RY), and we denote b} its vertex in R{ and b] its vertex in R). Thus,
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we e.g. have Ap,(RY) = {b3, b bl}, where 2 < |[{b3,b},08} < 3, and {fi2, fi5, f1s} is the
3-edge-cut that separates R} from the rest of Hy.

Claim 1.  Let R} be a component of Ry, 1 < i < 8, and let Ap,(R}) = {b} b}, 0 }.
Then there is a vertex d° € V(RY) and three internally vertex-disjoint (possibly trivial)
(', )-paths P}, k=1,2,3.

7 Ik

Proof.  Let P be an arbitrary (possibly trivial) (b} ,05,)-path in R}, and let P; be a
shortest path between b’ and a vertex of P, which will be referred to as d'. Then the vertex

d' and the paths le = din;-1 sz = din;-2 and Pjg have the required properties. O

Claim 2.  The component R? contains a cycle C of length at least 4, vertices ¢y, cs,cg €
V(C) and paths Q}, QL QL (possibly trivial) such that
(Z) 2< |{027C57CS}| <3,
(i1) Q3 is a (cq,b)-path, Q} is a (cs,by)-path and Q} is a (cg, by)-path,
(ii1) the paths Q), Qi QL are internally vertex-disjoint.

Proof. Let d' and P}, P}, P} be the vertex and paths in RY given by Claim 1. Since RY is
nontrivial, at least one of Py, P}, P} is nontrivial. Suppose that, say, P} is nontrivial. We
consider a (b}, b})-path P and choose two edge-disjoint paths P, PY such that

o Plisa (b}, cy)-path and P/ is a (bi, cg)-path for some ¢y, cg € V(P),

e if ¢y # cg, then ¢y is on P between cg and b}, and

® ¢, cs, PL and P! are chosen such that |E(F.)| + |E(PY)| is smallest possible.

If ¢o # cs, we choose c5 as the last common vertex of P and P!, and we set C =
coPcgPlesPley, QY = coPbl, QF = cgPbi, and, say, Q) = c5Plbl. If ¢y = cg, we choose
¢s as the last common vertex of P, and P! distinct from the vertex ¢ = c¢g (possibly
cs = bi), and set C' = coPlesPlcy, QY = coPb}, QL = cgPbi, and, say, Q} = c5Pib} (recall
that each RY is a triangle-free (simple) graph, hence in each case, C'is of length at least 4).

If P} or P{ is nontrivial, we get C', Q3, Q% and @} in the same way with the only difference
that possibly ¢5 = cg or ¢y = cs. O

By Claim 2, we have, up to a symmetry, the following possibilities (note that W has two
types of symmetries — rotations and reflections, but is not edge-transitive): |[{cq, cs5, cs}| = 3;
{ca, 5,08} = 2 and ¢ = cg; |[{¢2, 65,8} = 2 and ¢ = ¢5. For each of the requested graphs
Si27, S136 and S145, we describe a sub(multi)graph of Hy in which it is contained, in
all three possible cases. Here, for integers iy, jo, ko, 1 < i9 < jJo < ko, we use S>i5,>i0.>ko
to denote a graph containing an Sj, j,x, as a subgraph. If a component R contains the
vertex of degree 3 of the Ss;; >, >k, then it is located in the vertex d’ and uses the paths
Pjiw k = 1,2,3, given by Claim 1, and for any other component R?, 2 < i < 8, and
b%, by, € Apy(RY), we use Q). to denote an arbitrarily chosen (b}, b} )-path in R} (of course,
if RY is trivial, all these paths collapse to a single vertex).

If we relabel the vertices of the cycle C' given by Claim 2 such that C' = wus ... uy )
with u; = ¢5 (and also u; = ¢5 = ¢5 in the third case), then the requested subgraphs, con-
taining Sy 27 and Si4s, can be (in all three cases) described as S>1>2>7(d%; P3b3; PP Q5 b
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PR3 6Q% 508 1Q5 w1 uzuzus) and S>1 >4>5(dY; Pybl; PYQ3 2 Q3 6Q3 7b6; 5 Q1 Quaususuy); fi-
nally, if we relabel the vertices of C' such that C' = ujuy ... wy(cy with u; = cg (and also
uy = ¢ = ¢g in the second case), then the subgraph, containing S 36, can be (in all three
cases) described as S>1>356(d°; PIbg; PYQg 4Q3 503 PPQE Q% 1 Qgurususuy). In all cases,
we have obtained a subgraph Sjs7, Si136 and Sj45 such that its branch of length 1 is
nonpendant, contradicting the fact that GV € By g U Bays U Bs 4. n

5 Proof of Theorem 1

Let G be a 3-connected {Kj 3, X }-free graph, where X € {Bg, B2js, B34}, and suppose, to
the contrary, that G is not Hamilton-connected. By Theorem G and by Corollary 3, we can
suppose that G is UM-closed and G € Byg U Bas U Bsy. Let thus H = L™(G), and set
Hy = co(H). By Theorem F(ii), Hy is 3-edge-connected. By Lemma H, we can assume that
Hy is 2-connected with ¢(Hy) > 9 and |V (Hy)| > 10, unless Hy ~ W. However, if Hy ~ W,
then, by Theorem 4 and since |V (Hy)| = 8, H has an (e, e2)-IDT for any ej,eo € E(Hy)
and hence also for any e;,es € E(H), implying that G = L(H) is Hamilton-connected, a
contradiction. Thus, we have ¢(Hy) > 9 and |V (Hy)| > 10. We consider the possible cases
separately and, for each of the subgraphs B; ;, we distinguish cases according to the length of
a longest cycle in Hj, and we attempt to identify a subgraph of type S ; 1.

Throughout the proof, in each of the cases, C' always denotes a cycle such that

(1) C'is a longest cycle in Hy,

(1) subject to (i), C' dominates in H maximum number of edges.
We further denote C' = 125 ... 2oy, R = V(H)\ V(C), N = {y € V(Hy)| Ng(y) = 0},
Ry = RNV (Hy), and if Ry # 0, we set Ry = {41,...,¥|r,|} and we choose the notation such
that y121 € E(Hp). An edge z,x; € E(Hy) \ E(C) with z;,2;, € V(C), 1 <i,j <|V(C)], will
be called a chord of C', and we say that z;x; is a k-chord if the shorter one of the two subpaths
of C determined by z; and x; has k interior vertices.

There are several general comments to some situations in the proof.
o We will often list vertices of a subgraph S; ; ;, and then the following is possible.

- When some edge e = uv of the S; ;1 is in E(Hy), it can always happen that e is
subdivided in H, i.e., formally, e ¢ E(H). However, it is immediate to see that
if this happens, then the corresponding submultigraph of H, which instead of
e = uv contains a path uzv with z € V5(H), also contains S; ; as a subgraph.

- When a vertex v € V(C) has a (potential) neighbor z € R and the vertex z
occurs as the last vertex of a branch of the S; ; i, then such a vertex z can be an
endvertex of a pendant edge attached to v, or can be z € V5(H) and z subdivides
some of the edges incident to v. It should be noted that in the second case, the
vertices v and z can occur in reverse order in the list (i.e., v being the last vertex
of the branch).

e In many subcases, the cycle C' will be dominating, and we will consider its potential
chords, using the fact that §(Hy) > 3. In such situations, it is always implicitly under-
stood that none of the edges of C' can be a double edge, since if e.g. x5 is a double
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edge with V(e;) = V(e2) = {1, 22}, then T' = e12223 . .. T(m)T1€2 is an (eq, e2)-IDT
in H, contradicting Theorem G(vii)(f).
These facts will be always implicitly understood throughout the proof.

Case 1: G € Byg.

Then H does not contain as a subgraph the graph S; o 7 such that its branch of length 1 is
in a nonpendant edge.

Subcase 1.1: ¢(Hy) =9 and |V (H,)| > 10.

First observe that E((R)y) = 0, since if e.g. y;2 € E(H) for some z € R, then H contains
the subgraph Sio7(x1; Xe; y12; Toxsrrrexsx4x3) With branch of length 1 at nonpendant
edge 7179, a contradiction. Hence Ng(y;) = 0.

Next observe that x5 € N since otherwise, for some z € Ng(z5), H contains the subgraph
S127(x1;y1; X2z ToxsTrrexsT4x3) (nOte that xoy; ¢ E(H) since C is longest). Simi-
larly, we have Ng(z4) C {y1}, since otherwise, for a vertex z € Ng(xy) \ {y1}, we have
S127(x1;y1; Xos; eTsTreTsx42) in H (note that y; € V(Hp), implying that the edge
x1y1 is nonpendant in H). Symmetrically, 29 € N and Ng(z7) C {y1}.

Now, if xoxy ¢ E(H), then the set A = {1, x3, 5, x¢, T7, Ts, T, y1} With |A| = 8 dom-
inates all edges in H, and, by Theorem 4, G = L(H) is Hamilton-connected, a con-
tradiction. Hence xoxy € FE(Hy). Analogously, by Theorem 4, considering the set
A= (V(C)U{pn}) \ {x7, 29} with |A] = 8, we have x7x9 € FE(Hp), and considering
the set A = (V(C)U{w1}) \ {z2, xo} with |A| =8, we have zozg € E(Hy). But then the
edges xoxy, x7x9 and xoxg are three 1-chords in C') creating three triangles in Hy, which
contradicts Theorem G(vi).

Subcase 1.2: ¢(H,) = |V (H,)| = 10.
Since §(Hy) > 3, every vertex of C'is in a chord.

Subcase 1.2.1: C has a 1-chord.

Choose the notation such that z,23 € E(Hp). Then x5 € N for otherwise, for a z €
Ng(z2), H contains Sy o 7(x1; 3; X22; 10Toxst7TexsT4). Similarly x4 € N, for otherwise
H contains S 2.7(23; T2; ©42; T1210T92sx706x5). Considering the set A = V(C)\ {xq, 24}
with |A| = 8, we have xoxy € E(Hy) by Theorem 4. But then the two 1-chords zx3
and zox, create a diamond (see Fig. 3) in Hy, contradicting Theorem G(vi).

Subcase 1.2.2: C has a 2-chord.

Choose the notation such that 124 € E(Hy). If there is a vertex z € Ng(z5) U Ng(z6),
we have S 97(21; Z4; Toks; T10T9LsT726L52) OF S127(T4; T5; T3Te; T1X10ToTsT7262) in H.
Hence {5, 26} C N, and, symmetrically, {z9,x19} C N. Then, using Theorem 4 and
the assumption that G is not Hamilton-connected, the set A; = V/(C) \ {x5, x10} with
|A;| = 8 yields x5x19 € E(Hp), Ay = V(C)\{xg, 9} with |As| = 8 yields zgxg € E(Hy),
and Az = V(C) \ {x5, 2o} with |As| = 8 yields z5x9 € E(Hp). But then the chords
T5T10, TeTy and Tsxg create a diamond in Hy, contradicting Theorem G(vi).

Subcase 1.2.3: C has a 3-chord.
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Let 125 € E(Hp). Since §(Hy) > 3, x3 is in a chord, and by the previous subcases, since
|[V(C)| = 10 and by symmetry, we have z3x7 € E(Hy) (a 3-chord), or z3zs € E(Hy) (a
4-chord).

Let first z3x7 € E(Hp). Then x5 € N, for otherwise, for a z € Ng(x2), we have
S127(x3; 245 ko2 TrweT5x1T10%9s) in H. Similarly, x4 € N, for otherwise, for a z €
Ng(z4), we have Sy o7(xs; xe; 242; x726T521210297s) in H. Then, using the set A =
V(C) \ {xg, x4} with |A] = 8, we have xoxy € E(Hy) by Theorem 4, and we are back
in Subcase 1.2.1.

Thus, x3xs € E(Hp). Then, for a z € Ng(z2), S127(23; 245 X22; xs27T625T1210T9) 1S &
subgraph of H, hence x5 € N. Symmetrically, x4 € N. Then Theorem 4 for the set
A =V(C)\ {2, 24} with |A| = 8 implies zox4 € E(H)), and we are again back in
Subcase 1.2.1.

Subcase 1.2.4: C has a 4-chord.

By the previous subcases, all chords in C' are 4-chords. If, say, z € Ng(x;), then
H contains S} 27(2s5; T6; £423; T10TeTsT7Tax12). Hence x; € N, and, symmetrically,
xr3 € N. Then, for the set A = V(C) \ {z1, 23} with |A| = 8, Theorem 4 implies
1-chord 123 € E(Hy), a contradiction.

Subcase 1.3: ¢(Hy) > 10 and |V (Hy)| > ¢(H,).

Set ¢(Hp) = t. Then H contains S} 2 7(x1; Y1; Xoks; T1Ti—1Tt— 0T 3T1— 4T 5Ti—6) (nOte that
t —6 > 3 since t > 10, and that the edge z1y; is nonpendant since y; € V(Hy)).
Subcase 1.4: ¢(Hy) = |V (Hy)| = 11.

Since 6(Hy) > 3, every vertex of C is in a chord. If 2323 € E(Hy), H contains the
subgraph Sy a7(x1; Te; X3x4; T112T10T9xsT7Texs). Similarly, if 124 € E(Hy), H contains
S1.27(x1; To; X435 T11T10T9T8T76x5). Hence C has only k-chords for 3 < k < 4.

Suppose that C' has a 3-chord and let z1x5 € E(Hp). Then xz has a chord, i.e., by
symmetry, xszy; € E(Hy) or xgzs € E(Hp), but in the first case H contains the subgraph
S1.27(21; T2 T5Te; T11T10T9TsT7T3T4), and in the second case H contains the subgraph
51,2,7(905; Ty; o7y $1$2$3$89€9I10I11)-

Hence the only chords in C are 4-chords. Let z1264 € E(Hg). Then zg has a chord
and, by symmetry, the only possibility is x3ze € E(Hy). Then H contains the subgraph
51,2,7(901; T2;X11T10;, $65E7I8$9$3$4$5)-

Subcase 1.5: ¢(Hy) = |V(Hy)| = 12.

If zyz3 € E(Hy), H contains Sy 27(%1; T2; T3%4; X12T11010T9Ts27%6), and if z1x, € E(Hp)
for 4 < k < 5, H contains S} 27(21; T; T2Ts; T12T11T10T9TsT726). Hence C has only
4-chords and 5-chords.

Let x126 € E(Hy) be a 4-chord of C. Then x5 is in a 4-chord or in a 5-chord. There are
the following possibilities.

Chord at x3 Subgraph S 27
T3Tg 51,2,7(533; T2; TyTs; $8$7l’6$1$121’111’10)
T3T9 51,2,7(373; Lo X455 3691310371137121'1366377)
T3X10 51,2,7($3; L2; Tyl5, $10$11$12$1I6$7$8)
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Thus, C has only 5-chords. Then H contains S 27(x1; T12; T23; T7XToT10T4T5%6).
Subcase 1.6: ¢(Hy) = |V (Hy)| = 13.

If x12, € E(Hp) for 3 <k <5, then H contains S} 2 7(21; Ta; TrThi1; T13T12011T10T9T8T7),
and if T1Tg € E(Ho), then H contains 51’2’7(.%1;%2;I6$5;$13$12I11I10I9$8I7). Thus, the
only chords in C' are 5-chords. Then x127 € E(Hy) and, up to a symmetry, 4219 € E(Hy),
and then H contains Sy o 7(21; Ta; £13%12; L7T8T9T10L4L5T6).

Subcase 1.7: ¢(Hy) = |V(H,)| = 14.

If 1T € E(Ho) for 3 S k S 6, then H contains 51’2’7(1'1; T2, TpTLly1; $14$13I12[E11{L’10$9$8>,
and if xy27 € E(Hy), then H contains Sy o 7(21; T2; X726; £14213T120112L10%9Ts). Thus, the
only chords in C' are 6-chords, and then H contains St 27(%1; T2; 14713} TeToT10L3T425L6).
Subcase 1.8: ¢(Hy) = |V (H,)| > 15.

Set ¢(Hy) = t. If zyx3 € E(Hy), we have S} 27(21; Ta; T30 4; T4t 1T 0T 3T4— 4Tt 5T1—6)
in H. Finally, if x2, € E(Hp) for 4 < k < |£] 4+ 1, then H contains the subgraph
S1,2,7(T1; T2 TpTp—1; TpTp 104 2Tt 374 4Ty 5T )

Case 2: G € Byp.

Then H does not contain as a subgraph the graph S; 36 such that its branch of length 1 is
in a nonpendant edge.

Subcase 2.1: ¢(Hy) =9 and |V (H,)| > 10.

First observe that (R)y does not contain a path P; such that one of its endvertices has
a neighbor on C| since if e.g. Py = y1yoy3 C (R)y is such a path with x;y; € E(H), we
have S 36(71; To; Y1Y2y3; Ta374T57677) in H.

Since H is essentially 3-edge-connected, every edge in (R)y is connected to C' by at least
three edges (two of them possibly being a double edge).

Subcase 2.1.1: there is an edge e = y1ys € E((R)y) such that |Nc({y1,vy2})| > 3.

By symmetry, we assume that y; € Ry, and either |[N¢(y;)| > 3 (with e possibly being
pendant), or |No(y1)| = 2 and |Ne(y2)] > 1. We consider the case |[No(y1)| > 3, and
since all our contradictions will consist in finding an S, 3¢ with the branch of length
1 at a nonpendant edge, or in finding a cycle contradicting the choice of C', our proof
remains true also in the case when |N¢(y1)| = 2 and |Ne(y2)| > 1, with only possibly
reverse order of last two vertices of a branch ending at y, or of some branch being
subdivided with ¥, in case of finding an S; 3.

Thus, let |[Ne(y1)| > 3. Since C' is longest, no two neighbors of y; are consecutive
on C. Up to a symmetry, we have three possible situations: N¢(y1) D {x1, 3,25},
Neo(y1) D {1, w3, 26}, and Ne(y1) = {x1, x4, x7}. We consider these cases separately.

Subcase 2.1.1.1: N¢(y1) D {z1, z3, 25}

If z5 € N, then the cycle C' = x1y1230405067723T921 dominates more edges than
C, contradicting the choice of C. Hence z, has a neighbor z, € R. Symmetri-
cally, x4 has a neighbor z/j € R, and, moreover, x}, # z, for otherwise we have
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S1,3.6(T2; T3 T1Y1Y2; ThraTsrexrrs) in H. Also, xh, x) ¢ {y1,ya}, for otherwise there
is a cycle longer than C.

If xgy1 € E(Hy), then H contains Sy 36(y1; T3; T1220%; TsT7x605242)), hence xgy, ¢
E(Hy). Similarly, xgys ¢ E(H). Now, if there is a vertex z € Ng(xg), H contains
S1,3.6(21; 95 Lo 2; Y1734 T5Tex7); hence xg € N. Since d(Hy) > 3, g is in a chord
of C'. We consider all possible chords containing xg, and for each of them we obtain
an Sy 36 in H.

Chord at xg Subgraph S 36
I3y Si 3 G(Is, Ty, 9C1I2372, $7$6$5I4ﬂ73y1)
T3T2 S 3 6(?417 T1; 9633343?47 TsXeL7LIL2Lo

I3T3 S1.3 6(36 To; 55'336456'47 Lrlel5Y1L1T2

( x
(

Ty S1,3,6(Y1; 15 $3$2SU2, T5TeL7L8T4
T8Ts S ,3,6\T8; T7; $5$4$4, T9X1T2T3Y1Y2
T8 Sy 3 6($8, L7 X9T1Y1; LeLlsLaL3L2TLy

)
)
2)
)
5)

The only remaining possibilities are that there is a double edge containing zs. How-
ever, if xgxg is a double edge, then, by symmetry, the same applies to x7 and we have
two double edges in Hy, and if x7zg is a double edge, then we must have some of the
above chords since otherwise {zgz7, g9} is an edge-cut in Hy, a contradiction.

Subcase 2.1.1.2: N¢(yy) D {z1, z3, 26}

By the choice of C, there is a vertex z, € Ng(za) \ {y1}, for otherwise the cy-
cle C" = x1y1x3040506T70892, dominates more edges than C. But then we have
S1.3.6(T6; Y1; 524235 TrxTeT12225) in H, a contradiction.

Subcase 2.1.1.3: N¢(y1) = {z1, x4, 27}

If there is a z € Ng(x2), H contains S} 36(24; Y1; T3222; T5T6x703T9x1 ), hence zo €
N (note that Ng(z2) N {y1,92} = 0 since C is a longest cycle). By symmetry,
{xa, x3, x5, T6, T3, T} C N. Since §(Hy) > 3, x5 is in a chord of C, and, since the
same applies to any of the vertices x3, x5, xg, rs and xg9, by symmetry, we can
assume that the chord containing x5 is neither a 1-chord nor a double edge. Thus,
by symmetry, x, is adjacent to x5, xg or x7.

Chord at x5 Contradiction
Tols C'" = x1y1 2423025672391 longer than C
Tale 51,3,6(5U2; T35 $6x5$4;$1x9$8x7y1y2) in H
Ty S1.3,6(T2; T3; T1T9T8; TrTeT5TaY1Y2) in H

Subcase 2.1.2: for every edge e = y1y2 € E((R)m), |[Ne({y1, y2})| = 2.

Let No({y1,y2}) = {x1, 22} with 3 < s < 8 and z1y; € E(Hy). Since Hy is 3-edge-
connected and y; € V(Hy), the edge e is connected to C' by at least three edges.

If there is no double edge, we can choose the notation such that z1y1, zsy1, z1y2 € E(H).
But then, if zoys ¢ E(H), ({z111y2}) g is a triangle in H with dy(y2) = 2, contradicting
Lemma E, and if xoys € FE(H), then x1, x4, y; and y, determine a diamond in H,
contradicting Theorem G(vi). Hence, z1y; is a double edge, implying that every edge
in (R)y is incident to ;.
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Now, if there is a z € Ng(z3) \ {y1}, we have S} 36(21;y1; Tow32; ToTsT7reT5x4) in H,
and if there is a z € Ng(x5) \ {v1}, we have Sy 36(21; Y1; TaT3%y; ToTsTrT6T52) in H;
hence Nr({x3,25}) C {y1}. Moreover, z3x5 ¢ E(Hy) by Theorem G(vi). Then the set
A= V(C)U{wy} \ {z3, x5} with |A| = 8 dominates all edges of H, hence G = L(H)
is Hamilton-connected by Theorem 4, a contradiction.

Subcase 2.1.3: E((R)y) = 0.

Choose again the notation such that =1y, € E(Hp) with y; € Ry. Note that the
edge z1y; is nonpendant since y; € Ry. If there is a z € Ng(x3) \ {y1}, we have
S13.6(21; Y13 Tawsz; woxstrxersxy) in H; hence Ng(xs) C {y1}. Similarly, Ng(xs) C
{11}, since otherwise, for a z € Ng(x;5)\{y1}, we have S} 3 6(x1;y1; TorsTa; ToxsT7T6752)
in H. Symmetrically, Ng(xzg) C {y1}. Consequently, if xszs ¢ FE(H,), then the set
A=V (C)U{y})\ {x3, 25} with |A| = 8 dominates all edges of H, implying that G
is Hamilton-connected by Theorem 4, a contradiction. Hence z3z5 € E(Hy). Analo-
gously, by Theorem 4, considering the set A = (V(C) U {y1}) \ {3, 26} with |A| =8,
we have z3z¢ € E(Hy). But then the two chords xz3xs and z3z6 create a diamond in
Hy, contradicting Theorem G(vi).

Subcase 2.2: ¢(Hy) = |V (H,)| = 10.
Since §(Hy) > 3, every vertex of C is in a chord.

Subcase 2.2.1: C' has a 1-chord.

Choose the notation such that zyx3 € E(H)).

If thereis a z € Ng(xy), we have Sy 36(21; T2; £3242; T10T9Tsx70625) in H, hence x4 € N.
Also zg € N, for otherwise, for z € Ng(xzg), we have S} 3 6(21; Ta; X324T5; T10T9TsT7T62)
in H. Symmetrically, {zs, 210} C N. Theorem 4 for A = V(C) \ {z4, x6} with |4] =8
implies 426 € E(Hy), Theorem 4 for A = V(C)\ {zs, 10} implies zgx19 € E(Hy), and
we have three triangles in Hy, contradicting Theorem G(vi).

Subcase 2.2.2: C has a 3-chord.
Let x125 € E(Hp). If 2 € Ng(xg), we have Sy 36(21; T5; Tox324; X102928T7262) in H;
hence zg € N. Symmetrically, 219 € N. Theorem 4 for the set A = V(C) \ {z¢, x10}
with |A| = 8 implies xgz19 € E(Hp), and Theorem 4 for the set A = V(C) \ {z1, 26}
implies x126 € E(Hy). The chords x5, x6x19 and z124 then determine a diamond in
Hy, contradicting Theorem G(vi).

Subcase 2.2.3: C has a 2-chord.

Let x4 € FE(Hp). Then zo,23 € N, since if there is a z € Ng(x3), we have
S1.36(T1; 45 o325 T10TT8T7TeTs) In H, and xzy € N follows by symmetry. Since
d(Hy) > 3 and by the previous subcases, 3 is in a 2-chord or in a 4-chord of C.

If xoxs € E(Hy), then, by symmetry, x4 € N, Theorem 4 for the set A = V(C)\{x2, x4}
implies xoxy € FE(Hp), and we are back in subcase 2.1.1 (since xax4 is a 1-chord
of C). If xexg € E(Hy), then, by symmetry, z1,219 € N, and Theorem 4 for the
set A =V(C)\ {1, x5} implies 1-chord zy235 € E(H,), a contradiction again.

Hence 3 is in a 4-chord, i.e., xoz; € E(Hy). Then, for a z € Ng(zg), we have
S1,3.6(24; 35 X5Te2; T1T207T8T9x10) in H; hence xg € N. Theorem 4 for the set A =
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V(C) \ {z2, ¢} then implies zox6 € E(Hy), and we are back in Subcase 2.2.2.

Subcase 2.2.4: C' has only 4-chords.

If thereis a z € Ng(x1), we have Sy 36(25; T10; T6212; 4T3T22703%9) in H; hence x; € N.
Symmetrically, 23 € N. Theorem 4 for the set A = V(C) \ {z1, 23} then implies the
1-chord z1z3 € E(H,), and we are back in Subcase 2.2.1.

Subcase 2.3: ¢(Hy) > 10 and |V (Hy)| > ¢(H,).

Set ¢(Hy) = t. Then we have Sy 36(21; Y15 Ta3%4; 4T 1021371 4%—5) in H (note that
t —5 > 4 since t > 10, and the edge z1y; is nonpendant since y; € V(Hy)).

Subcase 2.4: ¢(H,) = |V (Hy)| = 11.
Since §(Hy) > 3, every vertex of C' is in a chord.

Subcase 2.4.1: C' has a 1-chord.
Let z123 € E(Hp). Then H contains S 36(21; T2; £3T4%5; £11T10T9TT7T6).
Subcase 2.4.2: C' has a 3-chord.
Let z125 € E(Hp). Then H contains S 36(21; T5; Ta%3%4; X11T10T9TsT7T6)-
Subcase 2.4.3: C' has a 2-chord.

Let 124 € E(Hp). lf thereisa z € Np(z3), we have Sy 36(21; T4; Zo232; 211 210T9XsT726)
in H; hence x5 € N. Similarly, if there is a z € Ng(x5), then H contains the subgraph
S1.3.6(71; a5 X4T52; T11X10T9T8T7X6); hence also x5 € N. Theorem 4 for the set A =
V(C) \ {3, zs} then implies x3x5 € E(H,), and we are back in Subcase 2.4.1.

Subcase 2.4.3: C has only 4-chords.

Since every vertex of C' is in a 4-chord and |V(C)| is odd, some two 4-chords have a
vertex in common. Choose the notation such that xix¢, x127 € E(Hy). Since x5 is in
a 4-chord and the edge xox; would create a diamond, necessarily xoxs € E(Hp). But
then H contains S 36(%s; Ta; ToT10T11; T7T1T6T5T4L3).

Subcase 2.5: ¢(Hy) = |V (Hy)| = 12.

If 2y is in a k-chord for 1 < k < 2, H contains S; 36(%1; To; TxTkt1Tk42; T12211T10T9L8LT);
if z1 is in a k-chord for 3 < k <4, H contains Si 36(%1; To; TpTr—1Tk—2; T12X11T10T9T8L7).
Thus, by symmetry, every vertex of C' is in a 5-chord. Then H contains the subgraph
51,3,6(371; T12;, X7Texs; $2$3$4$10$99€8).

Subcase 2.6: ¢(Hy) = |V (H,)| > 13.

Set ¢(Hy) = t. If zyzp € E(Hp) for some k, 3 < k < 4, then H contains the subgraph
S1.36(T1; To; XXy 1Ty 25 TeTe—1T4— 2T 3T_aTy—5), and if zyzp € E(Hp) for some k with
h<k< L%J + 1, then H contains Sy 36(21; To; ThTr_1Tk—2; TeLp_1T4—2Ts—_3T1—aTt_5).

Case 3: G € B3 4.
Then H does not contain as a subgraph the graph S 45 such that its branch of length 1 is
in a nonpendant edge.
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Subcase 3.1: ¢(Hy) =9 and |V (H,)| > 10.

Claim 1.  The multigraph H does not contain a path P such that Int(P) C R and
either

(i) [V(P)| > 5 and one of its endvertices is in V (C), or

(i1) |V (P)| > 4 and both its endvertices are in V (C).

Proof. (i). If P = xy1...yx, k > 4, is a path satisfying (i), then H contains
S1.45(T1; To; Y1YoYsYa; TaT3xsT5T6), a contradiction.

(7). Let, to the contrary, P = x1y; ... yxZs, be a path satisfying (i7) for some k > 2 and
2 < s <8 If s =2, then the cycle, obtained from C' by replacing the edge xixs with
the path P, is longer than C, a contradiction. By symmetry, s € {3,4,5}. In each of
these cases we have a subgraph of H containing an S; 45 with the branch of length 1 at
a nonpendant edge.

Case Subgraph containing an S 45

5§ =3 | S1,>45(T1; T2 Y1 - . YrT3Ta; TTT7T6T5)
s =4 | S1545(T1; T2 Y1 - . . YrTals; ToTgT706T5)
s =05 | S1,455(T1; T2} ToTgX7T6; Y1 - - - YkT5T4L3)

Subcase 3.1.1: E((R)y) # 0.

Claim 2.  Every edge in E((R)g) is a pendant edge of H, and one of its vertices is
connected to C' by at least three edges.

Proof. Let first, to the contrary, e = y;y2 € E((R)y) be nonpendant, and choose
the notation such that y; € V(Hp). Since dy(y1) > 3, dg(y2) > 2 and H is essentially
3-edge-connected, e is connected to C' by three edge-disjoint paths Py, P5, P3, two of
them, say, P, and P, starting at y;, and P; starting at y». Let x;; be the endvertex
of Pon C, j=1,2,3. If P;, P, and P can be chosen such that [{iy, 2,43} > 2, then
there is a path satisfying the conditions of Claim 1(i7). Hence i; = iy = i3, and this
vertex is a cutvertex of H, contradicting the fact that Hj is 2-connected. Thus, e is a
pendant edge of H.

By the connectivity assumption, there are three edge-disjoint paths Py, P, P3, connect-
ing y; to C. Since Hj is 2-connected, the paths P, P,, P; can be chosen such that least
two of their endvertices are distinct. But then necessarily Int(P;) = ), i = 1,2, 3, since
otherwise we have a path satisfying the conditions of Claim 1(i). O

Subcase 3.1.1.1: there is an edge e = y1y2 € E((R)p) such that |N¢(y1)| > 3.
Since C' is longest, no two neighbors of y; are consecutive on C; thus, up to a
symmetry, Ne(y1) D {z1, 23,25}, Ne(y1) D {z1, 23,26}, or Ne(yi) = {1, 24, 27}
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Subcase 3.1.1.1.1: N¢(yy) D {z1, z3, 25}

If 5 € N, then the cycle C' = x1y 2304050670892, dominates more edges than
C, contradicting the choice of C'. Hence there is an zf, € Ng(z5). We have zf, # y;
since C' is longest. But then H contains S 45(2s5; Y1; £4T32205; LeT728L9T1 ).

Subcase 3.1.1.1.2: N¢(y1) D {z1, z3, 26}

Then similarly there is a vertex z, € Ng(zs) \ {y1}, and H contains the subgraph
S1,.45(T63 Y1; TrT8TYT1; TT4T3T2T5).

Subcase 3.1.1.1.3: No(y1) = {z1, 24, 27}

If there is an 2, € Ng(xa) \ {y1}, we have Sy 45(27; y1; TeXsTaTs; TeXoT122xh) in
H. Moreover, Ng(z2) N {y1,y2} = 0 since C is longest. Hence xo € N. Since
d(Hy) > 3, there is a chord of C' containing xs. Below we consider, up to a
symmetry, all possible 2-chords and 3-chords containing z5.

Chord at x» Contradiction
Tols C' = r1y1240322T5X6 728921 longer than C
TaZe S1.a,5(T2; 33 L1 T9Ts7; TeTsTaYrY) in H
ToZ7 S14,5(27; To; TeT524T3; TsToT1Y1Y2) in H

Thus, x5 is in a 1-chord or in a double edge. However, by symmetry, the same
applies to the vertices x3, x5, Tg, 3 and xg9, and we have at least three triangles
or double edges in H, contradicting Theorem G(vi).

Subcase 3.1.1.2: for every edge e = y1y2 € E((R) ), we have |No(y1)| = 2.

Then x1y; is a double edge, implying that every edge in (R)y contains y;. If
there is an 2} € Ng(x4) \ {y1}, then H contains Sy 4 5(21; y1; ToXsTa®l; ToxsTrTexs),
hence Ng(x4) C {y1}. Similarly, if there is an zf € Ng(xs) \ {v1}, then H con-
tains S145(x1; Y13 ToxstrTe; Toxsraxsxy), hence Ngr(xs) C {y1}. By symmetry, also
Nr({zs,27}) C {y1}. Considering the set A; = (V(C)U{y1})\{x4, x6} with |A;| = 8
and the fact that G is not Hamilton-connected, Theorem 4 implies z426 € E(H)).
But then the chord x4z creates a triangle in Hy, contradicting Theorem G(vi) since
1Yy is a double edge.

Subcase 3.1.2: F((R)g) = 0.

Let y; € Ry with x1y; € E(Hp) (this is always possible by Claim 1 and since Hy is
3-edge-connected). Similarly as in Subcase 3.1.1.2, Ng(x4) C {31} (otherwise, for an
x) € Ngr(zy)\{v1}, H contains Sy 4 5(21; y1; Tox3xsl; Toxst72675)), and Ng(zs) C {y1}
(otherwise, for an xf € Ng(z4) \ {y1}, H contains Sy 45(%1; y1; ToTs@rTe; TaT34T52Y)).
By symmetry, also Ng({zs,z7}) C {y1}. Considering the sets A; = (V(C) U {y1}) \
{z4,26} and Ay = (V(C) U {y1}) \ {z4, z7} with |A;| = |A2| = 8, Theorem 4 implies
xyxe € E(Hy) and z4x7 € E(Hy), and then the two chords x4z and z4z; create a
diamond in Hy, contradicting Theorem G(vi).

Subcase 3.2: ¢(H,) = |V (H,)| = 10.
Since §(Hy) > 3, every vertex of C'is in a chord.
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Subcase 3.2.1: C has a 1-chord.

Choose the notation such that zyx3 € E(Hp). If there is a z € Ng(wxs), then H
contains Sy 45(%1; Te; T3T4T52; T10TeTsT7Te); hence x5 € N. Symmetrically, g € N. If
there is a z € Ng(x7), then H contains Sj 45(21; T2; T3T4T5T6; T10T9xsT72); hence also
x7 € N. Theorem 4 for Ay = V(C) \ {x5, 27} then implies z5z7; € E(Hy), Theorem 4
for Ay = V(C) \ {z7, 29} implies z7x9 € E(Hy), and the three 1-chords zyz3, 57 and
x729 determine three triangles in Hy, contradicting Theorem G(vi).

Subcase 3.2.2: C has a 3-chord.

Let xy25 € E(Hy). If there is a z € Ng(x4), we have Sy 45(21; T5; To23242; 10T9TsT726)
in H; hence x4, € N. Symmetrically, x5 € N. From Theorem 4 for the set A =
V(C) \ {xa, x4} we then have zox4 € F(Hy); however, xoxy is a 1-chord of C, and we
are back in Subcase 3.2.1.

Subcase 3.2.3: C has a 4-chord.

Let xyx¢ € E(Hy). Then z; € N, since otherwise, for a z € Ng(z7), H contains
S1.45(T1; 65 X34 T5; T10T9TsT72). Symmetrically, x5 € N. Theorem 4 for the set
A=V (C)\{xs, 7} then yields zsz; € E(Hy), and we are again back in Subcase 3.2.1.

Subcase 3.2.4: every chord in C' is a 2-chord.

Let zyz4 € E(Hp). Since x9 is in a 2-chord, we have zoxg € E(Hy) or xoxs € E(H,).
Let first zoxg € E(Hy). Then 219 € N, since otherwise, for a z € Ng(x19), H contains
S1.45(24; 35 XpTeT7TS; T1T2T9T102). Symmetrically, x5 € N. Theorem 4 for the set A =
V(C)\ {5,210} then implies z5x19 € E(Hy), and we are back in Subcase 3.2.3. Thus,
xows € E(Hy). Since x3 is in a 2-chord, we have, up to a symmetry, xszg € E(Hy).
But then we are in a situation symmetric to the first case.

Subcase 3.3: ¢(Hy) > 10 and |V (Hy)| > ¢(H,).

Set ¢(Hp) =t. Then H contains the subgraph Si 4 5(21; y1; ToX3T4%s; TeXp—1T4—0Ti—3T1—4),
a contradiction.

Subcase 3.4: ¢(Hy) = |V (Hyp)| = 11.
Since §(Hy) > 3, every vertex of C' is in a chord.

Subcase 3.4.1: C' has a 1-chord.
Let z123 € E(Hp). Then H contains S 45(21; T2; T3T4T5T6; T11T10T9T8T7).
Subcase 3.4.2: C has a 4-chord.
Let z126 € E(Hp). Then H contains S 45(21; Te; To324T5; T11L10T9T8T7).
Subcase 3.4.3: C' has a 3-chord.

Let x1x5 € E(Hp). By the previous subcases, x3 is in a 2-chord or in a 3-chord. Thus,
up to a symmetry, xsrg € E(Hy) or zzr; € FE(Hy). However, if x3zg € FE(Hp),
H contains Sy 45(21; T2; T11010%9Ts; T5Tax3T627), and if xzsx; € E(Hp), H contains
51,4,5($1; L2; X11L10T9T8; 5551’4553177556)~

Subcase 3.4.4: every chord in C' is a 2-chord.
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Let x1x4 € E(Hp). Then x5 is in a 2-chord, i.e., xox19 € E(Hy) or xexs € E(Hy). If
x9x19 € E(Hy), H contains Sy 45(24; T3; T129T10%11; T5LeLrTsLg). Hence zoxs € E(H,y),
and then, for any 2-chord containing x3 we are in a situation symmetric to the first
case.

Subcase 3.5: ¢(Hy) = |V(Hy)| = 12.
We show that C' does not have a k-chord for k € {1,2,4,5}.

Chord in C Subgraph S 45

1-chord x123 | S145(21; T2; T324T5%6; L1211 L10L9Ts)
2-chord z1xq | S145(%15 T2} TaT5T6T7; T12T11T10T9Ts)
4-chord x76 51,4,5(951; Tg; LaX3T4Ts5; $1211711~’U105U99€8)
5-chord @127 | S1a5(21; T7; XoX38a%s; T12T11T10T9T5)

Hence any chord in C' is a 3-chord. Let x1x5 € E(Hy) be a 3-chord. Up to a symmetry,
x3x7 € E(Hyp), and then H contains Sy 4 5(21; Z2; L5T42327; £12211T10T9%s).

Subcase 3.6: ¢(Hy) = |V (H,)| > 13.

Set ¢(Hy) = t. If xyx, € E(Hy) for some k, 3 < k < 5, then H contains the subgraph
S1.45(T1; To; XXy 1 T 2Tk 435 TeTe_1Te—2Tt—3%4—4), and if zyzy € E(Hy) for some k with
Fb<k< L%J + 1, then H contains S145(21; To; ThTr—1Tk—2Tk—3; TeLp_1T1_2Ts—_3T1—4).

6 Concluding remarks

1. Theorem 1 admits a slight extension as follows. For s > 0, a graph G is s-Hamilton-
connected if the graph G — M is Hamilton-connected for any set M C V(G) with |M| < s.
Obviously, an s-Hamilton-connected graph must be (s + 3)-connected. Since an induced
subgraph of a { K 3, B; j }-free graph is also { K7 3, B; ; }-free, we immediately have the following
fact, showing that, in {K; 3, B; ; }-free graphs with ¢ + j < 7, the obvious necessary condition
is also sufficient.

Corollary 5.  Let s,1,7 be integers such that s > 0,1¢,7 > 1 andi1+ j <7, and let G be a
{K 3, B; j}-free graph. Then G is s-Hamilton-connected if and only if G is (s + 3)-connected.

2. We can now update the discussion of potential pairs X, Y of connected graphs that might
imply Hamilton-connectedness of a 3-connected {X, Y }-free graph, as summarized in [14].

As shown in [6], up to a symmetry, necessarily X = K 3, and, summarizing the discussions
from [3], [6], [7] and [14], there are the following possibilities for Y (see Fig. 1 for the graphs
Z;, B; j and N; ;, and Fig. 2(a) for the graph I';):

(1) Y e{l'1,Is}, or Y =T forn = |V(G)| > 21,

(i) Y = P, with 4 <i <09,
(i1) Y = Z; withi <6, or Y = Z; forn = |V(G)| > 21,
)Y =N, jpwithi+j+k<T.
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Best known results in the direction of each of these subgraphs are summarized in Theo-
rem A, and we summarize the current status of the problem in the following table.

Y Possible Best known Reference Open
Iy | I'y, s, I's forn > 21 I 6] I's; I's for n > 21
P; 4<i<9 Py 3] —
Z; i < 6; Zy forn > 21 | Zg; Zy for G £ L(W1) [20] —
B, ; 1+9 <7 147 <7 This paper —
Ni .k i+j+E<ST i+j+E<T (13, 14, 15] —

Thus, the only remaining cases are the I'3 and the I's for n > 21. The problem here is that
although we are able to construct a closure operation that turns a {K; 3, I';}-free graph into
the line graph of a multigraph and preserves both Hamilton-connectedness and the property
of being I';-free, the structure still remains too complicated to be reasonably handled.
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