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Abstract

In the first one in this series of two papers, we have proved that every 3-connected
{Ki 3, N1 3,3}-free graph is Hamilton-connected. In this paper, we continue in this direc-
tion by proving that every 3-connected {K 3, X }-free graph, where X € {Ny 15, Na23},
is Hamilton-connected (where N; ;j is the graph obtained by attaching endvertices of
three paths of lengths i, j, k to a triangle). This together with a previous result of other
authors completes the characterization of forbidden induced generalized nets implying
Hamilton-connectedness of a 3-connected claw-free graph. We also discuss remaining
open cases in a full characterization of connected graphs X such that every 3-connected
{K 3, X }-free graph is Hamilton-connected.
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1 Introduction

In this paper, we generally follow the most common graph-theoretical notations and terminol-
ogy as given e.g. in [3], and for problem-specific notations and terminology we refer to the first
paper of this series, [12]. We recall here the special graphs in Fig. 1 that will be important for
our results.

The following two results were proved in [13] and in [12], respectively.

Theorem A. Let G be a 3-connected { K 3, X }-free graph, where
(Z) [13] X = N172’4, or
(i) [12] X = Nyss.

Then G is Hamilton-connected.
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Figure 1: The graphs N; ;, S; ;i and the Wagner graph W

Recall that these results are sharp, as can be seen by considering the family of graphs
G ={L(H)| H € W}, where W is the family of graphs obtained by attaching at least one
pendant edge to each of the vertices of the Wagner graph W (see Fig. 1). Then any G € G
is 3-connected, non-Hamilton-connected and N; ;;-free for ¢ + j + k& > 8. Hence the possible
values that might imply a 3-connected {K; 3, N; i }-free graph to be Hamilton-connected are
those with ¢ + 7+ k < 7. For i + j + k = 7, there are four possibilities, namely, N; 15, N124,
Ni33 and Nao 3. While the second and third possibilities show sharpness of Theorem A, the
first and last ones show that the next result, which is the main result of this paper, is also
sharp, and completes the characterization.

Theorem 1. Let X € {Ny15,Noos}, and let G be a 3-connected {K, 3, X }-free graph.
Then G is Hamilton-connected.

The proof of Theorem 1, which is a careful case analysis, is postponed to Section 3. In
Section 2, we collect necessary known results and facts that allow to significantly reduce the
number of cases to be considered. Finally, in Section 4, we discuss sharpness and remaining
open cases.

2 Preliminaries

In this section, we summarize some known facts that will be needed in our proof of Theorem 1.
All these fact and results are contained already in the first paper of this series, [12], and we
include them here for the sake of completeness.

2.1 Line graphs of multigraphs and their preimages

The line graph of a multigraph H is the graph G = L(H) with V(G) = E(H), in which two
vertices are adjacent if and only if the corresponding edges of H share at least one vertex. It is
well-known that in line graphs of multigraphs, for a given line graph G, a multigraph H such
that G = L(H) is not uniquely determined. As shown in [16], this drawback can be overcome
by an additional requirement that simplicial vertices correspond to pendant edges.

Theorem B [16]. Let G be a connected line graph of a multigraph. Then there is, up
to an isomorphism, a uniquely determined multigraph H such that G = L(H) and a vertex
e € V(G) is simplicial in G if and only if the corresponding edge e € E(H) is a pendant edge
in H.



The multigraph H with the properties given in Theorem B will be called the preimage
of a line graph G and denoted H = L™'(G). We will also use the notation a = L(e) and
e = L7 !(a) for an edge e € E(H) and the corresponding vertex a € V(G).

An edge-cut R C E(H) of a multigraph H is essential if H — R has at least two nontrivial
components, and H is essentially k-edge-connected if every essential edge-cut of H is of size
at least k. It is a well-known fact that a line graph G is k-connected if and only if L™(G)
is essentially k-edge-connected. It is also a well-known fact that if X is a line graph, then a
line graph G is X-free if and only if L™!(G) does not contain as a subgraph (not necessarily
induced) a graph F such that L(F) = X (but not necessarily F' = L7!(X)). However, it
is straightforward to verify that for the graph N, ;; there is exactly one graph F' such that
L(F) = N, j, namely, the graph L™Y(N; ;1) = Sit1,j+1.4+1 (see Fig. 1). Thus, we can conclude
that a line graph G is N, j,-free if and only if L™'(G) does not contain as a (not necessarily
induced) subgraph the graph L™'(N; ;) = Sit1j+14+1. Recall that when listing vertices of
an 5; ;1 in a graph, we will write the list such that ¢ < j < k, and we will use the notation
Sijk(viaras .. .a;;01by .. bjscica. .. cp) (in the labeling of vertices as in Fig. 1).

Recall that a closed trail T" is a dominating closed trail (abbreviated DCT) if T' dominates
all edges of G, and an (e, f)-trail is an internally dominating (e, f)-trail (abbreviated (e, f)-
IDT) if Int(7") dominates all edges of G. The following result shows the relation between a
hamiltonian cycle (hamiltonian (ay, as)-path) in G = L(H) and a DCT (an (e, e2)-IDT) in H.

Theorem C. Let H be a multigraph with |E(H)| > 3 and let G = L(H).
(1) [8] The graph G is hamiltonian if and only if H has a DCT.
(17) [11] For every e; € E(H) and a; = L(e;), i = 1,2, G has a hamiltonian (ay, as)-path if
and only if H has an (eq, e3)-IDT.

2.2 SM-closure

For z € V(G), the local completion of G at x is the graph G, = (V(G), E(G) U {y1y2| y1,y2 €
Ng(z)}) (ie., G, is obtained from G by adding all the missing edges with both vertices in
Ng(z)). Obviously, if G is claw-free, then so is . Note that in the special case when G is
a line graph and H = L71(G), we have G, = L(H|.), where ¢ = L™1(z), and H|, is obtained
from H by contraction of e into a vertex and replacing the created loop(s) by pendant edge(s)
(for more details on the contraction operation see Subsection 2.5). Finally, a vertex z € V(G)

is eligible if Ng(x) induces in G a connected noncomplete graph.

In [10], the concept of an SM-closure GM of a claw-free graph G was defined by the following
construction.
(i) If G is Hamilton-connected, we set GM = cl(G).

(#7) If G is not Hamilton-connected, we recursively perform the local completion operation
at such eligible vertices for which the resulting graph is still not Hamilton-connected,
as long as this is possible. We obtain a sequence of graphs G, ..., G} such that

e G =G,
o Gy = (GZ):D for some z; € Vg (Gy),i=1,....k—1,
e (. has no hamiltonian (a,b)-path for some a,b € V(Gy),
o for any z € Vg1(G}), (Gy), is Hamilton-connected,
and we set GM = Gy.



A resulting GM is called a strong M-closure (or briefly an SM-closure) of the graph G, and a
graph G equal to its SM-closure is said to be SM-closed. Note that for a given graph G, its
SM-closure is not uniquely determined.

As shown in [16] and [10], if G is SM-closed, then G = L(H), where H does not contain
any of the multigraphs shown in Fig. 2.
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Figure 2: The diamond 77, the multitriangle 75 and the triple edge T3

The following theorem summarizes basic properties of the SM-closure operation.

Theorem D [10].  Let G be a claw-free graph and let G™ be one of its SM-closures. Then
GM has the following properties:
(i) V(G) =V(GM) and E(G) C E(GM),
(i) GM is obtained from G by a sequence of local completions at eligible vertices,
(ii1) G is Hamilton-connected if and only if GM is Hamilton-connected,
(iv) if G is Hamilton-connected, then GM = cl(G),
) if G is not Hamilton-connected, then either
() Ver(GM) =0 and GM = cl(G), or
(B) Ver(GM) £ (0 and (GM), is Hamilton-connected for any x € Vg (GM),
(vi) GM = L(H), where H contains either
() at most 2 triangles and no multiedge, or
(B) no triangle, at most one double edge and no other multiedge,
(vit) if GM contains no hamiltonian (a,b)-path for some a,b € V(GM) and

(a) X is a triangle in H, then E(X) N {Lzy(a), Ly (b)} # 0,
(8) X is a multiedge in H, then E(X) = {Lg\(a), Loy (b)}

We will also need the following lemma on SM-closed graphs proved in [17].

Lemma E [17]. Let G be an SM-closed graph, let H = L™'(G) and let F be the
graph with V(F) = {v1, va, v3,v4,v5, 2} and E(F) = {v1vg, Va3, V34, V405, UsV1, V35, 201, 2V }
(see Fig. 3). Then H does not contain a subgraph H isomorphic to the graph F' such that

Ny ({v1,v2,v3,05}) C V(H).
(1 hl Vs
F h7 h5
2 hg h6
hg h4
(%) hg V3

Figure 3: The graph F'
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2.3 The core of the preimage of an SM-closed graph

The definition of the core is slightly problematic for multigraphs, therefore we restrict our
observations to the case that we need, i.e., to preimages of 3-connected SM-closed graphs.
The difficulties then do not occur since such a multigraph cannot have pendant multiedges by
Theorem B, and cannot have pendant multitriangles (since there are no multitriangles at all).

Thus, let G be a 3-connected SM-closed graph and let H = L™(G). The core of H is the
multigraph co(H) obtained from H by removing all pendant edges and suppressing all vertices
of degree 2.

Shao [20] proved the following properties of the core of a multigraph.

Theorem F [20]. Let H be an essentially 3-edge-connected multigraph. Then
(1) co(H) is uniquely determined,

(i1) co(H) is 3-edge-connected,

(7ii) V(co(H)) dominates all edges of H,

(1v) if co(H) has a spanning closed trail, then H has a DC'T.

2.4 UM-closure

As shown in [12], the concept of SM-closure can be further strengthened by omitting the
eligibility assumption in the local completion operation. Specifically, for a given claw-free
graph G, we construct a graph GY by the following construction.

(¢) If G is Hamilton-connected, we set GV = Ky ().

(#7) If G is not Hamilton-connected, we recursively perform the local completion operation
at such vertices for which the resulting graph is still not Hamilton-connected, as long
as this is possible. We obtain a sequence of graphs G, ..., G} such that

® Gl = G,
o Gip1 = (Gy),, for some ; € V(Gy), i=1,...,k—1,
e G} has no hamiltonian (a, b)-path for some a,b € V(Gy),
e for any z € V(Gy), (Gy), is Hamilton-connected,
and we set GV = G}.
A graph GY obtained by the above construction is called an ultimate M-closure (or briefly a
UM-closure) of the graph G, and a graph G equal to its UM-closure is said to be UM-closed.

Obviously, by the definition, if G is UM-closed, then G is also SM-closed, implying that G
is a line graph and H = L™!(G) has special structure (contains no diamond etc. — see Fig. 2
and Theorem D (vi), (vii)). The next theorem shows that for UM-closed graphs, not only H,
but also co(H) has these strong structural properties.

Theorem G [12]. Let G be a claw-free graph and let G be one of its UM-closures. Then
GY has the following properties:

(i) V(G)=V(GY) and E(G) C E(GY),
GY is obtained from G by a sequence of local completions at vertices,

)
(i17) G is Hamilton-connected if and only if GV is Hamilton-connected,
() if G is Hamilton-connected, then GV = Ky (g,
v) if G is not Hamilton-connected, then (GY), is Hamilton-connected for any x € V(GY),



(vi) GY = L(H), where co(H) contains no diamond, no mutitriangle and no triple edge,
and either
(o) at most 2 triangles and no multiedge, or
(B) no triangle, at most one double edge and no other multiedge, and if co(H)
contains a double edge, then this double edge is also in H,

(vit) if GY contains no hamiltonian (a,b)-path for some a,b € V(GY) and
(a) X is a triangle in co(H), then E(X) N {Lg}(a), Ly (b)} # 0,
(8) X is a multiedge in co(H), then E(X) = {Lgy(a), Lo (b)}.

The following result was first established in [5], and later on reconsidered in [14] in a more
general setting.

Theorem H [14]. Let G be a {Kj 3, N, ;i }-free graph, i,j,k > 1, and let v € V(G). Then
the graph G, is {K 3, N; j }-free.

Specifically, Theorem H implies that a UM-closure of a {Kj 3, N; ;i }-free graph is also
{Kl’g, Ni,j,k}—free.

2.5 A-contractible multigraphs

For a multigraph H and F' C H, H|r denotes the multigraph obtained from H by identifying
the vertices of F' as a (new) vertex vg, and by replacing the created loops by pendant edges.
Specifically, if E(F) = {e}, we simply write G|.. If H is a multigraph, X C V(H), and A is
a partition of X into subsets, then F(A) denotes the set of all edges ajas (not necessarily in
H) such that a;, ay are in the same element of A. Further H# denotes the multigraph with
vertex set V(HA) = V(H) and edge set E(H*) = E(H) U E(A) (where E(H) and E(A) are
considered to be disjoint, i.e., if e; = ajay € F(H) and es = ajay € E(A), then eq, ey are
parallel edges in H*4).

Let F' be a multigraph and let A C V(F). We say that F' is A-contractible, if for every
even subset X C A and for every partition A4 of X into two-element subsets, the graph FA
has a DCT containing all vertices of A and all edges of E(.A). Note that this definition allows
X to be empty, in which case FA = F. Also, if F' is A-contractible, then F is A’-contractible
for any A" C A (since every subset X of A’ is a subset of A). As shown in [15], if F' is an
Ap (F)-contractible submultigraph of a multigraph H, then H has a DCT if and only if H|g
has a DCT (note that the concept was defined in [15] for graphs, but it is easy to observe that
it remains true also for multigraphs).

Several examples of A-contractible graphs are shown in Fig. 4 (where the vertices in the set
A are double-circled). Note that detailed proofs of A-contractibility are for F, and F3 given
in [15].

In our proof, we will need the following lemma from [12].

Lemma I [12]. Let H be a multigraph, F' an Ay (F)-contractible submultigraph of H, and
let e1,e5 € E(H) \ E(F). Then H has an (e, e2)-IDT if and only if H|r has an (e, e2)-IDT.
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Figure 4: Examples of A-contractible graphs

2.6 A special version of the “Nine-point-theorem”

The well-known “Nine point theorem” by Holton et al. [9] states that a 3-connected cubic
graph contains a cycle passing through any 9 prescribed vertices. For our proof, we will need
its special version, based on a stronger version by Bau and Holton [1], and developed in [12].

Theorem J [12]. Let X € {Ny15, N133, Naoos}, and let G be a 3-connected UM-closed
{K; 3, X }-free graph such that co(H), where H = L™'(G), is 2-connected. Let e, e3 € E(H)
be such that there is no (e1, e3)-IDT in H. Then for every set A C V(co(H)), |A| = 8, there
is an (ey, e9)-trail T in H such that A C Int(T).

The following lemma will be crucial in our proof. Recall that W denotes the Wagner graph
(see Fig. 1).

Lemma K [12]. Let G be a 3-connected non-Hamilton-connected UM-closed claw-free
graph. Then G has an induced subgraph G (possibly G = G) such that G is 3-connected,
non-Hamilton-connected and UM-closed, and, moreover, Hy = co(L‘l(é)) is 2-connected, and
either c¢(Hy) > 9 and |V (Hy)| > 10, or Hy ~ W.

3 Proof of Theorem 1

Let G be a 3-connected {Kj3, Ni5}-free or {Kj 3, Naoos}-free graph and suppose, to the
contrary, that GG is not Hamilton-connected. By Theorem G and Theorem H, we can suppose
that G is UM-closed. Let thus H = L™!(G), and set Hy = co(H). By Theorem F(ii), Hy is
3-edge-connected. By Lemma K, we can suppose that Hy is 2-connected and ¢(Hy) > 9 and
|V (Hp)| > 10, unless Hy ~ W. Then, by Theorems J and C(iz), we have the following claim.

Claim 1. Let A C V(Hy) be such that |A] = 8. Then A does not dominate all edges of H.

Proof. Since G is not Hamilton-connected, by Theorem C(i7), there are edges ey, ey € E(H)
such that there is no (e, e2)-IDT in H. Then, by Theorem J, there is an (eq, e2)-trail 7" in H
such that A C Int(7). But if A dominates all the edges in H, then T would be an (e;, e5)-IDT
in H. U

Now, if Hy ~ W, then |V(Hy)| = 8 and V(H,) dominates all edges of H, contradicting
Claim 1. Thus, we have ¢(Hy) > 9 and |V (Hy)| > 10. We consider separate cases for possible
values of ¢(Hp) and |V (Hy)|.



Throughout the proof, in each of the cases, C' = z1x5. ..z, always denotes a longest
cycle in Hy, R = V(H)\ V(C), N = {y € V(Hy)| Nr(y) = 0}, Ry = RNV(H,), and if
Ry # 0, we set Ry = {y1,...,Y |} and we choose the notation such that y,21 € E(Hy). An
edge x;x; with z;,z; € V(C), 1 <i,j < |V(C)|, will be called a chord of C, and we say that
x;x; is a k-chord if the shorter one of the two subpaths of C' determined by x; and z; has k
interior vertices. Similarly, for a vertex y € Ry with N¢(y) # ), the subpaths of C' determined
by the neighbors of y will be called segments of C'; and a segment with k interior vertices will
be referred to as a k-segment.

Claim 2. If E((R)y) = (), then Hy has no double edge.

Proof.  Suppose that Hy has a double edge {e, f}. Then, since V(C') dominates all edges of
H, it follows that H has an (e, f)-IDT. But then, by Theorem G(vii)(/3), G has an (a, b)-path
for every pair a,b € V(G), a contradiction. d

In the proof, we will often list vertices of a subgraph S; ; ». There are two general comments
to all these situations.

e When some edge e = z;x; of the S;; is in E(Hy), it can always happen that e is
subdivided in H, i.e., formally, e ¢ E(H). However, it is immediate to see that if this
happens, then the corresponding subgraph of H, which instead of e = z;x; contains a
path z;zx; with 2z € V5(H), also contains S; ; as a subgraph.

e When a vertex x; € V(C) has a (potential) neighbor z € R and the vertex z occurs as
the last vertex of a branch of the S; ;x, then such a vertex z can be an endvertex of a
pendant edge attached to x;, or can be z € Vo(H) and z subdivides some of the edges
incident to x;. It should be noted that in the second case, the vertices x; and z can
occur in reverse order in the list (i.e., x; being the last vertex of the branch).

Throughout the proof, we always implicitly understand that there are also these possibilities.

Case 1: G is {K13, Ny 15}-free.
Then H does not contain as a subgraph the graph S 25.

Subcase 1.1: ¢(Hy) =9 and |V (Hy)| > 10.

First observe that E((R)y) = 0, since if e.g. y;2 € E(H) for some z € R, then H contains
the subgraph S5 6(21; y12; £223; Toxs7T62524), a contradiction. Consequently, no vertex
in Ry is connected to C' by a double edge by Claim 2. Thus, y; has at least three distinct
neighbors on C since dg, (1) > 3.

Suppose that y;x3 € E(Hp). Then x5 € N, for otherwise, if 252 € E(H) for some
z € R, either there is Sy o 6(%1; X22; Y123; ToxsTrxex524) in H if 2 # yy, or the cycle C' =
T1Y1Ty . . . Toxy is longer than C'if z = y;, a contradiction. Hence {x9,y1} C N and, by the
same argument for v, ...,y g, and since E((R)y) = 0, we have {z2,y1,..., Yo} C N.
This implies that the set A = {z1,x3, x4, T5, ¢, X7, Ts, To} With |A] = 8 dominates all
edges in H, contradicting Claim 1. Thus, yy23 ¢ E(H,).

Since do(y1) > 3 and |V(C)| = 9, the only possibility is, up to a symmetry, that
Neo(y1) = {x1, x4, 27}. Then again x5 € N, for otherwise, for a neighbor z of x5 in R, we
have Sy96(%1; T22; Toxs; Y12726T524x3) in H if 2 # yy, or a longer cycle if z = y;, a contra-
diction. By symmetry, we have V(C) \ {x1, x4, 27} C N, implying that, if |V (Hy)| > 10,

8



all y;, 7 =2,...,|Ro|, are adjacent to x1, x4 and z7, and to no other vertices of C. Then
the set A =V(C)\ {z9} with |A|] = 8 dominates all edges in H, contradicting Claim 1.

Subcase 1.2: ¢(H,) = |V (H,)| = 10.

By Theorem G(vi), Hy has at most two triangles. Hence, since §(Hy) > 3, it follows that
C has a k-chord for some k > 2. We consider possible cases.

Subcase 1.2.1: xyx4 € E(H,).

We show that {xq, x5, 27} C N. Thus, let z € R and consider the following possibilities.
Edge 52,2,6 in H

Toz € E(H) | So26(71; 0225 X423; T10T9Ts L7267 5)

T52 € E(H) 52,2,6($4; T3T2; T5%; $1$10$9$8$7$6)

T72 € E(H) 52,2,6(954; T3T2; $5$6;$1$10$9$8I72)

Hence we have {zy, x5, 27} C N and, by symmetry, also {x3,zs, 210} C N. Now, the
set A =V(C)\ {x3, 25} with |A| = 8 dominates all edges of H, contradicting Claim 1,
unless zgzs € F(Hy). Hence z3xs5 € E(Hp). Symmetrically, zoz19 € E(Hp). Similarly,
considering the set A = V(C)\ {z5, z7} with |A| = 8, we have x5z7 € E(H,). But then
r3xs5, Tox1g and xsxy are three 1-chords in C, determining three triangles in Hy, which
contradicts Theorem G(vi). Thus, C' has no 2-chord.

Subcase 1.2.2: xx5 € E(H,).

Then x¢ € N, for otherwise we have a subgraph S o 6(x1; Tos; T5T4; T10TeTsT7T2) in
H for z € R with 24z € E(H). Hence 24 € N and, symmetrically, z19 € N. If 24219 ¢
E(H), then A =V(C) \ {x¢, 210} is a set of 8 vertices in H, that dominates all edges
of H, contradicting Claim 1. Thus, z¢z19 € E(Hy). By symmetry, {z1, x5, x6, 210} C
N. Then, considering the set A = V(C) \ {x1, 26}, Claim 1 implies z126 € E(H)).
Symmetrically, xsx19 € E(Hp). But then ({z1, x5, x¢,210})n ~ K, contradicting
Theorem G(vi). Thus, C' has no 3-chord.

By Subcases 1.2.1 and 1.2.2 and since |V (C)| = 10, C' can have only 4-chords, plus at
most two 1-chords. Thus, at most 4 vertices of C' can be in a 1-chord, implying that
C' has at least three 4-chords. Since |V(C)| = 10, there always is a pair of 4-chords
such that their endvertices are on C' at distance 2. Thus, let, say, z126 € E(Hp) and
xsxs € E(Hp). Then x5 € N, since otherwise, for a z € R with xez € F(H), we have
So.2.6(T1; Taz; X10Ty; TeX7TsT3x45) in H. Symmetrically also z7 € N. Considering the set
A =V (C)\{xa, x7} with |A| =8, by Claim 1 we have zoz; € E(Hy). Now, x1 € N, since
otherwise, for a z € R with 212 € E(H) we have Sy 6(2¢; 212; T729; 524T328T9%10) in H.
Thus, we have {x,z9, 27} C N. Considering the set A = V(C) \ {x1, 27} with |A] =8,
we have x1x7 € E(Hp) by Claim 1. However, z;x7 is a 3-chord, and, by symmetry, we
are back in Subcase 1.2.2.

Subcase 1.3: ¢(Hy) = 10 and |V (Hp)| > 11.

Then E((R)y) = 0, for if there is a z € R with e.g. zy; € E(H), then H contains
So.2.6(T1;Y12; Loy T10TexsTrxex5). Hence R C N, and no vertex in Ry is attached to C
by a double edge by Claim 2. Since 0(Hy) > 3, every vertex in Ry has at least three
distinct neighbors on C. We consider the possible cases.




Subcase 1.3.1: y,z4 € E(Hy).
Then we have S326(21; Y124; T2X3; T10ToxsT7T6x5) in Hy, a contradiction.
Subcase 1.3.2: y,z5 € E(H,).

Then zg € N since otherwise H contains S5 6(21; Y125; To%3; 10ToxsZ7262) for some
z € R with zz¢ € E(H). Symmetrically also x19 € N. If xgz19 € E(Hy), then the set
A =V(C)\{xg, 10} with |A] = 8 dominates all edges of H (recall that R C N). Hence
zer19 € E(Hp) by Claim 1. But then H contains S o 6(%¢; X72s; T10T9; T5Y121T2T3T ),
a contradiction.

By Subcases 1.3.1 and 1.3.2, by symmetry and since C' is longest, the neighbors of y; on
C' can be at distance (along C) either 2, or at least 5. However, it is straightforward to
verify that this is not possible since |V (C)| = 10.

Subcase 1.4: ¢(Hy) = |V(Hy)| = 11.

Since 0(Hy) > 3 and Ry = (), every vertex of C' is in a chord. We consider the possible
cases.

Subcase 1.4.1: zx4 € E(Hy).

Then we have Sso6(%1; Tos; T4T5; T11010T9T82T72¢) in Hp, a contradiction. Thus, by
symmetry, there is no 2-chord.

Subcase 1.4.2: xix5 € E(H,).

Then we have Sso6(%1; Tos; T5Ta; T11210T9Ts2T726) in Hyp, a contradiction. Thus, by
symmetry, there is no 3-chord.

We observe the following fact.
Claim 3. Ife = x;x;,5 is a 4-chord of C, then {z;_1,x;16} C N (indices modulo 11).

Proof. Choose the notation such that ¢ = 1. If x7 is adjacent to a z € R, then we have
So.2.6(T1; Tow3; TeTs; T11T10TeTsx72) in H, hence x7 € N. Symmetrically, x1; € N. O

We show that C' has no 1-chord. Thus, let, to the contrary, z123 € E(Hp). By The-
orem G(vi), Hy contains no diamond, and hence x4, 11 ¢ Npg,(z2). Since §(Hy) > 3
and C' has neither 2-chords nor 3-chords, we may assume, by symmetry, that xoz; €
E(Hy). By Claim 3, we have {z1,2s} C N. Moreover, zo € N, for otherwise we have
So9.2.6(x1; Xa2; X3xy; X11210T9xsT7%6) in H for some neighbor z of x5 in R, and also z19 € N
since for a z € R with zxyg € E(H) we have Sy96(27; s%9; T6Ts; TaT3212112102) in H.
Thus, we have {x1, z2, xs, 210} C N.

Considering the set A = V(C) \ {x2, zs, 10} with |A| = 8 and since zox19 ¢ E(Hy) by
Subcase 2.4.1, either xoxg € E(Hy) or xsz19 € E(Hp) by Claim 1. Similarly, considering
the set A = V(C) \ {21, x5, 210} with |A| = 8 and since z125 ¢ E(Hy) by Subcase 2.4.2,
either x1x19 € E(Hp) or xgx1g € E(Hp). Thus, there is at least one of the edges zoxs,
319, and also at least one of the edges x121¢, x3719. Since each of these edges creates a
triangle, and there already is one triangle in Hy (created by the 1-chord xix3), the only
possibility is that zgx1y € E(Hyp). Now, since dy,(x11) > 3, by the previous subcases and
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since Hy does not contain a diamond, we have z1125 € E(Hy) or x1126 € E(Hy) (recall
that we also have {x1, 19, x5, 210} C N).

Let first x1125 € E(Hp). Then x4 € N by Claim 3, and considering the set A = V/(C) \
{x9, x6,z10} with |A] = 8, Claim 1 implies that H, contains at least one of the edges
Tokg, Tel1g, ToT1g. However, each of these edges contradicts Subcase 1.4.1 or 1.4.2. Thus,
we have zy126 € E(Hp). Then similarly z; € N by Claim 3, and we have an analogous
contradiction by Claim 1 considering the set A = V(C') \ {x1,x5,25}. Thus, C' has no
1-chord.

By the previous considerations, C' has no k-chord for £k = 1,2,3. Since 6(Hy) > 3,
every vertex of C'is in a 4-chord. By symmetry, let 126 € E(Hp). Then z9 is in a
4-chord and, again by symmetry, we can suppose that zszg € E(Hy). Then Hy contains
So.2.6(T9; TsT7; T10T11; T3T2X1T6eT5T4 ), a contradiction.

Subcase 1.5: ¢(Hy) > 11 and |V (Hy)| > ¢(H,).

First observe that, as in Subcase 1.3, E((R)y) = () (otherwise there is an Sy26 in H),
implying R C N, and that no vertex in Ry is attached to C' by a double edge by Claim 2.
Since 0(Hp) > 3, every vertex in Ry has at least three distinct neighbors on C, and we
consider possible cases. Set |V(C)| = t.

Subcase 1.5.1: y,z4 € E(Hy).

Then we have S206(%1; Toxs; Y124; T1T_1Te— 2%t 3%4—4T¢—5). Thus, there is no 2-segment
on C.

Subcase 1.5.2: yyx5 € E(Hy).

Then we similarly have Sy 6(%1; T2o%3; Y125; 42101224 3%1—4%—5). Thus, there is no
3-segment on C.

By Subcases 1.5.1 and 1.5.2, y; determines on C' only 1l-segments and k-segments for
k > 4, and there are at least three segments determined by y;. We distinguish possible
cases, where, in each of the cases, we always consider ki-segments and ks-segments such
that k; < ko and kq + ko is smallest possible.

Subcase 1.5.3: ky = ky = 1.

By symmetry, we can choose the notation such that {z1,z3, x5} C No(y1), and then
we have Sy 9 6(Y1; 1025 T324; T5XeT7TToT10) 0 H.

Subcase 1.5.4: k1 =1, ky > 4.

Then, by symmetry, {x1, 23, Tr,+4} C Ne(yr) and, by the choice of ky and ko, t >
2ky +4 > 12. Then we have S296(%3; ToT1; T4T5; Y1Tky+4Tky+5Tky+6Tko+7Thy+8) 10 H.
Subcase 1.5.5: 4 < k; < k».

Then {x1, Tk, +2, Tk, +ko13t C Ne(yr) and t > kg + 2ke + 3 > 15. Then we have
S2,2,6(T1; ToT3; T4y 15 Y10k, 42T ky 43Tk +4Tky +5Tky 46)-

Subcase 1.6: ¢(Hy) = |V (Hy)| > 12.

Since 0(Hy) > 3 and Ry = (), every vertex of C'is in a chord, and we consider the possible
cases. Set |[V(CO)| =t.
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Subcase 1.6.1: zx4 € E(Hy).

Then we have S596(21; To%3; Taks; TpTi—1Te—o%1—3%—4T—5) in Hyp, a contradiction. By
symmetry, there is no 2-chord.

Subcase 1.6.2: = x; € E(Hy),i € {5,6}.

Then we have Soo6(%1; Xos; T 1; TeXp_1X4_0Ts—3T—4%¢—5) in Hy, a contradiction.
Thus, by symmetry, there is no 3-chord and no 4-chord.

Subcase 1.6.3: z27 € E(H)).

If t > 13, we similarly have S 5 (21; X23; T726; T4 Xp—14—2%4—_3T4—42¢—5). Thus, suppose
that ¢t = 12. By the previous subcases, there are only 1-chords and 5-chords. Since Hy
has at most two triangles, there are at most two 1-chords, and since ¢ = 12 and every
vertex of C' is in a chord, there are three vertices that are consecutive on C' and each
of them is in a 5-chord. Choose the notation such that z1x7 € E(Hy), zozs € E(Hy)
and T3Tg € E(Ho) Then we have 52,2,6(371; ToXg, L1211, $7l’61'5l’4$3$9) in H().

Subcase 1.6.4: xx; € E(Hy),1 > 8.

Then, by the definition of a chord (the shorter one of the two paths), t > 2i — 2 > 14,
and we have S5 96(21; T %it1; TeXy—1; ToX3TaZsTe27) in Ho.

Case 2: G is {Kl,g, N27273}-free.
Then H does not contain as a subgraph the graph S35 4. In this case, we make an additional
choice of the cycle C; namely, we choose C' such that

(1) C'is a longest cycle in Hy, and

(73) subject to (i), C' dominates the maximum number of edges of H.

Subcase 2.1: ¢(Hy) =9 and |V (H,)| > 10.

Subcase 2.1.1: E((R)y) # 0.

Let e € E((R)p). By Theorem F(iii), we can choose the notation such that e = y;21,
where y; € Ry and 2, € R, and, if possible, we choose e and y; such that |[N¢(y;)| > 3.

Subcase 2.1.1.1: |No(y1)| > 3.

We first show that zs,2¢ ¢ Np,(v1). Let, say, eg. wxs € E(Hp). Clearly
To, X4, T, Lo & No(y1) since C' is longest. By the assumption of the subcase and
by symmetry, y1x3 € E(Hy) or yhx7 € E(Hy). If yixs € E(Hy), then Ng(z4) = 0,
since otherwise, for a z € Ng(x4) we have S35 4(21; Y125%6; ToXsr; TaT3x42) in H,
but then the cycle C' = xyxox3y125 . .. x9gzr1 dominates in H more edges than C,
contradicting choice (i) of C. Similarly, if y127 € E(Hy), then Ng(zg) = () (other-
wise we have S35 4(21; Tox34; ToxsT7; Y125762) in H for a z € Ng(xg)), and then the
cycle C" = x1x9x3142511 0723291 dominates in H more edges than C, contradicting
choice (i7) of C. Thus, by symmetry, x5, 26 ¢ Nu,(y1).

Since |Ne(y1)| > 3, y1 determines on C' three segments, say, k;-segments, i = 1,2, 3,
and since |V(C) \ Ne(y1)| < 6, the possible distributions of interior vertices of the
segments are (ki, ko, k3) = (1,1,4), (ki, ko, k3) = (1,2,3) or (ky, ko, k3) = (2,2,2)
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(where we admit that the 4-segment in the case (1,1,4) or the 3-segment in the case
(1,2,3) can be further subdivided by another neighbor of y; if |Ne(y1)| > 3).

However, in the first case we have y; 25 € E(Hj) and in the second case we have y;, 24 €
E(Hy) (or a symmetric situation), a contradiction. Thus, we have (ky, ko, k3) =
(2,2,2), implying No(y1) = {x1, x4, x7}.

We observe that Ngz(x;) = 0 for i = 2,3,5,6,8,9 since if, say, y22 € E(H) for some
z € R, we have S5 34(24; T3222; T5X6x7; Y101Toxg) in H; other cases are symmetric.
Since Hj is 3-edge-connected, each of the vertices xo, x3, 5, g, s, Tg is either in a
double edge or in a chord. By Theorem G(vi) and by symmetry, we can choose the
notation such the segment x;zsx3x4 contains neither a double edge nor a 1-chord.
Considering possible chords containing zo, we have the following possibilities.

Chord | Contradiction

— .
Toxs | C' = vy 2403025267289 x1 1S longer than C'
Toxe | S334(T2; TaTaTs; T1Y121; TeT7TsTy) in H
To7 | S334(To; TrY121; T179T8; T3T4T5T6) in H
xoxg | O = X1y 0726051423239, 1S longer than C
T2Z9 53,3,4(952; T1Y121; T3TaTs; ToTelrTe) in H

In each of the cases, we have reached a contradiction.

Subcase 2.1.1.2: |No(y1)| = 2.

By the connectivity, one of the two connections of y; to C' is a double edge and
hence, by Theorem G(vi)(3), there is no other double edge in Hy. Hence y; is the
only vertex in H, that has a neighbor in R. This also implies that Hj is triangle-
free. Obviously, xg, 29 ¢ Nc(yp) since C' is longest. Thus, by symmetry, we have
yixs € E(Hy), y1xy € E(Hy) or yyxs € E(Hp). In each of these cases, each of the
vertices in V(C') \ Neo(y1) (specifically, o in the first two cases and x3 in the third
case) must be connected to some other vertex of C' by a chord or by a path P of
length two with an interior vertex in Ry since Hj is 3-edge-connected.

Below we list (up to a symmetry) all possible cases. Here, if we give an S334 for
some chord, say, x2x;, it is always implicitly understood that x,x; can also be a path
of length two, in which case the listed graph contains an S35 4 as a proper subgraph.
Also note that although there is no 1-chord since Hj is triangle-free, x5 can be still
connected to x4 or to xg by a path of length two with interior vertex, say, ys € Ry.
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Case

Chord or path

Contradiction: Ss34 in H

yas € E(Hp) P = woysxy S5.3.4(T2; YoZaTs; T3Y1 215 T1T9TL7)
xows € E(Hy) | S534(%5; xox129; TeX72s; TaT3Y121)

2o € E(Hy) | S334(%2; T324Ts; T1Y121; TeX7TsTy)

oy € E(Hy) | P =xayoxs | S334(Ta; YokoTs; Y12109; T5LeX7Ts)
295 € E(Hy) | S334(%2; T526T7; T1T9%s; T3LaY121)

roxe € E(Hy) 5334(110 T3T4T5; T1Y121; TeL7T8Ty)

xox7 € E(Hy) | S334(%2; x728T9; T1Y121; T34 T5T6)

Toxs € E(Hy) | S33.4(%8; ToXsy; T7T6Xs; ToT1Y121)

P = zoy019 533 4($ L3X4s5; T1Y121, y2$9!l’8$7)

Y1Ts € E(Ho) P = w3yss5 5334(17 Yo2X3T4; Y1125 xﬁl’ﬂsl‘g)
x3x6 € E(Hy) | S334(%3; TeXrTs; T22129; 4T5Y121)

r3x7 € E(H)) 53,3,4(373, T4T5T6; T7LTo; TaL1Y121)

In each of the possible cases, we have reached a contradiction.

Subcase 2.1.2: E((R)y) = 0.

By Claim 2, Hy has no double edge, implying that every vertex in R, has three distinct
neighbors on C. If, say, y1x5 € FE(Hy), then x; has no neighbor in R (otherwise, for
a z € Ng(xy), we have S35 4(21; y120526; Toxsr; ax3x42) in H), and then, considering
the set A = V(C) \ {z4} with |A| = 8, we have a contradiction by Claim 1. Hence,
by symmetry, y; adjacent to neither x; nor zg. This implies that, similarly as in
Subcase 2.1.1.1, for yy, (k1, ko, k3) = (2,2, 2) is the only possible distribution of segments
on C. Thus, we have No(y1) = {x1,24,27}. If there is a z € Ng(x3), we have
S53.4(21; a3z, Y1 X455 ToxsTrxe) in H, hence Ng(x3) = (). But then again, considering
the set A =V(C) \ {x3} with |A| = 8, we have a contradiction by Claim 1.

Subcase 2.2: ¢(Hy) = |V (Hy)| = 10.

Subcase 2.2.1: C has a 3-chord.

Let zyx5 € E(Hp) be a 3-chord of C, and let z € R be adjacent (in H) to a vertex on
C. We consider the following cases.

Case Contrdiction: S334 in H
zxy € E(H) | S334(%5; T61778; T1210T9; T4T3722)
2z € E(H) | S334(21; 0203245 T5262; T10T9T8T7)
Zx7 € E(H) 53,3,4(%; LaX3T2; L7z, $1«'E10$9I8)

Thus, we have Nr({x2,zs,27}) = 0, and, by symmetry, also Nz({z4, 9, z10}) = 0.
Now, considering the set Ay = V(C) \ {2, x4} with |A;| = 8, we have zyz4 € E(H,)
by Claim 1. Similarly, considering the set Ay = V(C) \ {z7, 29} with |As| = 8 and the
set Az = V(C) \ {za,x10} with |A3] = 8, we have x7zq € E(Hy) and zox19 € E(Hp)
by Claim 1. But then T} = xox3xsxse, Ty = x70870977 and T3 = wox1T19x2 are three
triangles in Hy, contradicting Theorem G(v). Thus, C' has no 3-chord.

Subcase 2.2.2: C has a 4-chord.

Let z126 € E(Hp) be a 4-chord of C. Then Ng(x3) = () (otherwise, for a z € Ng(z3),
we have S33.4(x1; Xa232; TeT52a; T10ToTsx7) in H), and, symmetrically, Ng(zg9) = 0.
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Moreover, x3zg ¢ FE(Hy) by Subcase 2.2.1. But then, considering the set A = V/(C) \
{3,279} with |A| = 8, we have a contradiction by Claim 1. Thus, C' has no 4-chord.

By Subcases 2.2.1 and 2.2.2., every vertex of C' is in a 1-chord or in a 2-chord. Since
there are at most two 1-chords by Theorem G(v), we can choose the notation such that
x1 is in a 2-chord, i.e., 2124 € E(H)).

Claim 4.  If x;x;,3 is a 2-chord of C, then Ng({;y1,T;12}) = 0 (indices modulo 10).

Proof. By symmetry, set i = 1. If 2 € Ng(x3), then Ss34(21; 222325 T42526; T10T9TsT7)
is a subgraph of H, a contradiction. Hence Ng(z3) = (). Symmetrically, Ng(zo) = 0. O

Thus, by Claim 4, we have Ngr({x2,23}) = (). Suppose that z3 is in a 2-chord. Then
either zox5 € E(Hy), or xoxg € E(H,).

Let first zox5 € E(Hp). Then we have Ng(xy) = () by Claim 4, and, considering the
set A = V(C)\ {xg, x4} with |A| = 8, we have zy24 € E(Hp) by Claim 1. But then
({x1, 29, x4, 25}) 1, is a diamond in Hy, a contradiction. Hence zqoz5 ¢ E(Hy).

Secondly, let zoxg € FE(Hp). Then, again by Claim 4, we have Ngr({x1,z10}) = 0.
Considering the set A = V(C) \ {22,210} with |A| = 8, we have zyx19 € E(Hp) by
Claim 1, but then ({x1, z2, x9, Z10})n, is a diamond or a K4 in Hy, a contradiction again.
Hence x5 is in a 1-chord. Symmetrically, x3 is also in a 1-chord, and since Hj is diamond-
free, we have wox19 € E(Hp) and x3z5 € E(Hp). Then Ng(xy) = 0, since otherwise
we have S5 34(72; 21242 T32526; T10T9rsr7) in H for a z € Ng(z4). Recall that also
Ng(x9) = 0 by Claim 4. But then, considering the set A = V(C)\ {z2, x4} with |A| =8,
we have zo1x4 € E(Hy), implying that ({x1,x, 23, 24}), is a diamond or a K4 in Hy, a
contradiction.

Subcase 2.3: ¢(Hy) > 10 and |V (Hy)| > ¢(H,).

Set |V(C)| = t. If y; determines on C' a 3-segment, i.e., yix5 € E(Hp), we have
S3.34(T1; ToT3T4; Y1 T5T6; TeTr—1T4—2%—3) in Hy, if y; determines on C' a 4-segment, i.e.,
y1xe € E(Hy), we have S5 3 4(21; 12627, X421 104—2; ToT324T5) in Hy, and if y; determines
on C a k-segment with k > 5, i.e., y12512 € F(Hp), then, by the definition of a segment
(the shorter one of the two subpaths of C), necessarily ¢ > 2k 4 2, and then we have
S3.34(T1; Y1 Tkt 2Tkt3; Teli_1X—2; Tak3T4x5) in Hy. Thus, by symmetry, every vertex in Ry
determines on C only 1-segments and 2-segments.

Now, if a vertex in Ry, say, ¥y, has three distinct neighbors on C, then necessarily ¥ is
adjacent to some of x5, g or x7, and we are in some of the previous cases. Thus, y; has
two neighbors on C', and one of the two connections of y; to C' is a double edge. This
implies that Ry = {y1}, |V(Ho)| =t + 1, and H, is triangle-free. Choose the notation
such that No(y1) = {z1, 23} or No(y1) = {x1,x4}. Since §(Hy) > 3, the vertex zy has,
besides x; and w3, another neighbor in Hy. Clearly Ng,(z2) = () since Ry = {y;} and C
is longest, and also xaxy, xox; ¢ E(Hy) since Hy is triangle-free.

Let first y,23 € F(Hp). Up to a symmetry, we have the following possibilities (note that
if zoxy, € E(Hp) for k > 7, then t > 2k — 4 by symmetry).
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Case Contradiction: Ss34 in Hy

zox5 € E(Hy) 53,3,4(%; Y1T3T4; ToT5T6; TyTp—1Tt—2T4—3)
ToZe € E(Ho) 53,3,4(%; Y1374, TaTels, xtxt—lxt—ﬂt—?,)
xoxy € E(Hp), k> T | S334(21; Y123%4; T4T4— 1242} ToXpTp—1Tk—2)

Thus, y124 € E(Hp). Then we have the following possibilities.

Case Contradiction: S334 in Hy
rox5 € E(Hy) S3.3.4(T1; Y1204T3; ToT5T6; Tplp—104—274—3)
ToZe € E(Ho) 53,3,4(901; Y1T423; T2X6T5; $tl‘t—190t—2$t—3)
woxy € E(Hy), T< k <t—3| Ss334(21; 0124235 T4 24 104—2; ToXpTp—1Tk—2)
Taty_o € E(H)) S3.34(T2; T3T4Y1; T1T4Ty_1; Ty 0T 374 4T 5)
Toxi—q € E(Hy) S3.3.4(T4; Y12124; T3T2Ty_1; T5T6T7T8)

Subcase 2.4: ¢(Hy) = |V (Hy)| > 11.

Set |V (C)| = t. We recall that Hy has no double edge by Claim 2. Since §(Hy) > 3, every
vertex of (' is in at least one chord.

If C has a 3-chord, say, x125 € E(Hy), we have S33.4(21; ToX3Ta; T5T6X7; T4Li_1T1—2T¢—3)
in Hy, and, similarly, if C' has a k-chord for & > 4, then ¢ > max{2k + 2,11} by the
definition of a chord, and we have Ss34(%1; Tpt2Tks3Tpta; TeTe—121—2; TaX3x4T5) in Ho.
Thus, the only possible chords in C' are 1-chords and 2-chords.

We show that there is no 1-chord. Let, to the contrary, x1z3 € E(Hy) be a 1-chord of C.
Since x5 must be in a chord and a 1-chord at x5 would create a diamond, by symmetry,
we have zoxs € E(Hp). We consider possible chords at z4. Since both zyz4 and zozy
create a diamond, necessarily xyx¢ € E(Hy) or z427 € E(Hy). However, if z427 € E(H)),
we have Ss34(71; X526, T3sTr; T4Te—124—2x—3) in Hy, hence xy26 € E(Hp). Now, if 5
has another neighbor on C, then the only possibility is zszs € E(Hp) (all other chords
at x5 create a diamond), but then we have S5 3.4(%1; T32426; T1T1—121—2; ToxsTs27) in Ho.
Thus, zszs ¢ F(Hy), and, symmetrically, zoz19 ¢ E(Hy).

We summarize that the subgraph F = ({x1,x2, 3, 24,25, 26})n, is isomorphic to the
graph F'in Fig. 3, and the vertices xs, x3, 4, v5 have no other neighbors on C' outside F.
Moreover, if, say, x5 has a neighbor z € R, we have Ss 3 4(21; X252; T324%6; T4L4_1T1—2T¢—3)
in H; thus, by symmetry, none of the vertices ws, x3, x4, x5 has a neighbor in R. We
conclude that F' is a subgraph of H, and Ny ({x2, z3, x4, 25}) C V(F), which contradicts
Lemma E. Thus, C' has no 1-chord, implying that the only possible chords are 2-chords.

Claim 5.  If z;x43 € E(Hy) is a 2-chord of C' for some i, 1 < i < t, then dy,(z;41) =
dp,(Ti42) = 3 (indices modulo t).

Proof. Clearly 3 < dp,(z) < 4 for x € V(C). Let, say, xzsx¢ € E(Hg) be a 2-
chord of C, and suppose that dy,(x4) = 4. Then zyx4, 2407 € E(Hy), and we have
S3.3.4(T1; T4T7x8; T4 1Ty _0; Tow3Texs) in Hy. Hence dpy,(xy) = 3, and, symmetrically,

dHO(ZL‘5) = 3 |:]

16



Claim 6.  Let x;mi13, Tit1Tira, TisoTiys be 2-chords of C' for some i, 1 < i <t (indices
modulo t), and let X = ({x;, xi11, Tito, Tits, Tiva, Tivs})H,- LThen

(1) X is isomorphic to the graph Fy in Fig. 4,

(4) Nu({Tit1, Tiva, Tiys, Tiza}) C V(X),

(10d) Apo(X) = {@i, wivs}-

Proof. (i) Part (4) is obvious since any further edge in X would be a k-chord of C' for
k # 2.

(17) Let, say, x;1oy € E(H) for some y ¢ V(X). If y € V(C), then dp,(z;42) = 4, contra-
dicting Claim 5, and if y € R, we have S33.4(%;; Tit1Ti412Y; TitsTitaTivs; Tim1TioTi_3Ti—4)
in H. Thus, Ny(x;,2) C V(X), and, by symmetry, Ny ({z;1, Tito, Tits, Tiza}) C V(X).
(7i1) By (74), z; and z;,5 are the only vertices of X having a neighbor outside X. d

We show that Hy has no vertices of degree 4. Let, to the contrary, say, dpg,(zs) = 4.
Then zg is in two 2-chords, i.e., x3xq, x6x9 € E(Hp). By Claim 5, dy,(z4) = dp,(v5) =
3, implying |Np,(x4) N {z1, 27} = |Ng,(x5) N {xe, 28} = 1. If 2427 € E(Hp), then
Hy contains S 3.4(%6; T3%a1; ToT10T11; T5X4T72g); hence xyxy € E(Hp). By symmetry,
xsry ¢ FE(Hp), implying zoxs € E(Hp). Symmetrically, x7xqg, xsz11 € E(Hp). Set
X; = ({x1, 29, 23,4, 5, 6 }) g, and Xo = ({xg, 27, 8, T9, T10, 11} ) 1,- By Claim 6, we
have X; ~ X, ~ F; (where Fj is the graph in Fig. 4), Ap,(X1) = {21, 26}, An,(X2) =
{zg, 211}, and X; is Ap,(X;)-contractible, i = 1, 2.

Let first ¢ = 11. The set {x3, x5, 29} is independent in Hy and, by Claim 6(ii), we have
Nr({z3,25,29}) = (). Considering the set A = V(C) \ {x3, x5, 9} with |A] = 8, we have
a contradiction by Claim 1. Thus, ¢ > 12.

Then necessarily dy,(x1) = 4 or dy,(x11) = 4, for otherwise {x1z;, 11212} is an edge-cut of
Hy, a contradiction. By symmetry, let dy,(211) = 4. Then x; is, besides the chord zgz11,
in another 2-chord of C, implying ¢ > 14 and z112x14 € F(Hy). However, since x5 and
x13 must have a chord, by Claim 5, we have t > 16 and x15215, 213716 € E(Hp). Set X3 =
<{I’11,$12,$13,I14,I‘15,Z‘16}>H0. By Claim 6, we have X3 ~ F4, NH({$12, LL’13,I14,1’15}) C
V(X3), Apy(X3) = {z11,216}, and X3 is Ay, (X3)-contractible. But then X;, Xy and Xj
are three contractible subgraphs of H, contradicting Lemma I. Thus, there is no vertex
of degree 4, i.e., Hy is cubic, implying that ¢ is even and t > 12.

Let now z124 be a 2-chord of C. Since dy,(x2) = dp,(x3) = 3, up to a symmetry,
either woxs, x50 € E(Hp), or xox; 1, 2306 € E(Hy) (or xews,x3x, € E(Hp), which is
symmetric with the first possibility). If xoxs, x326 € E(Hy), then, by Claim 6, again X; =
({x1, 29, x3, 24, 5, 26} Yy = Fu, Ng({xe, 23,24, 25}) C V(X;) and Ay, (X1) = {x1, 26},
but then {1z, x¢x7} is an edge-cut of Hy, a contradiction. Thus, xoxy_1, 316 € E(Hy).
Now, zox5 ¢ FE(Hy) by Claim 5, and since dp,(z5) = 3, w528 € E(Hp). But then we have
Ss.34(T1; X4T5T8; Texp_1T_0; Tox3Tex7) in Hy, a contradiction. [ |
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4 Concluding remarks

1. Theorems A and 1 can be slightly extended as follows. For s > 0, a graph G is s-Hamilton-
connected if the graph G — M is Hamilton-connected for any set M C V(G) with |M| < s.
Obviously, an s-Hamilton-connected graph must be (s + 3)-connected. Since an induced sub-
graph of a { K3 3, N; ; x }-free graph is also { K 3, N; ; 1 }-free, we immediately have the following
fact, showing that the obvious necessary condition is also sufficient in { K 3, N; ; 1 }-free graphs.

Corollary 2. Let s,i,7,k be integers such that s > 0, i,5,k > 1 and 1+ j+ k < 7,
and let G be a {Kj 3, N, j}-free graph. Then G is s-Hamilton-connected if and only if G is
(s 4+ 3)-connected.

2. We will now discuss sharpness of the known results and the remaining open cases in the
characterization of all pairs of connected graphs X, Y that might imply a 3-connected {X, Y }-
free graph to be Hamilton-connected. To avoid trivial cases, we restrict the observations to
X,Y # P5. Starting from the negative side, we recall the following result that appeared in [4].

Theorem L [4]. If X,Y is a pair of connected graphs such that XY % P3 and every
3-connected {X,Y }-free graph is Hamilton connected, then, up to a symmetry, X = K, 3 and
Y satisfies each of the following conditions:
(a) A(Y) <3,

(b) any longest induced path in'Y has at most 9 vertices,
(¢) Y contains no cycles of length at least 4,
(d) the distance between two distinct triangles in Y is either 1 or at least 3,
()

)

There are at most two triangles in Y,
(f) Y is claw-free.

Moreover, item (d) was reduced in [7] to read
(d') the distance between two distinct triangles in Y is either 1 or 3.

The reduction in [7] consists in two steps: excluding even lengths, and showing that length 5
is not possible (knowing that length more than 5 is not possible by (b)). The graph used in the
first step can be easily turned into an infinite family by attaching in the preimage arbitrarily
many pendant edges to vertices of degree 3; however, the graph used in the second step has
20 vertices and any additional pendant edge or subdivision in the preimage makes it contain
an induced I's. Thus, distance 5 might be still possible for n = |V(G)| > 21. We therefore
replace (d') with the following more precise statement:

(d") the distance between two distinct triangles in 'Y is 1 or 3, or possibly also 5 for n =

V(G)| > 21.

This implies that, as noted in [2], the only possibilities for the graph Y are (see Fig. 5 for the
graphs Z;, B, j, N; j, and I';):
(7) the path P; with 4 <1i <9,
) the graph Z;,
(i77) the generalized bull B; ;,
) the generalized net N, ; .,
) the generalized hourglass I'y or I's, or also I's for n = |V(G)| > 21,
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(vi) the generalized hourglass I'y or I's, or also I's for n = |V(G)| > 21, with paths possibly
attached to either of the two triangles.
In [2], this list was further reduced by excluding the possibility (vi).

Note that the reduction in [2], and also all observations in the proof of Theorem L in [4],
are based on infinite families of graphs. Thus, except for the I's, there is no hope to get a
corresponding result for “sufficiently large” graphs.

r [R—Y
oo .- -0 —
N—— 1>1 vertices
-9 i>1 vertices B )
—— —_—— —_—————
>0 edges 1>1 vertices ——0-—- - -0 j=>1 vertices
SN—— P ... @
j>1 vertices N———
. . .. k>1 vertices
Fi (Z = 0) ZZ (Z = 1) Bi,j (Zaj > 1) Ni,j,k (Z,],k’ > 1)

Figure 5: The graphs I';, Z;, B; ; and N, j 1,

To obtain upper bounds on the possible values of the parameters ¢, j, k, consider the family
of graphs G = {L(H)| H € W}, introduced in Section 1. The graphs in G are 3-connected,
non-Hamilton-connected, Pjo-free, Z;-free for ¢+ > 7 and with a single exception of the smallest
graph in G (having 20 vertices) even Z;-free for i > 8, B, j-free for i +j > 8, and N, x-free
for i + j + k > 8. Hence the possible graphs Y that might imply a 3-connected { K 3, Y }-free
graph to be Hamilton-connected are I'y, I's, I's for n > 21, P, for i < 9, Z; for 1 < 6 and Z7
for n > 21, B;; for i+ 35 <7, and N, for i+ j+k < 7. Among these, I'; was proved in [4],
Py was proved in [2], and the proof for N ;, with ¢ + j + k = 7 was completed in this series
of two papers. The best known explicit result for Z; is Zs [6]; however, the proof for Nj 5
in this paper gives implicitly Zs, leaving open Z; for 6 < ¢ < 7. Similarly, the best known
explicit result for B; ; is By 2 (also in [6]); however, the results for N; ;; with i +j4+k = 7 give
implicitly all possible B; ; with 7 4 j < 6, leaving open B;; for i +j = 7. Finally, I's, and I's
for n > 21 remain open.

We summarize this discussion of possible graphs Y implying a 3-connected {K 3, Y }-free
graph to be Hamilton-connected in the following table.

The graph Y Possible Known Open
Fi Fl, Fg, F5 for n Z 21 Fl Fg, F5 for n Z 21
P, 4<:<9 = —
Z; 1 <7 Zs Zg, 47 for n > 21
B, ; 1+3 <7 1+353<6 14y =7
Nijk 1+7+ k<7 1+7+ k<7 —

3. Notice. During the refereeing process of this paper, sharp results for Z; and B; ; were
proved in [18] and [19]. Namely, the following was shown (here W+ denotes the graph obtained
from the Wagner graph W by attaching exactly one pendant edge to each of its vertices).

o [18] If G is a 3-connected {K, 3, Z7}-free graph that is not isomorphic to the graph
L(WT), then G is Hamilton-connected. Specifically, every 3-connected { K3, Zg}-free
graph is Hamilton-connected.

e [19] If G is a 3-connected {K, 3, B; ; }-free graph with i + j < 7, then G is Hamilton-
connected.
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Thus, the only remaining open cases are the graphs I's (for all graphs), and T'5 for |[V(G)| > 21.
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