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10 Diferencialni rovnice 1. radu

10.1 Separace proménnych

Priklad 1: Najdéte obecné feseni (obecny integrél) diferencidlni rovnice

v =tgatgy.

Teorie
Separaci proménnych pfevedeme rovnici na tvar

d cos sin
—y:tgxtgy = — ydy: v
dx siny coS T

dx

a substitucemi u =siny , v = cosx dostaneme po integrovani

Inlul=—Inlv]+InC, neboli siny = ccga: (obecny integrél).

2. (xy? + x)dx + (y — 2%y)dy = 0 [1+y?=C(1—2?)]
3. vyy =1 — 22 (2% + y* = In Ca?]
4. y'tgx —y=a ly = Csinz — a
5. zydr + (z + 1)dy =0 ly=C(x+1)e™"]

6. Vy? + ldx = zydy [ln]:z:|:C+ \/yQ—I—l;azzO}

7. e¥(1+ 23)dy — 22(1 + e¥)dx = 0 [1+ev=C(1+2?)]
8. (22— 1)y + 22> =0, y(0) =1 ly{ln(1 — 2%) + 1} = 1]
9. y'sinr =ylny, y(5) =e [y = e'82]
10. siny cos xdy = cosysinzdxr, y(0) = § [Cosx = v2cos y}
11. y'cotgzr +y =2, y(3) =0 [y =2 — 4 cosz]

Reseni pomoci | WolframAlpha



http://www.wolframalpha.com/input/?i=y%27*cot%28x%29+%2By+%3D2

10.2 Rovnice umoznujici prechod k separaci proménnych.

Priklad 12: Najdéte obecné teseni diferencialni rovnice

, 3 1

-4
YT T 31 y)

Teorie
Substituei x +y = u, 1+ 4y = v’ prevedeme rovnici na tvar

o] — 3+1 :>du_1—u
2 2 dr  2u

Separaci proménnych a integrovanim dostaneme

2
/ 4 du:/ldx, neboli —2u—2In|l-u|l=2-C

1—u
a prejdeme k puvodnim proménnym 3z + 2y +2In|l —z —y| =
Priklad 15: Najdéte obecné feseni diferencialni rovnice
(x4+y+2)de+ 2x+2y—1)dy=0.
Substituci z + y = u, dr + dy = du prevedeme rovnici na tvar
(u+2)de+ 2u—1)(du—dz) =0 = 3—u)dr+ 2u—1)du=0.

Separaci proménnych a integrovanim dostaneme

/23u_—u1 du—I—/ldx:—C, neboli —2u—>5In|u—-3|4+z=-C
a prejdeme k puvodnim proménnym z + 2y +5ln|z+y — 3| =

4.y —y=2x-3 22 +y — 1 = Ce”]
15. ¢ = sin(z — y) [x L= 1—Ci—osslnxxyy
16. ¢ = Ar + 2y — 1 [Viz +2y—1-2In(yAz +2y — 14+ 2) =2+ C
17. ¢ = cos(x —y — 1) [y =2 —1—2arcotg(z—) + 2km; k € Z
8. yYVi+rF+y=ax+y—1 [x+0=2u+§ln\u—1| Sln(u+2)
— JTFaTy
WolframAlpha
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Priklad 19 :

y:
LY

, 22 + 2zy

Najdéte obecné teseni diferencialni rovnice

Teorie

Substitucl y = ux, ' = v’z + u pFevedeme rovnici na tvar

, 2% + 2zuT u du dx
ur—+u=— = ——.
TUT (u+1)2 T
Integrovanim dostaneme
1—-1 1
/H—2 du=Inlu+1|+ ——=—-In|z|+C
u

(u+1)

a prejdeme k puvodnim proménnym

Y
In|=+1
n\er \+%+1
I zty
20. y =y
21 y/:ngi2
22. 2y —y = /2?2 + y?

23. (3y? + 3zy + 2%)dr = (2 + 2xy)dy

24. (22 + y?)y' = 2zy

25. vy’ = ycosln?

26.

y -+t +y?—ay =0, y(1) =0

27. (zy' —y)arcotg? =z, y(1) =0

28. (y* — 32?)dy + 2xydx = 0, y(0) =1

29. y = L2wmr 1) = ]

Yy = y2-2zy—a? )

+1

=—Inlz|+C = Injlz+y|+

=C.
Tr+y

[arcotg% =InC\/22 + yz}

(2% +y* = Cy]

[InCz = cotg(3In )]
[y = xe?™ k€ Z:

v-
M—2 Ty = etavcotst]

xQ—l_

[y?’ — 2 = aﬂ
ly = —x]
WolframAlpha



http://www.wolframalpha.com/input/?i=y%27%3D%28y^2-2xy-x^2%29%2F%28y^2%2B2xy-x^2%29

10.3 Variace konstant

Priklad 30: Metodou variace konstanty feste diferencialni rovnici
y cos’r+y=tgzx.

Teorie
Nejdiive vyresime homogenni rovnici metodou separace proménnych

ycosPr+y=0 = Iny+tgez=InC = y=Ce 9.

—tgx

Reseni nehomogenni rovnice hleddme ve tvaru y = C(z)e™"". Po dosazeni do

puvodni rovnice dostaneme

(C'(z)e 9% + C(x)e_tngOSQ Jcos?x + C(x)e 9" =tgx.
tedy

C'(z)e W cos’s =tgx = C(z) =% (tgz — 1)+ K .
Obecné feSeni rovnice m4 tvar y = Ce % + tgx = 1.

31. zy' — 2y = 22* [y:C'ijLxﬂ
32. 2 +y+1=0 [y:%—l}
33. 2y’ + (x + 1)y = 3a2e™® [zy = (23 + C)e™?]
34. (xy + €")dx — xzdy = 0 ly = e"(In|z| + C)]
35. y =x(y — xcosx) [y = 2(C' + sinx)]
36. (xy — 1) Inx =2y [y2011’12$—11’1$}
37. ysinz + y' cosx =1 ly = sinz + C cos z]
38. (2¢¥ —z)y =1 [z =¢eY+ Ce™Y]
39y = 55 [z =Cy* + ¢*]
40. ¢ = m [m — 8sin? 2+ Ce‘cosy}
4.y + 2 =L y(1)=1 ly=—-5+ Z]
42. ¢y —2zy =1, y(0)=0 [y = e? fe_tht]
0

43. 2¢/xy —y = —sin\/x — cos/T, y je omezend pro — 0o [y = cos /7]
44. 22y — 2y = 2xcosx — 3sinx, y — 0 pro & — 00 [y—smﬂ
45. (1+ 23 In(1 + 2%y — 22y = In(1 + 2?) — 2z arcotg x [y = arcotg ]
ly = =% pro = —o0]

WolframAlpha



http://www.wolframalpha.com/input/?i=%281%2Bx^2%29+ln%281%2Bx^2%29y%27-2xy%3D+ln%281%2Bx^2%29-2x+arccot%28x%29

10.4 Bernoulliova rovnice

Priklad 46 : Ptevodem na linearni diferencialni rovnici vyteste

vy —y=a"y .

Teorie
Substituci z = y?> = 2/ = 2yy’ dostaneme
o'y —yP =22 = 1z —22=22".
Vytesime linedrni rovnici
1. hom. rovnice 2. part. feseni
xz —22=0 x C'x? = 22°
2, = C 2? C = In|z|?
zp = Inz? - 2?
3. obecné teseni
z=C2*+1In(z?)2? = y? = C2? + In(2?) 22.
47. Y + 2y = y?e® [y(ex +Ce®®) =1,y = O}
48. xy' — 22%/y = 4y ly = =* In?Cx,y = 0]
49. xy + 2y + 2°yPe® = 0 ly 2 =2*(2e" + C),y = 0]

50. (1 + 2%y = 2y + 2%y B \/117(0—5 1+x2—%1n(:c+\/:c2+1))}

WolframAlpha



http://www.wolframalpha.com/input/?i=%281%2Bx^2%29y%27%3Dxy%2Bx^2y^2

11 Linearni diferencialni rovnice n-tého radu

11.1 Systémy funkci

Priklad 51 : Mame rozhodnout o linearni zavislosti nebo nezavislosti funkei
9 . _
1, z,2° na intervalu [ = (—o0,00) . Teorie

Budeme zkoumat, kdy Vx € I nastane rovnost
cll+02:c+03:z:2 =0.

Postupné pro x = 0 dostaneme ¢; = 0, pak pro x = 1 a * = —1 dostaneme
co+c3=0a —co+ c3 =0. Odtud plyne co = 0, c3 = 0. Podle definice jsou funkce
1, z, 2 linedrné nezavislé. Wronskidn danych funkef je

1 z 22
Wx)=101 2z |=2#0.
00 2

Tedy i podle véty 10.4 jsou funkce 1, x, 2% linedrné nezavislé.

Rozhodnéte o linearni zavislosti nebo nezavislosti nasledujicich funkci

52. 1,2, x, 2 [z&vislé]
53. €%, xe”, xle” [nezavislé]
54. 5, cos® x,sin’*z [z&vislé]
55. cosx, cos(x + 1), cos(x — 2) [z&vislé]
56. 1, arcsin x, arccos x [z&vislé]
57. cosz,sinx, cos 2x [nezavislé]

Najdéte Wronskian funkci

58. 1,x 1]
59. e, xe™” [6_%}
60. 2, cosx, cos2x [—8 sin’ :v}
61. 4,sin®z, cos 2z 0]
62. e 3% sin 2z, e 3% cos 2z [—2e707]

WolframAlpha
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11.2 Eulerova rovnice

Regeni Eulerovy rovnice z"y™ + a, 12" 'y + ... +aizy +apy = 0, kde
ag, - .., an—1 €R hleddme ve tvaru y(z) = 2, (popt. z*Inz, ...,z In" 1 z) AeC.
Teorie

Priklad 63: Dosazenim funkce y(x) = 2* do rovnice
2y — dxy + 6y =0

dostaneme 22 A\(\ — 1)2* 2 — dodz* 1 + 627 = 0, tedy
(N =5X+6)2"=0.

Tato rovnost je splnéna (pti x # 0) pro kofeny Ay = 2, Ay = 3, uvedeného poly-
nomu. Funkce yi(z) = 2%, yo(x) = 2° tvoif fundamentélni systém dané rovnice
a jeji obecné feseni ma tvar

y:C’1$2+02x3

Priklad 64: Podobné pii feSeni rovnice z?y” — 3xy’ + 4y = 0 dostaneme
M — 4\ +4=0= N\ =2 a fundamentdlni systém rovnice je tvofen funkcemi
y1(x) = 22, yo(x) = 2% Inx . Obecné fesenf m4 tedy tvar y = C1 22 + Cox?Inz.

2.1 )\

Priklad 65: Redeni rovnice 2%y” 4 3zy +2y = 0 hleddme ve tvaru y(z) =
Po dosazeni do rovnice dostaneme NA22X+2=0=> N\ =—-14+i, dg=—1—1.
Do fundamentdlnfho systému tedy patii funkce y;(x) = 2717, y5(x) = 2717 nebo

y1(x) =z cos(Inz), yo(x) =z sin(lnxz) a obecné Feseni rovnice m4 tvar

y = ?1 cos(Inz) + ?2 sin(lnz) .
66. 2%y" —3xy —y =0 [y = Cya?tV5 4 02$2_\/5:|
67. 23y + 2%y" =0 ly = C1 + Cyz + C3zIn 7
68. 2%y + 5xy + 3y = 0 [y =Cra™" + Coo™?]
69. 22y" + Tzy +8y =0 ly = Cia™? 4 Cha ™|
70. 23y" — 6y =0 ly = Ciz® + O cos(v2Inz) 4+ Cysin(v/21n z) )]
71 2%y — 22y +2y=0; y(1)=1,4/(1) =1 [y = ]

WolframAlpha
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11.3 Rovnice s konstantnimi koeficienty

Priklad 72:  ReSeni homogenni linearni diferencidlni rovnice s konstantnimi
koeficienty

y'—y — 12y =0
hleddme ve tvaru y(z) = e (popt. xze?, ... F1el),

kofenem charakteristické rovnice (charakterlstlckeho polynomu)

kde ¢iselny parametr \ je

N —A+12=0.
Tedy \; = —4, Xy = 3, fundamentdlni systém rovnice je tvofen funkcemi e 4%, e3*
a obecné Teseni rovnice ma tvar
y(x) - Cleillx + Cze&v ) Teorie

Priklad 73: Rovnice
y//_4y/+4y:0
mé charakteristickou rovnici \2 — 4\ +4 =0 = A12 = 2. Fundamentalni systém
rovnice je nyn{ tvofen funkcemi y;(xz) = e€*, 1a(x) = ze* a obecné feseni
rovnice ma tvar
Yy = C’le%-l—C’gerx

Priklad 74 : K rovnici y” +4y = 0 pifslusi charakteristickd rovnice A\2 44 = 0
s koteny A; = 2i, Ay = —2i. Fundamentalni systém je tvoren funkcemi y;(x) =
e¥@ yo(x) = e 2 mnebo yi(x) = cos2z, yo(x) = sin 2z . Obecné Feseni m4 tvar

y(x) = Cycos2x 4+ Cysin 2z .

2]

5oy =y =y +y=0; y(0)=19(0) =2 y"0)=3 ly =e"(1+ )]
76. y" —4y'+3y=0; y(0) =6,y (0) =10 ly = 4e” + 2]
7. y" 4+ 6y + 11y + 6y =0 [y = Cre ™ 4 Che ™ + Cye™"]
78. Y0 +2¢0) 444 = [y = O + Cox + C32% + Cya® + e *(C5 + Ce) }
79. 4y — 8y + 5y =0 [y:e(C cos 5 + Cysin §) }
80. y" —8y =0 ly = C1e* + e7(Ca cos V/3z + Cysin v/3z]
81. y W44y +10y"+12y'+5y = 0[y = (C1 + Cyx)e™™ + (C3 cos 2x + Cysin 2x)e
82. vy — 2y +2y =0;y(0) =0,4(0) =1 [y = e” sin z]
83. ¥y — 2y + 3y =0;y(0) =1,y/(0) =3 [y = e”(cos V2 + v/2sin v/2x)]
WolframAlpha
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11.4 Metoda snizovani radu

Pokud zname jedno feseni y;(x) homogenni rovnice, pak dalsi partikularni feseni
hleddame ve tvaru y(z) = y1(z) - 2(x) . Teorie
Priklad 84 : Rovnice (sinz —cosx)y” —2sinxy’ + (cosz +sinz)y =0

ma jedno feSeni y; = €. Pro druhé feseni y(z) = e” z(x), plati ¢’ = e"(z + 2/),
y" =e"(z+ 22+ 2") a po dosazeni do ptivodni rovnice dostaneme

(sinz — cosx)e"(z + 22"+ 2") — 2sinze”(2 + 2') + (cosx + sinx) e’z =0 =
(sinz —cosx) (22' 4+ 2") — 2sinz 2’ =0 = (u=2")

(sinw — cosz)u' — cosx2u = 0= (sinz — cosz)du = cosz2udr =

COS X 5 ) i
— du = , dz ; vypocteme integral vpravo
SIn X — COS T
COS T 2cosx 1 COST —SInx + cosx + sinx
. dr = — . dr = — . dx =
sSinx — cosx 2 ] sinx — cosx 2 SInx — CcoSx

v=-sInTr — cosx 1 1 1 T )
{dv = (cos:z:+sina:)dx} - 5/—1d:v+§/;dv B —§+1n\smx—cosx|+0,

1 1 A
tedy élnu = —g+§1n |sinz—cosz |+C = u=Ce *(sinz—cosz) (=2') =

z=Ce " (—sinz) = y=e"Ce “(—sinxz) = —C'sinz  a obecné feseni m4 tvar
y=Cie" + Csysinx.
Naleznéte obecné feseni nasledujicich rovnic, jestlize znate partikularni reseni

85. (1—x2)y”—xy’+%y:0; vy =+V1+x [y:C’m/lan—i—Cg\/l—a:}

86. 2?(x + 1)y —2y=0; y = HT:C [y — CI(HTx) + 02(x2+$a:—1 B 2(x+1)1n|:c—|—1)i|

X

x

87. xy’ +2y —axy=0; y1 =% [y = Cre™™ + Cye”]
88. v —2(1+tg?x)y=0; 3y =tgx [y =Citgx + Co(1l + xtgx)]
89. (e"+ 1)y =2y —e"y=0; yp=¢e"—1 ly =Ci(e" — 1) ex+}
90. 22(2x — 1)y" + (4o — 3)ay" — 22y’ +2y = 0 [y = Crx + & + Cs(z In|z| +

)]
[y1—$y2 ﬂ
91. (2% =2z +3)y" — (2> + 1)y" + 22y — 2y = 0 [y = Cho + Cae” + Cs(2? — 1)]

[y1 = 1,2 = €]

WolframAlpha
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11.5 Nehomogenni rovnice

Teorie
Priklad 92: Metodou variace konstant vyreSime rovnici
1
y// _|_ 9y = — )
sin 3x

1. Uréime obecné teseni homogenni rovnice y” 4+ 9y = 0 (viz metoda charak-
teristické rovnice, piiklad (72))
M4 9=0=y,(z) = C cos3z + Cy sin 3z .
2. Partikuldrni feseni y, nehomogenni rovnice hledame ve tvaru
Yp(z) = C1(z) cos 3x + Cy(x) sin 3z .
Funkce Ci(z), Cy(x) spliuji soustavu algebraickych rovnic:

Clcos3z+ Chsindz = 0 = 3C]cos3zsindx + 3C,sin?3r = 0,
—3C]sin3z + 3C)cos 3z = o= = —3C] sin 3z cos 3z + 3C} cos® 3z = 3L
Odtud po se¢teni rovnic dostaneme 3Cj = <3 = (), = ¢In|sin3z|
a z prvni rovnice plyne  Cfcos3x + @ = 0 = (1 = —3. Partikularn{

feSeni{ ma tvar
x 1 . .
Yp(x) = —3 COsT + §1n | sin 3z| sin 3z .

3. Obecnym feSenim tlohy je funkce

1
y(x) = yn(x) +yp(x) = Cy cos3x+ Cy sin Sx—g oS 3:L'—|—§ln | sin 3z| sin 3x .

Reste rovnice

9.y =2/ +y=5 [y =e"(zIn|z| + Crz + Cy)]
9. vy — 2y +y = xfil [y = e*(C1x + Cy — Inv/22 + 1 4 rarctg x) }
95. ¥+ 3y + 2y = =5 ly=(e "+ e *)In(e* + 1) + Cre " + Che *]
96. 3" +y + cotg?x =0 ly =2+ Cicosz + Cysinz + cos(z) In | tg Z|]

Vyfeste rovnici 3" — ¢ = f(x), jestlize

97. f(z) = = ly=e"(x+ C1) — (e + 1) In(e” + 1) + CY]
98. f(z) = e¥/1 — e [y = je”(arcsin(e”) + e"v/1 — €2 + Cy) + 3/(1 — €2)3 + Cg}
99. f(x) = €* cos(e”) [y = Cre” — cos(e®) + Cy]

WolframAlpha
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11.6 Metoda odhadu tvaru partikularniho reSeni

Priklad 100 :

3.

. 7, rovnosti )
(x—1)" =

Teorie

Pomoci odhadu tvaru partikularnibo feseni vyresime rovnici

y' =5y = (x—1)".

. Charakteristickd rovnice A\ — 5\ = 0, mé kofeny A\; = 0, Ay = 5 a ho-
mogenni feSeni ma tvar

yp = Cy + Cye’

e (P, (x) cosbx + Qp(x) sin bx)

vyiplyvéa a=0,b=0,n=2, m=0 = k=2, Ry(x) = asx® + a1z + ay,
kde a9, a;, ap jsou konstanty. Kritické ¢islo a +ib0 = 0 je jednondsobny
koren charakteristické rovnice, tedy r = 1.

Partikularni feseni nehomogenni rovnice hleddme ve tvaru

yp(z) =2 (a2$2 + ayx + ag) ,

potom yz’g(x) = a2® + a1z + ag + v (2007 + a1) = 3ar® + 2a17 + ag,
Y, (x) = 6azx + 2a; . Po dosazeni y,, y; do dané rovnice dostaneme:

6asz + 2a; — 5 (3as2” + 2a1x + ag) = (z — 1)?,

—15a92” + (6as — 10a1)x + 2a; — bag = x* — 2x + 1,

S 4 _ 4 ==
2 = 75, @1 = 35, = 40 = T35 >
a partikuldrnim Feenim je funkce  y,(z) =z (Ta? + 52 + Tr) -

Obecné teSeni ma tvar

y(x) =Cl+02xe5x+:v(—:r: + 5 :1:+ 12157)

Metodou odhadu teSte rovnice

101.
102.

103.

104.
105.
106.

y' +y = 4ze”
y" —y = 2e" — 22
' +y — 2y = 3ze”
y' =3y + 2y =sinz
y'+y=4sinx

y' — 3y + 2y = xcosx

[y = Cicosx + Cosinx + (22 — 2)e”]

[?J:CleerCze + xe® + 22 +2}

[9_016 + Coe™ + ( %—% e}

[y = Ce® + Che® + blnl‘ 3cosx}

[y = Cy cosx + Cysinx — 2x cos ]
[3/201€I+0262x+( 11020) COS T — (i’g+13040) sin x}

13



107. ¢ + 3y — 4y = e 4 4 ze™™ [y = 0% + Che ™ — %6_“ — ﬂ
108. ¢ — 9y = e cos x [y = C1e3" + Coe™" + ¥ (L sina — 3= cos x)}
109. y" — 2y + y = 6xe” ly = (C1+ ng + 2%)e’]
110. "+ y = zsinz {y—(Cl——)cosx—l— (Co+ sm:p}
Reste rovnice s pocatecni podminkou

111. ¢ + 9y = 63 ; y(0) =y (0) =0 [y = —3(cos 3z + sin 3z — €%7)]
112. y" —4y'+ 5y = 22%¢”; y(0) =2, y'(0) = 3 [y=e*(cosv—2sinz )+ (z+1)%e"]
113. y"+6y'+9y = 10sinz; y(0) = y'(0) =0 [y = (z+2)e ¥ ++(4sinz—3cos z)]
114. y" + 4y = sinz; y(0) =y’ (0) =1 ly = cos 2z + 3(sin 2z + sin )]
115. y" +y=2cosz; y(0) =1, y(0) =0 [y = cosx + xsin x|
Odhadnéte partikularni feseni nasledujicich rovnic

116. y" — 7y = (z — 1)? [A12? + Apa® + Asz]
17 '+ 72 =™ [Aze™"™]
118. 3" — 8y + 16y = (10 — x)e*® [(Ayz® 4+ Aga?)et”]
119. y" + 25y = cos bz [z(A cos bz + Bsinbx)]
120. y" + 4y’ + 8y = **(sin 2z + cos 2x) [(Acos 2z + Bsin2x)e*”]
121. 3" — 4y’ + 8y = e**(sin 22 — cos 2) [2(Acos 2z + Bsin 2)e"]
122, y@W — " =4 [ Az?]

123. 4" +2y" +y' = (22 + 1) sinz + (2° — 4z) cos x [(Az® + Bz + C) cos -+
|+(D2? + Ex + F)sina

124. 3" — ¢ = e®sinx + 227 [e”(Acosz + Bsinx)+
[+2(Cz*+ Dz + E)]
125. 4y — 4y + 8y" — 8y + 4y = e”(x cos x + sin x) [2%e"{(Az + B) cos z+]
[+(Cz + D)sinx

126. y©®) —y®W 48y —8y" + 16y — 16y = 3 cos 2z +1 [2%(Acos 2z + Bsin2z) + C
[y = 3cos 2z + 1]

]
]

WolframAlpha
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11.7 Okrajové tilohy

Teorie

Priklad 127 : Pomoci charakteristické rovnice a dosazenim okrajovych podminek
vyTesime smisenou okrajovou tlohu

y' — 2y — 8y =0, x € (0,1),
y(()) =1, y’(l) =0.

Charakteristickd rovnice je \2—=2A—8 = 0 = A\ =4, Ay = —2 a obecnym feSenim
tilohy je funkce y(z) = Cie®® + Cye™*. Z okrajovych podminek dostaneme

1 =C)+ 0y, C) =

1+2e6 ;

0 = 4Che' —2Che 2, | Oy =1
Resenfm okrajové tilohy je funkce y(z) = . +12€6 e + - +2e6 e 27,
Reste nasledujici okrajové tlohy
128. y" —y =0; y(0) = 0,y(27) = 1 v = Shss)
129. " +y =0; y(0) =0,y(27) =1 [nemé fesent]
130. ¥ — k*y = 0; y(0) = vy, y(xo) = vy {y:m(m sinh k(xo—x)+wve sinh kx)}
131 ¢ — a%y = 0; y(0) = v,y () = 0 y = vt

132. 3" —a?sy = 0; y(0) = l Y (29) =0 [s <0y = cos a/~s(wo—) pro xy # gj“}:}

s cos ay/—sTo
{pro Ty = (Q%ﬁ nems fesenf; s > 0;y = —Cojlgoogl‘l/i(jg;ox);k =1,2,3, }
133y = Ny =0; A#0,5(0) = 0,(1) = [v = Sas]
130 5 Xy = 0: A £ 0.9(0) = 0./(1) = | [y = stz
135. 4" = Xy =0; A#0,4/(0) = 0,y(1) = 3 v = 525
136. zy" +vy = 0; y(1) = ay/(1); y(x) je omezend pro x — oo [y = 0]

137. yW — Xy = 0; y(0) = 4"(0) = 0,y(7) = 9"(x) =0 [y = Csinkz pro \ = k|
[k =1,2,3,... y =0 pro ostatni A]

WolframAlpha
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11.8 Ulohy na vlastn{ ¢isla a vlastni funkce

Teorie
Priklad 138 : Urcéime vlastni ¢isla a vlastni funkce okrajové tlohy
y'+Ay=0, y(0)=0, y()=0.
Regenf hleddme ve tvaru y(x) = e, potom charakteristickd rovnice mé tvar

AHA=0=k=+vV-N\.
e Pro A<0 je ki =+v—A, kh=—vV—X\ aobecné feSeni ma tvar
y(z) = CreV ™ 4+ Che VN = of(2) = VoACL eV — /X Che VA,

Z okrajovych podminek dostavame soustavu rovnic pro neznamé konstanty

Cl) CQ

0=Ch+Cs,

0=V=ACreV M — /“XCye VAT, } C1=0,Co=0= y=0.

e Pro A = 0 mé obecné teseni tvar y(z) = C1 + Cox = y'(x) = Cy a z okra-
jovych podminek dostaneme

C’leR,02:0:>y:C'1.

e Pro A > 0 mé obecné feSeni tvar
y(z) = Cy cos VAz+CysinVAz = o/ (z) = —VACysin VAz+VA Cy cos VA .

7 okrajovych podminek plyne

02027 -
O:—Clsin\/Xw,}\/Xﬂ_mr’HEN'

Dostavame tak posloupnost vlastnich €¢isel
{1,4,9,16,...}
a posloupnost jim odpovidajicich vlastnich funkci je

{cos x, cos 2z, cos 3z, . . .}.

Najdéte vlastni ¢isla a vlastni funkce tlohy y” + Ay = 0, je-li

139. x €< 0,7 >,y(0) =y (7) =0 {)\K = (QK;DQ,yK =sin 21y, K € N}
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140. 7 €< 0,7 >,9/(0) = y(r) = 0 e = B e — cos 2Ly K € |

141. r e< 1,2 >,y(1) =y(2) =0 [)\K = K*r% yg =sinKnx, K € N}
142. z e< 1,2 >y(1) =4'(2) =0 [)\K:w,y;(:cos2 Lra KEN}
143. ze< 1,2>,y'(1) =y(2) =0 {)\K = %,y;( =sin EAry, K € N}
144. z €< 1,2>,4/(1) =y (2) =0 [Ax = K*’n%,yx = cos Kmz; K =0,1,2,...]
145. x €< a,b>,y(a) =y(b) =0 [)\K (ff:;,yK = smM K e N

146. x €< a,b>,y(a) =y (b) =0 {/\K %,yk——sm%,lfe N

7. & €< a,b>,y/(@) = y(b) = 0 [an = EUE g = cos BIHE0T g ¢
Najdéte vlastni cisla a vlastni funkce nasledujicich okrajovych tloh

148, ' 2 + Ay =0; 2 €< 0,1 >, y(0) = y(I) =0 [)\K_1+K2 r|
[yK:e_ smKZ”J,K S N}

149. 2y +ay' + Ay = 0; v e< 1,1 >, y(1) = y(l) =0 {AK: 022 o~ in K

150. 4" + (A + 1)y =0 Ak = K*r?— 1,K € N]
re<0,1> y(0)=¢'(0)=0, y(1)—y'(1)=0 [yx=sin(arcotg(Kn)+ Krz)]

151. y"+2y'+X y = 0; y(1)=0, y je omezend pro z — 0 [AK:#,yI(:%sin @}
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12

Soustavy linearnich diferencialnich rovnic

Teorie

Priklad 152 : Uréime fundamentalni matici a obecné feseni homogenni soustavy

v = 2y1+ v
Yo = 3y1 +4ys.

Matice soustavy je

= (21)

a jeji vlastni ¢isla dostaneme z rovnice

det(Al — A)=det <

A—2 —1

K vlastnim ¢islim uréime vlastni vektory:

R AN () Iy

e T 3 -1\ () _& o T
s aomie (2 (M) 25 e o

Fundamentalni matice ma tedy tvar

a obecné teSeni ma tvar

_ 1 1 - -
y(x) =Y(z) - C =C} (_1)ex+02<3>e5x:Clhle$+02hge5x.

12.1 Soustavy homogennich diferencialnich rovnic

153.

154.

155.

Y1 = Y1 — Y 91 = Cre™ + Che™
Yy = Y2 — 4y [yg = 2Che " — 2026333_
Y1 +y1 — 8y =0 [y1 = 2C1€% — 4Che=37]
o= —y2=0 [y2 = C1e¥" + Coe™"]
Y=+ [yl = 6233(01 cos T + (Cysin :r:
Yy = 3ya — 2y ly2 = e {(C1 + Cy) cosz + (Co — Cy) sinx}]
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156.

157.

158.

159.

160.

161.

162.

163.

164.

165.

166.

Y =y1 — 3y
Yo = 31 + 12
yi+y1+5y2=0

Yh—y1 —y2 =0

Y= 2y + 2
?J§:4y2—
yi=3y1—
y§:4y1—
Y=Y+ Y3 — Yo

b=11+Y — Y3
§,:2y1—

<

Y = 3y1 — Y2 + 3
Yo = y1 + Y2 + U3
vy = 4y1 — yo + 4y

Y1 = dys — 2y3 — 3
Yy = Y3+
yh = 6y — 6y2 + Hy3

Y=Y — Y2 — U3
Yo = Y1 + Yo
Y3 = 3y1 + 3

yi=4y1—y2—y3
Yh = Y1 + 2yo —
ys = y1 — y2 + 23

Y=y — Y2 +y3
Yo =y1+ Y2 — U3

Ys = 2y3 — Y2
y{=4y1—y2
Yy = 3y1 + Y2 — Y3
Yh =11 + Y3

[?Jl =

[y, = {20 —

[93 =

{Cr —

19

[yg = 26’26217 — Cgeizj

[y1 = e*(2C5 sin 2x 4 2C'5 cos 2x)
— (Cycos 2x + Cysin 27)
lys = e*(—=C — 3C3 cos 2x + 3C;3 sin 2z

= Cle2x 02 + 03 }

[192 = ex(Cl

= e"(C4 cos 3x + Cysin 3x)]
[yo = €"(C sin 3x — C5 cos 3z)]

— () cos 2z — (2C1 + () sin 2]
= () cos 2z + Cy sin 2]

[ 01 + 0233 }
(Cl + CQ + CQSC 6 I}

[y1 = (C1 + Cyx)e”]

Yo = (2C1 — Cy + 2C5x)e”]
= (e’ + 02623: + Cse™ ﬂ

[ 016 —3036 x]

= (Che’ + 026% — 5C3€_x}

y1 = Che® + Che?®® + 0365‘70_
Y2 = Cie" — 2026296 + 0365:10_
= —(Che* — 309> + 30365"@_

(1 = Cre” + Cse™]
[yg = (Che" + 02623:

]
]
]

2 0162”” + Coe¥’]
[ 016233 + 036 ﬂ
]

= (C1 + Cox)e® + Cse*®

(Cl —2C5 + ng)ex]
— Oy + Cyw)e” + Cze?®

Co + (2(]2 — 205)x + 2052 }e**

]
= (C} + Coz + C32?) ﬂ
}
Cy+2C5 + (Cy — 2C5)x + 03x2}62ﬂ

WolframAlpha



http://www.wolframalpha.com/input/?i=y%27%3D+4y-z%2C+++z%27%3D3y%2Bz-u%2C+u%27%3Dy%2Bu

12.2 Soustavy nehomogennich diferencialnich rovnic

Piiklad 167 Reseni nehomogenn{ soustavy diferencidlnich rovnic

Y1 = 2y1+ya+e”
Yh = 3y1 +4ys.

hledame metodou variace konstant.

e Nejdiive vytesime homogenni soustavu (viz priklad 152). Reseni homogenni
soustavy ma tvar

. = e’ e C 1Y\ . 1 .
y(l’):Y(lU)C: (_ex 3e5x> (C;) :Cl<_1>e +02<3)e5 )

kde Y(z) je fundamentédlni matice soustavy a C je vektor konstant.

—

- C(a),
kde (Z(x) je vektor funkef. Po dosazeni do soustavy dostaneme Y'(z)C(z) +
Y(z)C'(x) = AY(2)C(x) + b(x) . Protoze Y' = AY, tak plati

() <_1>ex—|—C§(w)<§) & — (%)

Cre” + Ched® =t 4CH e = e Co=The ™
= =
—Cje" +3CLe =0 —4C7 e = —3e" C,=3x

e Partikuldrni feseni dané rovnice hledame ve tvaru y,(z) = Y(x)

Odtud vyplyva

a partikularni feseni soustavy mé tvar

@=>a e+ L)e
WO =37 1) T\ 3)°¢

e Obecnym fesenim nehomogenni soustavy je funkce

— — - 1 T 1 - 1 - B 1 .
) = = 6 (—1>e +02<3> S (—1)e o (3) o

168. y; = yo + 2" [yl = C1e® + Chye™ 4 xe® — 2% — 2}
yé =y + 2 [yg = Cle“ — CQG_x + (ZU — 1)696 — 2513]
169. y; = y2 — bcosx [yl = (1% + Che™ — 2sinx — cos ZIZ’}
Yy = 2y1 + Yo [yg = 20Ce*" — Che™™ +sinx + 3 cos :U}
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170.

171.

172.

173.

174.

175.

176.

177.

178.

179.

180.

181.

182.

Yy = 4y + yo — e** [y1 = Cre* + Coe® + (z + 1)e*”]

Yo = Y2 — 2y [y2 = —201€%" — Cye®® — 22>
yi =2y - +1 [y1 = (01 + 202(13)636 — 3]
Yo = 3y2 — 21 [yo = (C1 + Cy + 2C5z)e” — 2]
Yy = by1 — 3yo + 2% [yl = (C1e* 4+ 3ChHe*™ — e — 46396;
Yh =y1 +y2+ e " [y2 = Cre? + Coe™* — 2e7* — 2%
Y = 2y1 — 4y (1 = 4C e + Coe™" — dae”]
Yyh =11 — 3yo + 3e” [y2 = Che® + Coe™ — (z — 1)e”]
Y1 = 2y1 — Yo [yl = C1e% +32% + 27 + C’g;
Yo =y2 — 2y1 + 18z lyo = —C1€* + 62% — 2z + 2C, — 2]
Y1 = Y1 + 2y2 + 16xe” [yl = 2C1€* + Che™ — (122 + 13)63"-

I _ 2x -3z x|
Yy = 2y1 — 2yo [yg = C1e”™" — 205" — (8x 4 6)e”|
Y1 = 2y1 — Y2 g1 = (C1 + Cox — 2%)e”|
Yy =y + 2€” [3/2 ={C1 = Cy + (Co+ 2) — 1’2}6‘%_
Yy =11 — Yo + 8x [y1 = C cos 2z — Cysin 2z + 2x + 2]
Yy = by1 — Yo [yo = (C} + 2C5) cos 2z + (2C, — Cy) sin 22 + 10z]
Y1 = 2y1 — Yo [yl = C1e® + Cye3 + e%(2cosx — sin x)}
Yy = 2ys —y1 — bevsinx [yz = C1e% — Coe® + (3 cosx + sin x)}
Yy =y +tgle —1 [y1 = Cycosx + Cysinx + tg z]
Yy = —y1 +tgx [yo = —Cysinz + Cycosx + 2]
Yy = —4y; — 2yo + ef_l [y1 = C1 + 205" + 2e " In|e” — 1]
yh = 6y1 + 3yo — = [y = —2C1 — 3Che ™ — 3e % 1In |e” — 1]]
Yi =11 — o+ —— [y1=(C1+x) cosz+(Co+z) sinz+ (cosz—sin z) In | cos ]
Yy = 2y1 — Yo [yo=(C1—C3) cos x4 (C1+Cs) sin x+2 cos x In | cos x| +2x sin z]
Y1 =2y1+ 9o —2y3 —x + 2 [y1 = Cre” + Cysinx + C5 cos x]
yy=1—1 [yo = & — C1e” + Cycosx — Cysin x]
vh=y1+y2—ys—x+1 lys = 1 + Cysinx + C3 cos 7

Najdéte partikularni feseni néasledujicich soustav diferencialnich rovnic

183.

Yo = y2 +y3; y2(0) = 0,33(0) = —1 [ys = €2 — €3]

y§, = —21yy + 43 [yg — 20 _ 2635”}
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184.

185.

186.

187.

188.

189.

190.

191.

Yo = 3y2 — y3; 42(0) = 1,33(0) =5 [y2 = %]
yh = 10y, — 4ys [ys = 5e]
y1 = 3y1 + 8y2; 41(0) = 6,y(0) = -2 [y1 =2(2e" +e77)]
Yy = —3Y2 — Y1 [y = —e* — e "]
yi=e" =y = 5y1; y1(0) = g5, 42(0) = 55 (1 = 55" — 35¢™]
Yy = ¥+ y1 — 3ys [y2 = 5" + 55e™]
y1 =y2; y1(0) = 12(0) = 1 [y1 = cos x + sin ]
Ys =~ [y2 = cosx — sin z
y1 = 4y1 — 5y25 41(0) = 0,2(0) = 1 [y = (1 —2z)e™™]
Yo = Y1 Y2 = we™?"]
i =y +y+z; 1(0) = —F,4(0) = -2 (1 = —3x — ]
Ys = Y1 — 242 + 22 v = 32 — §]
Yy =y1 +5y2; y1(0) = —=2,42(0) =1 [y1 = (sinz — 2 cos x)e™]
Ys = —3y2 — 41 (Yo = e " cos z]
2yy = 6y1 — o — 6% —x +3; 11(0) = 2,12(0) =3 [y =¥ + € +2° + 1]
Yo = 2ys — 20 — 1 Y2 =2 + 1 + 1]

WolframAlpha
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