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A REMARK ON THt SOLVABILITY OF THE DIRICHLET PROBLEM
IN SOBOLEV SPACES WITH POWER-TYPE WEIGHTS
Josef VOLDRICH

Abgtract: For each ¢ # 0 (with gl sufficiently small)
such an elliptic partial differential equation is constructed
that the corresponding Dirichlet problem is unsolvable in the
Sobolev gpace with & weight given by the ¢ -th power of the dis-
tance to the boundary.
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1. Let 0c RY be & bounded domain with a amooth boundary
df) end Mc 35 be a closed manifold, The weight dy is defi-
ned in & poiut x ¢ O by dy{x) = win {lx-yl;ys ul. The weighted
Subolev space Wl'z'(ﬂ 3dy, € ) 1a the closure of the set Cg" )
of smooth functions with a compact support inm £! with respect to
the noim

1
Hullg » ¢ [ Vu@l? ) an?,

Let us consider the Dirichlet problem

. FUNE PR .
(D){ l*!,l%lé‘l (1770 (ay 5ix) plu(x)) = £(x) 1n Q ,

ul(x) = U on 44

where aij are such that the correspouding biiines: form

a(u,v) = = &, , Ddu v ax
’ i1, 3leq 0 1
is bounded oy W;'Q(Q)x Wl’z(n,) end, moisc v u. . ia W;*z(.ﬁ. )=

elliptic, i.e.
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a(u,u)z cllu \ii with some ¢> 0.

Here, N;’z(_ﬂ) = Wl’z(ﬂ ;dM,O) denotes the standard Scbolev spa-
ce without the weight and I):L denotes the differential operator
with the multiindex i.

We shall say that the function uewg’z(ﬂ ;du,e,) is a weak
solution of the Dirichlet problem (D), it

a(u,v) = fn 2(x) v(x) dx

for every vecg° ().

Many papers deal with the solvability of the Dirichlet pro-
blem in the weighted spaces even in the case i? the correspond-
ing equation is nonlinear or of higher power (see e.g. [11,021,
[31). It is motivated by two following reasons: At.first, the
behaviour of the right-hand side £ near the boundary 3l may
exclude the soclvability of the problem (D) in & classical (non-
weighted) Sobolev space. At second, if the problem (D) is solva-
ble in a classical Sobolev space then from the behaviour of the

right-hand side f near the boundary 3fl we should like to dedu-

ce the analogous one of the solution. The use of suitable weights

could answer some of such questions. The results obtained are a-

nalogous to that from the following theorem,

Theorem. There exists un interval I containing a neighbour-

nood of O that for amy £ I and £elW)*2(N 3dy,-¢ )I* there
exists exactly one weak solution ue Il'z(.(). ',dl,e,) of the prob-
lem (D).

Such assertion justifies our effort to ask for the maximal
interval I(D) in case of each particular Dirichlet problem (D).
The aim of our note is to show that there is no chance to obtain

any universal I(D) for at least some olass of Dirichlet problems.
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Namely, we shall prove the following

Proposition. For any lel , arbitrarily small, we can find
such a Dirichlet problem (D) that € & I(D).

2, At first, let us remind a certain version of Hardy's
inequality. If ¢ * 1 then

4 2 -2 4 .
@ [Tlu@l? o dxé‘—:‘fe? Jo 1w’ @12 x% ax,

for all ue ¥)*2((0,1)3x,¢ ).
Let us consider the Dirichlet problem

(55) { -u’(x) +d(d" =1) 272 u(x) = £(x) for xe (0,1),
u(0) = u(1) = 0.
The corresponding bilinear fom
A .. 1
a(u,v) = jo uviax + & (g =1) fo x2 uy ax

1,2 1
1s bounded on ,*%((0,1)) < W3*2((0,1)) and W)*2((0,1))-el11ptic

1
for | & (a&=1)i< 7+ Really, on the basis of (H) and the Holder
inequality we have

1, 4,
lalu,v)l & (1+4 18 (8 =1)1) ( fouu 12ax)1/2 ¢ L 12ax)1/2,

swwz (1-41 7@ -0D [ |u'%ax

Purther, let ¢ +0 and le| be suffictently mmall. Put o= 5%,

Let us suppose that the right-hand side of the problem (Ds) is
of the form

) - { P2(1n xP 200 ~w-w(w -1)(~1n 2)~1]

for xe(0,1/2),
for x6¢1/2,1),

-w " (x) +d(0 -1) x2w(x)

1 v
where o # 0, lawl< » snd w 15 a function with the continuous
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second derivetive in the intervel (%-, %), w(1) = 0, w(x) =
= xJ(-ln )% for x e (%, %-), Then f € [W:’z((o,ﬂ;x,-g)]*. Indeed,

1 A
ifo t(x) v(x) dxl€ const (j: [ v (x)}? & a2,

for any ve Wl’;"((on)gx,-s jybecause the inequality (H) implies

172 ; 4 .
) 72 (-1 0 v(x) axl- ( | v ()l 2x~%ax) /2,
o . {1. el 0

S AR Y L
ot : (=in )7 ax) ‘Izé const ivil_ -
v €

Regarding the witguencss, the weelk solu tien of the problem

(Df) is of the form

0 for x = O
u(x) = j x9 (10 ¥)¥ for x€(0, ¥,
w(x) for x¢€ \'s}a e

However, 2¢ =2+¢ = =1, 2w>~1 and

- AL . s 112 o
ffups = j,tu (11:)52:("3 dx 7 conset f %29 2+€(L1n 2)2%x +ou,
i.e. u¢wl'2({o,1);x,i Y.

Therefuss v & 4ldy .}, for o 4 0, sad {e) sufficiently

. et
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