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7-ultrafilters

Let Z be a family of subsets of a st such thatZ
contains all singletons and is closed under subsets.

An ultrafilteri/ onw Is called an If for
everyF' : w — X there existsA € U/ such that

F|A] € 1.
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7-ultrafilters

Let Z be a family of subsets of a st such thatZ
contains all singletons and is closed under subsets.

An ultrafilteri/ onw Is called an If for
everyF' : w — X there existsA € U/ such that
F|A] € 1.

If Z C J then everyZ-ultrafilter is a7 -ultrafilter

If U <gpr V andV is anZ-ultrafilter theni/ is
also anzZ-ultrafilter

Z-ultrafilters and(Z)-ultrafilters coincide

where(Z) is the ideal generated 1%
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Weak Z-ultrafilters

Let Z be a family of subsets of a sat such thatZ
contains all singletons and is closed under subsets.
An ultrafilteri/ onw Is called

If for every finite-to-onefunction
F':w — X there existsA € U/ such that
F|A] € 1.
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Weak Z-ultrafilters

Let Z be a family of subsets of a sat such thatZ
contains all singletons and is closed under subsets.
An ultrafilteri/ onw Is called

If for every finite-to-onefunction
F':w — X there existsA € U/ such that
F|A] € 1.

If for every one-to-ondunction
F : w — X there existsd € U/ such that
F|A] € 1.
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|deals onw
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|deals onw

An idealZ onw Is If for every infinite set
A C w there exists infinite C A such thatB € 7.
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|deals onw

An idealZ onw Is If for every infinite set
A C w there exists infinite C A such thatB € 7.

Lemma 1.
If 7 Is not a tall ideal then there are fieultrafilters.
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|deals onw

An idealZ onw Is If for every infinite set
A C w there exists infinite C A such thatB € 7.

Lemma 1.
If 7 Is not a tall ideal then there are fieultrafilters.

Proposition 2.
(b = ¢) If Z Is a tall ideal ther¥-ultrafilters exist.
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Summable ideals

Given a functiory : w — |0, c0) such that
Y g(n) = oo then the family

ncw

IS a proper ideal which we call summable ideal
determined by functiog.
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Summable ideals

e Every summable ideal is B-ideal.
e Every summable ideal is aFi, ideal.
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Summable ideals

e Every summable ideal is B-ideal.
e Every summable ideal is aFi, ideal.

Observation.
A summable ideal is tall if and only ifim g(n) = 0.

n—oo
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Summable ideals

e Every summable ideal is B-ideal.
e Every summable ideal is aFi, ideal.

Observation.
A summable ideal is tall if and only ifim g(n) = 0.

n—oo

We consider only tall summable ideals.
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Rapid ultrafilters

An ultrafilter/ onw Is called a If the
enumeration functions of its sets form a dominating

family in (Yw, <¥).
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Rapid ultrafilters

An ultrafilter/ onw Is called a If the
enumeration functions of its sets form a dominating
family in (Yw, <¥).

Theorem (Hrusak)

An ultrafilteri/ € w* Is rapid if and only if
1, L p U for every summable ided],.
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Rapid ultrafilters

An ultrafilter/ onw Is called a If the
enumeration functions of its sets form a dominating

family in (Yw, <¥).

Theorem (Hrusak)

An ultrafilteri/ € w* Is rapid if and only if
1, L p U for every summable ided],.

Theorem (Vojtas)

An ultrafilteri/ € w* Is rapid if and only if
U NZ, =+ for every summable ided],.
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Rapid ultrafilters

Theorem 3.
For an ultrafiltei/ € w* the following are equivalent:

e /IS rapid

o U Is aweakKZ,-ultrafilter for every summable
idealZ,

o U Is anZ,-friendly ultrafilter for every summable
idealZ,

o UNZ,+#(forevery summable ided],
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Rapid ultrafilters

Theorem 4.

(MA ctbie) There is arf -ultrafilter which is not a
rapid ultrafilter.
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Rapid ultrafilters

Theorem 4.

(MA ctbie) There is arf -ultrafilter which is not a
rapid ultrafilter.

Theorem 5.

(MA .ibie) There is a rapid ultrafilter which is not an
1,-ultrafilter.

Theorem 5.

(MA cin1e) FOr every tall ideall there is a)-point
which I1s not ariZ-ultrafilter.
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1,-ultrafilters

U Is anZ -ultrafilter

4

U Is a weakKl -ultrafilter

4

U Is anZ,-friendly ultrafilter

e
UNT, #
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1,-ultrafilters

U Is anZ -ultrafilter
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1 ,-ultrafilters

U Is anZ,-ultrafilter

4

U Is a weakKZ  -ultrafilter

4

U Is anZ,-friendly ultrafilter

e
UNT, #

Proposition 2.
(p = ¢) For every tall ideall there Iis ar¥-ultrafilter.
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1 ,-ultrafilters

U Is anZ,-ultrafilter

4

U Is a weakKZ  -ultrafilter

4

U Is anZ,-friendly ultrafilter

e
UNT, #

Theorem 6.

(MA ¢¢p1e) For every summable ided], there is an
1,-ultrafilter.
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1,-ultrafilters

U Is anZ -ultrafilter

4

U Is a weakKl -ultrafilter

4

U Is anZ,-friendly ultrafilter

e
UNT, #

Observation

For every summable ided], there Is an ultrafilter
U € w* such thald N Z, # 0.
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1 ,-ultrafilters

U Is anZ -ultrafilter

4

U Is a weakKl -ultrafilter

4

U Is anZ,-friendly ultrafilter

e
UNT, # 0
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1 ,-ultrafilters

U Is anZ -ultrafilter

4

U Is a weakKl -ultrafilter

4

U Is anZ,-friendly ultrafilter

e
UNT, # 0

At least for some summable idedls-friendly
ultrafilters exist in ZFC.
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Some results

Theorem 7.
1, ,-friendly ultrafilters exist in ZFC.
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Some results

Theorem 7.
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Corollary 8.

It Z,,, C 1, thenZ,-friendly ultrafilters exist in ZFC.
Examplesy(n) = ——
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Some results

Theorem 7.
1, ,-friendly ultrafilters exist in ZFC.

Corollary 8.

It Z,,, C 1, thenZ,-friendly ultrafilters exist in ZFC.
Examplesy(n) = ——

Theorem 9.

If g(n) =22, p € w, thenZ-friendly ultrafilters

exist in ZFC.
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Construction

Theorem 7.
1, ,-friendly ultrafilters exist in ZFC.
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Construction

Theorem 7.
1, ,-friendly ultrafilters exist in ZFC.

A family 7 C P(w) is called

a If F1 N ...N Fyisinfinite
wheneverF; ¢ F,1 < k.

a i F 1s k-linked for everyk
l.e., If any finite subfamily ofF has an infinite
Intersection.
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Construction

We say thatF C P(w) is a if for
every one-to-one functiofi: w — Nthere isA € F
such thatf[A]| € Z,,.
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Construction

We say thatF C P(w) is a if for
every one-to-one functiofi: w — Nthere isA € F
such thatf[A]| € Z,,.

Proposition 10.

For everyk € N there exists a summabielinked
family 7. C P(w).
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Construction

Lemma 11.

If 7. C P(w) is ak-linked family then
F={F Cw: (Vk)(3U* € F,) U" C* F}
IS a centered system.
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Construction

Lemma 11.
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IS a centered system.

If every F;. Is summable therF is summable.
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Construction
Lemma 11.
If 7. C P(w) is ak-linked family then
F={F Cuw: (Vk)3QU* ¢ F,)U* C* F}
IS a centered system.

If every F;. Is summable therF is summable.

More generally, IfZ is a P-ideal and for every
one-to-one functiorf € “N and for everyk € N there

existsU* € F, such thatf[U*] € Z then there exists
U € F such thatf|[U] € .
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Some questions

Question.
Do Z,-friendly ultrafilters exist in ZFC for every
summable idedl,? What abouy(n) = T or ——?
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Some questions

Question.

Do Z,-friendly ultrafilters exist in ZFC for every
summable idedl,? What about(n) = T or ——?
Question.

s there ar¥,-friendly ultrafilter which is not an
Ty-friendly ultrafilter whenevef , Z 7,7
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