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Cech-Stone compactification ofw

IS a compact
topological space'«v such that:

w IS a dense subspace @b

every (continuous) functioii : w — |0, 1] can be
extended to a continuous function

Bf : fw—[0,1]
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Cech-Stone compactification ofw

Definition.

Cech-Stone compactification ofis a compact
topological space'«w such that:

* w s a dense subspace @b

- every (continuous) functiori : w — [0, 1] can be
extended to a continuous function

Bf : fw—[0,1]

w' = fJw \ wis calledremainder ofjw
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Ultrafilters on w

A family F C P(w) is called dllter onw if:

F 4 Qandd & F
If Fl,FQ EfthenFlﬂFQ c F
If e FandF C G C X thenG € F.
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Ultrafilters on w

A family F C P(w) is called dllter onw if:

F 4 Qandd & F
If Fl,FQ EfthenFlﬂFQ c F
If e FandF C G C X thenG € F.

If moreoverF satisfies
foreveryM C weitherM € Forw\ M € F
thenF iIs called an
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Topology onw*

Points inGw may be identified with ultrafilters omn:

points inw « fixed ultrafilters
points inw* < free ultrafilters
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Topology onw*

Points inGw may be identified with ultrafilters omn:

points inw « fixed ultrafilters
points inw* < free ultrafilters

Topology onw* Is generated by clopen sets:
A*={U:AcelU}, Aec|w/
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Topology onw*

Points inGw may be identified with ultrafilters omn:

points inw « fixed ultrafilters
points inw* < free ultrafilters

Topology onw* Is generated by clopen sets:
A*={U:AcelU}, Aec|w/

Some more facts about":
e zero-dimensional
e cardinality2*
e dense-in-itself
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|deals onw

An onw is a familyZ C P(w) such that:

7T +#Plw)and) € T
If Al,AQ c ZTthenA{U A, €T
f AcZandB C A C wthenB € 1.
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|deals onw

An onw is a familyZ C P(w) such that:

7T +#Plw)and) € T
If Al,AQ c ZTthenA{U A, €T
f AcZandB C A C wthenB € 1.

Examples: = finite subsets ob
={ACN: Y} 1<oo}

acA

= {A CN: limsup 22 = 0}

n
n—oo
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Summable ideals

Given a functiory : w — |0, co) such that
Y g(n) = oo then the family

new

IS a proper ideal which we call summable ideal
determined by function.
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Summable ideals

Given a functiory : w — |0, co) such that
Y g(n) = oo then the family

new

IS a proper ideal which we call summable ideal
determined by function.

We will consider only tall summable ideals.
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ldeals and open sets

Definition.

An idealZ onw Is tall (densef for every infinite set
A C w there exists3 € |A]“Y such thatB € 7.
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ldeals and open sets

Definition.

An idealZ onw Is tall (densef for every infinite set
A C w there exists3 € |A]“Y such thatB € 7.

A summable ideal is tall if and only ifim g(n) = 0.

n—oo
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ldeals and open sets

Definition.

An idealZ onw Is tall (densef for every infinite set
A C w there exists3 € |A]“Y such thatB € 7.

A summable ideal is tall if and only ifim g(n) = 0.

To every ideall onw assign an open set
o(I)=| J{A*: Ae 1}

and a closed set

0(1) =w" \ o(Z)
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ldeals and (nowhere) dense sets

cI)={Uew - UNT #0D}
() ={Uecw  UNT=0}={U cw*: T CU}



ldeals and (nowhere) dense sets

cI)={Uew - UNT #0D}
() ={Uecw  UNT=0}={U cw*: T CU}

Lemma.
For an ideall onw the following are equivalent:

e 7 istall
e 0(Z)is dense in*
e §(Z) is nowhere dense in*
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ldeals and (nowhere) dense sets

cI)={Uew - UNT #0D}
() ={Uecw  UNT=0}={U cw*: T CU}

Lemma.
For an ideall onw the following are equivalent:

e 7 istall
e 0(Z)is dense in*
e §(Z) is nowhere dense in*

If 7 C Jtheno(Z) Co(J)ando(Z) 2 6(J).

Set Theorv. Tonoloav and Banach Spaces. Kielce 2008 — p. 8/16



The problem

Problem S.4. (van Douwen [1978])

Isittrue in ZFC that J s (7|A] # w* whenever
A C w* is nowhere dense? Whatdf = §(Z;) or
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The problem

Problem S.4. (van Douwen [1978])
Isittrue in ZFC that J s (7|A] # w* whenever

A C w* is nowhere dense? Whatdf = §(Z;) or

Problem 235. (Hart, van Mill [1990])
—or what nowhere dense setsC w* do we have

JweSw Br|A] # w*?
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The problem

Problem S.4. (van Douwen [1978])

Isittrue in ZFC that J s (7|A] # w* whenever
A C w* is nowhere dense? Whatdf = §(Z;) or
A=06(Zy,)?

Problem 235. (Hart, van Mill [1990])
—or what nowhere dense setsC w* do we have

JweSw Br|A] # w*?

Theorem (Gryzlov)
For A =0(Z2) we havel ) 4 O7[A] # w™.
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Results

Theorem 1.
For A = 6(Z,,) we have J, .o O7[A] # w™.
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Results

Theorem 1.
For A = 6(Z,,) we have J, .o O7[A] # w™.

If U € w*\ U,eq Or[A] thenforallr € S, there
exists seV ¢ U with 7|U| € Z,,,.
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Results

Theorem 1.
For A = 6(Z,,) we have J, .o O7[A] # w™.

If U € w*\ U,eq Or[A] thenforallr € S, there
exists seV ¢ U with 7|U| € Z,,,.

Definition A.

An ultrafilter/ onw iIs called asummable ultrafilter
If for every one-to-one functiort : w — N there

existsU < U such thatf|U| € 1, ,.
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Results

Theorem 1.
For A = 6(Z,,) we have J, .o O7[A] # w™.

If U € w*\ U,eq Or[A] thenforallr € S, there
exists seV ¢ U with 7|U| € Z,,,.

An ultrafilteri/ onw Is called a
If for every one-to-one functioni : w — N there
existsU < U such thatf|U| € 1, ,.

Theorem 1*.
Summable ultrafilters exist in ZFC.
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Results

An ultrafilter/ onw Is called a
If for every one-to-one functiort : w — N there

existsU € U such thatf|U| € Z,.
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Results

An ultrafilter/ onw Is called a
If for every one-to-one functiort : w — N there
existsU € U such thatf|U| € Z,.

Corollary 2.

If g: w — [0, 00) satisfies: > g(n) then
g-summable ultrafilters exist in ZFC.

Set Theorv. Tonoloav and Banach Spaces. Kielce 2008 — p611/1



Results

An ultrafilter/ onw Is called a
If for every one-to-one functiort : w — N there

existsU € U such thatf|U] € Z,

Corollary 2.

If g: w — [0, 00) satisfies: > g(n) then
g-summable ultrafilters exist in ZFC.

Theorem 3.

If g(n) =22, p € w, theng-summable ultrafilters
exist in ZFC (i.e.0(Z,) solves Problem 235.).
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More results and questions

Theorem 4.
(MAcipie) If 1, is @a summable ideal andl = 6(Z,)

then{J .4 Om|A] # W,
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More results and questions

Theorem 4.
(MAcipie) If 1, is @a summable ideal andl = 6(Z,)
then{J .4 Om|A] # W,

Question.

Do g-summable ultrafilters exist in ZFC for every tall

summable ideal,? What ifg(n) = — or ?
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More results and questions

Theorem 4.
(MAcipie) If 1, is @a summable ideal andl = 6(Z,)
then{J .4 Om|A] # W,

Question.

Do g-summable ultrafilters exist in ZFC for every tall

summable ideal,? What ifg(n) = — or ?

Question.

Is there ag-summable ultrafilter which is not an
h-summable ultrafilter if , and;, are two

Incomparable summable ultrafilters?
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Construction

Theorem 1*.
Summable ultrafilters exist in ZFC.
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Construction

Theorem 1*.
Summable ultrafilters exist in ZFC.

A family F C P(w) is called

a If F1N...N FIs infinite
wheneverF; ¢ F,:1 < k.

a i F 1s k-linked for everyk
l.e., If any finite subfamily ofF has an infinite
Intersection.
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Construction

We say thatF C P(w) is a if for
every one-to-one functiofi: w — Nthere isA € F
such thatf[A]| € Z,,.
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Construction

We say thatF C P(w) is a if for
every one-to-one functiofi: w — Nthere isA € F
such thatf[A]| € Z,,.

Proposition 5.

For everyk € N there exists a summabielinked
family 7. C P(w).
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Construction

Lemma 6.

If 7. C P(w) is ak-linked family then
F={F Cw: (Vk)(3U* € F,) U" C* F}
IS a centered system.
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Construction

Lemma 6.
If 7. C P(w) is ak-linked family then

F={F Cuw: (Vk)3QU* ¢ F,)U* C* F}
IS a centered system.

If every F;. Is summable therF is summable.
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Construction
Lemma ©.
If 7. C P(w) is ak-linked family then
F={F Cuw: (Vk)3QU* ¢ F,)U* C* F}
IS a centered system.

If every F;. Is summable therF is summable.

More generally, IfZ is a P-ideal and for every
one-to-one functiorf € “N and for everyk € N there

existsU* € F, such thatf[U*] € Z then there exists
U € F such thatf|[U] € .
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