M2E - MATEMATIKA 2

6. PREDNASKA

REKAPITULACE

Soustava n linedrnich ODR 1. fddu je dloha najit (vektorovou funkci) y : R — R" takovou, Ze

mame dano:

e ICR

° AERan
e () : R - R" ...

tel| kde

3'(t) = AJ() + b(0),

interval
matice koeficientu

vektor pravé strany

R y1(0) _, Y
- ( ya(t) > o ( AQ) >
A= ap ap Z(z‘) _ b, (1)
Ay Ay b,(?)

[

y,l(t) _ ap ap y1(®) + by (?)
y’z(t) ayy dpx Y,(1) b, (1)

apy (@) + apy, () + b(1)
ay (1) + any,(t) + by(?)

Y =
yy(t) =
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Metody resSeni

Plati: Kazdé reSeni Ize zapsat ve tvaru

Yy (@) ... homogenni FeSeni
je feSeni homogenni rovnice,
tj. pro b(t) =0

(1) =y + yp@)

yp(t) ... partikularni FeSeni
je jedno reSeni nehomogenni rovnice,
tj. s pravou stranou b(t)

Krok 1| Hledame (1), tj. b(t) =0

Plati: Existuje » linearné nezavislych (vektorovych) funkci

Yi» Pps oos ¥, R > R" takovych, Ze

Vu@® =¥+ O+ ... +¢,y,(0) |, kdecp, e, ¢, ER

{J_;l(t)a J_;Z(t)’ 9)7n(t)}

Y(@) =] 310 | %) ...

fundamentalni systém (FS)

y,(®) ... fundamentalni (Wronského) matice

Plati:  Y(¢) je regularni, tj. existuje [Y(¢)]™', protoZe ¥,(t), %,(1), ..., ¥,(t) jsou linearn& nezavislé

—_

c .= (cl,cz,...,cn)T e R"

Maticovy zapis:

yu@® =Y(@)c
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Maticovy zapis:

n=72

?10) = (

Y(t) = < y1(®)

Prvky FS hledame ve tvaru:

Plati:

ya) =Y@)c

Y21()
)’22(t)

y1:(0)
ylz(t)

> J_;z(f) = (

Cl)’n(t) + Cz)’21(t)
C])"lz(t) + Cz)’zz(t)

(i)

¥@t)=he =eM - R

¥'(t) = Ae’ - R

(

FS: {5,(1), ,(1) }

)

S o >= Y@ | ¥y () =_ [

721 Y12(0) | ¥ (1) ¢y
ﬁ - . i) Y21(1)
o =esoesio=a (10 ) va (710 ) -

Y118 ¥,
YV12() Yo (1)

€

Y() ¢

)(2)

kde 4 je ,,néjaké* Cislo a heR" je ,,néjaky* nenulovy vektor

G
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Tedy:

Dosadime:

Zavéry:

Plati:

y'(t) = A1)

Ae’“izzA(e’“iz)ze’“Aiz /: et >0

A musi byt vlastni ¢islo matice A (obecné komplexni)
h musf byt vlastni vektor matice A pfislusny vlastnimu ¢islu A

najit FS znamena najit vlastni ¢isla matice A a pfislusné LNZ (linearn€ nezavislé) vlastni vektory !

aby existoval h #* 0 takovy, ze (A — Al )71 = 6, resp. (AL —A) h= 6,
matice A — AL resp. AI — A, musi byt singularni !

(4. | det (A—AI) =0} resp. det (AI-A)=0)

A € C je vlastni ¢islo matice A = A" € C je vlastni ¢islo matice A

h je vlastni vektor prisluSny vlastnimu Cislu 4 € C, potom
vektor komplexné sdruZeny A* je vlastni vektor pfislusny vlastnimu ¢islu A* € C

komplexni FS lze pfevést pouzitim Eulerovy identity na redlny FS
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Priklad:
(n=2)

e 2.1 2 2

Vi) = oy + 2y,
) = =2y, + ()

A= L2 b(t) = 0 =0
N 21 = 0o/
(1-@ 2 ) ( 12> (a 0)
A—-Al= - _
2 1-2 21 0 A

det A=A =1 -1 - =(-2)-2=(1=-A)*+4=1-2A+ 1P +4=1"=-2445=0

tel =R (pocatecni podminky doplnime pozdé;ji)

2+V4—-4-1-5 2+4/-16 214

C
A=1+2j: 1-1-2j 2 -2j 2
1 J A—i 1= J _ J
-2 1-1-2j -2 =2j

711:‘7 - = .
(A= 0)h=0. 4. 7 _5; - hy, 0 2jh,, + 2h;, = 0
-2 -2 h, ] \ 0 —2h,, — 2jh;,, = 0
. < —J > ( 1. slozku zvolime a 2. dopo¢teme )
! 1
A=1-2j:

Komplexni FS:  {e* hy, e 712}

e d —>* . j ) )
hz = h1 - ( 1 > e(1+2))1 —J e(l—ZJ)t J
L) : 51




el1+2))1 < K ) =¢' . et ( ~ ) = et( cos(2t) + j Sin(2t)) < K ) =¢ ( SInZ) = J C(_)S(zt) ) —
1 1 1 cos(2t) + j sin(2¢)

=e,<

realna Cast

. sin(2t) [ —cos(2)
“\cos@n 75\ sinen

(. < \a 7/

Realny FS:

ZAVER:

Y(r) = ( 5,0

Maticove:

sin(2¢) > o < — cos(2t) >
+j-¢€ )
cos(2t) sin(21)

imaginarni Cast

in(2 — 2
S0 = e 5 4 i) = ( sin(21) ) o ( cos(2t) )

R _ e’ sin(21)
() ) —\ e'cos(2r)

h'd h'd

y1(®) Yo ()

c;, ¢, € R konstanty
(ptipadné ur¢ené poc. podminkami)

- €
C ==
G

cos(2t) sin(21)

—e’ cos(21)
e’ sin(2¢)

( (@) ) D= Vi ( e: sin(21) —etf ?os(Zt) ) ( ¢ )
(1) e’ cos(2t) e sin(2¢) Cy

Ve slozkach:

210

() =

c, €' sin(2t) — c¢,e' cos(2t)

c,e'cos(2t) + c,e sin(2r)

Dale zahrneme pocate¢ni podminky.
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Pocatecni podminky:

Tedy:
»(0)=1:
ZAVER:

Grafické znazornéni:

»1(0)=0, »0)=1

y,(t) = ¢, €' sin(2f) — ¢, €' cos(2t)
1(0) = ¢; e! sin(0) — ¢, el cos(0) = —-¢,=0 =

y1(t) = ¢, € sin(2¢)
y,(t) = ¢, €' cos(21)

»,(0) = ¢; € cos(0) = ¢; =1

y,(t) = €' sin(2¢)
y,(t) = €' cos(21)

@ ve slozkich (neni nazorné)

60

401

20

0 le===

=20 1

-40

-60 [,

nebo

—_

() =

e’ sin(2¢)
e’ cos(2t)

40t

-60 ¢
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vrovin€ y,-y, ... tzv.fazovy prostor

( kreslime obor hodnot vektorové funkce y(t) )

r(t) = \/ [yl(t)]2 + [yz(t)]2 = \/ [e’ sin(2t)]2 + [e’ cos(2t)]2

— \/ezt<[sin(2t)]2 + [cos(2t)]2> = \/@ = (eZ’)% =¢

151

101

-10 -

-15

r(t) ... vzdalenost od pocatku v Case ¢

-15

-10 -5 0 5 10 15
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@ Vv prostoru f-y;-y,

)

y

ime graf vektorové funkce

( kresl

1

Y

‘yz




tor)

AZOVY pros

Vd

(f:

ét do roviny y,-y,

priumeé

60

-y,

iny

ét do rov

prumeé
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iny
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SHRNUTI

;, = A)_)) (n = 2)
vlastni ¢isla matice A: Ap=axjp
odpovidajici vlastni vektory: (A - 4,1)h,

CFS: { @il ]y @ity }

{eat . ejﬁt hl’ eat . e—]ﬂt h2

= cos fit + j sin fit

- : -
0 7,

Eulerova identita

pokud ma nenulovou 2. slozku

Yy +jo y cos fit — o sin fit o cos ft + y sin fit
= e“’-(cosﬂt+j sinﬂt) { — ¥ +j

y cos fit — o sin fit
cos fit

RFS: e

cos fit

sin fit

0 cOs fit + y sin fit
sin fit

)
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Priklad A

Y’ =9y=0

y(0) =4 1 .=y, /

Y(©0)=6 v =y =y
1/

Yy =y

Y=y,
y/2 =9y,
y1(0) =4

y,(0) =6

|, 01\ _ } 4
y. y(t)=(90>-y(l‘), y(0)=(6>

det(A—AI)= A*=9=0

1 1
obecné feseni: yut) =ce” +ce ™ ;
yz(t) == 30163t - 3C26_3t
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Pocate¢ni podminky:

[
~
o

(t = 0) cp + ¢ =

98
3
<
|
I8
o
[\S)
I

200
180 |
160 |

140

n© _ (4
¥,(0) 6
n\ [ 3+e” ) [ 603
»1) )\ 9e3-3e3 )\ 180,6

120 |

100 |

80 1

60 -

40 ¢

20+

0 10 20 30 40 50 60 70
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Priklad B —
rikla y'+ 10y + 16y =0 y,l_yz
y(O) =2 Y1 =Y y2 = _16y1 - 10y2
Y (0)=0 v 1=y =y 1(0) =2
v, =y" »(0) =0

A 0 1 . _ o)
U°)w0:(—m-40)ym’ ﬂ®=<0)

det (A —AI) = A(A+10)+16 =
=12+ 10A+16=0=(A+2)(1+8)
Al = _27 22 = _8

A =-2 ho=0 > 110 } .
I (A+2I)h; =0 .
-16 -8/ 0 )
Ay =8 hy =0 8 1[0 q I
2 (A+81) ,=0 N
-16 -2| 0 8




Pocate¢ni podminky:

-0.5¢

1.5+

257




Priklad C

/I __
y'+6y +25y=0 y}—Y2
y(0) =1 Y=y Yy, = =25y, — 6y,
Y(0) =1 =y =) y1(0) =1
o=y »O) =1
4. | ¥'@) ol 5. o=
IR det (A—AI) = A(A+6)+25= 2> +61+25=0
A—Al=
(_25 —/1—6> 1122—61\/36—4-25=—6i _64=—3i4j
- 2 2
A=-3+4j: (A+GB-4)I)h =0 3=4j 10N o
~25 -3-4j 0 P\ 344y
) | —_— 1
&:/11=—3—4_] h2=h1= _3_4]-

CFS e(—3+4j)t 1 ’ e(—3—4j)t 1

— —3+4j —3—4j

RES: o3 cos 4t ! sin 4¢

- —3 cos4dt — 4sin4t —3sin4t + 4 cos 4t

obecné resenti:

@) =e™ (cl cos 4t + ¢, sin 41‘)
(1) = e 3t [01 (=3 cos4t —4sindt) + ¢, (=3 sin4t + 4 cos 41‘)]




Pocate¢ni podminky: y ) =¢ =1

(t =0) 10 =3¢, +4c, =1 = ¢, =1
() = e ! (cos 4t + sin 4t)
y,(t) = e (cos 4t — 7 sin 41)
T y(0)]
05"
y1(0) |
0 —
¥,(0) 1
05F
n y(1) e (cos4 + sin4) . —0,07
Y0 1) )\ ePcosa—7sing)y /  \ -0,23
15}
2 y1(2) e (cos 8 + sin 8) . 0,002
25 »2(2) e™® (cos 8 — 7 sin 8) —0,018
-3

-0.2 0 0.2 0.4 0.6 0.8 1 1.2

Pristé: | Krok2| ... Hledame yp(r)
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