M2E - MATEMATIKA 2 12. PREDNASKA

REKAPITULACE

Déano: funkce f: R - Rabod x, € R (f chceme aproximovat)
T

,,pekna“, tj. existuji derivace vSech potfebnych radi

Tayloriv polynom

noofk)
T,(x) = ) /%) (x —x)* = f(xg) + f(xp) (x — xp) + % ') (x = x0)* + ... + % FP(xg) (x = xp)

& k!
Chyba: R, (x) := f(x) = T,(x) = ﬁ FD(z) (x — xo)™*!,  kde z lezi nékde mezi x a x,.
n .
Taylorova fada: ~
d | 2 %9 (xp) )
T(x) = lim T,(x) = > (x—xp), xeK

k! 1
obor konvergence

k=0

Ukazali jsme si priklad: f(x) = xo=0, D(f)=R\ {1}
- s 0O — Y -

1 —x
n +00 1
T, (x) = Zxk —  T(x) = Zxk =—— xe(-Lh=K
k=0 k=0 - X

f(x) # T(x), xe D(f) |ALE| f(x) = T(x), x € K!
7

Odpovézme na otazku, pro jaké funkce f toto plati 113




Plati: JestliZe ma f stejnomérné omezené derivace vSech fadl na intervalu I = (x, — 6,x, + 0), 6 >0, tj.

IM >0 VneN Vzel: |f2)| <M,

| +oo (k)
potom f(x) = T(x) = Z / k(!xo)

k=0

(x—xo)k, X E(xyg —0,x5 +0)CK.

xol—é SIC() xo-i—é

Prakticky vyznam: n

f(k)(xo)

k!

Funkci f aproximujeme kone¢nou fadou Z
k=0
a ¢im vétsi n vezmeme, tim bude aproximace presné;si.

Terminologie:

(x — xo)k

Rikame, Ze funkce f 1ze v bodé& Xy rozvinout v Taylorovu fadu a T'(x) se nazyva Taylorlv rozvoj funkce f v bodé€ x,.

Zdavodnéni:

Zvolime libovolné x € (x, — 6,x, + 6) C K

R (x) := f(x) — T,(x) = f(x) = R,(x) + T(x) / lim

f() = lim R,(0) + lim T,(x)
1222 [
fm= 0  + T®
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Vime: <0

R,(x) 1= — fD(2) (x — xp)™!
(n+ 1)! : — —— :
To—0 Toz T x9+0
(kde z lezi nékde mezi x a x)) 7
Takze: 1 (i 1) 1 1 +1 5n+1
R = | F clx = xa ™t < M-S = M.
RGN 1= sy 1SN x =™ < e (n+ 1)!
5n+1 i 5n+1 * 0 0
< . < 1 . — M. 1 = M- =
0= Im [R,(0l < lim M (n+1)! im0 (1 + 1)!
= liI_El R, (x)=0
n pro |a| < 1 zfeymé
* ligrn — = 0 —1
n—+oo pn! roa > n e .
pes 0L 44999 _ (ElnoeN:a<no,t].£<1)
nl 1-2-3---(n—=1)-n Ny
_a-a-a---a a -a
_1-2-3---n0- on=1-n "~
a a a’tl 1 y .
< — == - = =0 (podle véty o sevieni)
ny! n ng! n
—_—— —
= konst. —0
proa < —1 n n
— |L| < al — 0 pro n - +o0
n! n!

tj. plati proa € R
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Priklad:

f(x)=sinx, x,=0| (jiZ minule)

1) T,(x) = f(x0) + f'(xg) (x — x) + % f(xg) (x = x)* + ... + % F(x) (x = x,)"

f(x) = sinx f(xg) = fO) = sin0 = 0
flf(x) = cosx ffixg) = f'(0) = cosO =
f"(x) = —sinx f'(xy) = f"(0) = —sin0 = 0
" (x) = —cosx f(xq) = f"'(0) = —cos0 = —1
fPx) = sinx fPx) = fP0) = sin0 = 0
: derivace se dale po Ctvericich opakuji
Ty(x) =0 + 1-(x—0) + %-0-(x—0)2 + 3.;1-(—1)-@—0)3 = x — éx?’
Ty(x) = x — éx3 (= T5(x)) Cleny se sudou mocninou = 0
1 1 5 1 ( 1) 2k+l — 999
2) T(x)—x—ax +§x —ax + Z(2k+1)' , x€e K =77
b Taylorovy koeficienty
3) K=777 (vizstr. 114) VzeR|VreN: |f"(z)] <1,

)

bud’ sin z, cos z, — sin z nebo — cos z

+00 (—l)k
> f(x) =T = ) ———x**!

, |[xeR|=K

& 2k + 1))

o (=D
sinx = —X
kz=0 2k + 1)!

2k+1

b

x€eR
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Priklad: Pomoci Taylorovy fady funkce sin x v bod€ x, = 0 aproximujte hodnotu sin x pro x € (—x, 7) tak, aby

chyba byla nejvyse 107>, resp. 10712, (Pro x & (—x, z) vyuZzijeme periodicitu sin x.)

JT'"' +1
Pro chybu Taylorova polynomu plati: ” (n+ 1)t
EVRYTS 0 3.141592653580793
(x — xp) |
R (x) = f(x) = T,(x) = ——— () 1 4.934802200544679
(n+ 1)! 2 5.167712780049969
3 4.058712126416768
(x — xo)"! 1 4 2.550164039877345
IR, (x)| = o | F"D(2)] < 5 1.335262768854580
(n+ 1) 6 0.599264529320792
7 0.235330630358893
|(x — xo)" | 8 0.082145886611128
< 1< 9 0.025806891390014
v
(n+ 1)! 10 0.007370430045714
11 0.001929574309404
|xn+1|

<t 12 0.000466302805768
— (m+ D! T 13 0.000104638104925
14 0.000021915353448

|x|"+1 15 0.000004303069587 < 10°°
= m < 16 0.000000795205400
' 17 0.000000138789525
it 18 0.000000022048429
<X <10 (resp. 10712) 19 0.000000003604731
(n+1)! 20 0.000000000539266
21 0.000000000077007
22 0.000000000010518
O T, S T I S S & IS £ 23 0.000000000001377

Ts(x) = x —= 4+ = —= 4+ — — + — 24 0.000000000000173 ~ 102

3! 5! 7! 9! 11! 13! 15!
T (x) . x_3 N X_S B X_7 N X_9 B xll N x13 B xlS N x17 B x19 x2l B x23
24 3! 5! 7! 9! 11! 13! 15! 17! 19! 21! 23! 117




Priklad a)
1
fx)=—=, xg=1
X

Varianta A | Brutélni sila - jako dfive, vypocet derivaci, ...

Varianta B (Chytie) Vime: +oo

1
Z®k=m, @E(—l;l), ®0=0
k=0

X)=-x+1=1-x

_l— 1 _ _ B _+oo o
f(X)_x_l_(_x+1)_ Xo=1= (x)=0 —Z(l x)" =
! Ol < L, g lx—1]<1]

chceme pouzit néco, co zname

+0o0

= Y (D -x-D)" = Y (=D =D

k=0 k=0 4
Taylorovy koeficienty a, \

Ix—1] <1, §. x €(0,2) =

1 1

K

f)=1 =

X

DD x-DF x€0.2), x, =1
k=0

118




Priklad b)
=7 3

-, _O
[ ==, X
@:2)6
+o0 teo
Zaver +00
3 kL xk ( 11)
= — = 3'2' N S — S~ ) :O
f(x) 1 —2x ,;) T 22 "
Priklad ¢)
it 1
=, =O
fe) =" X
+0o Yoo
1 | . | Y\ k | "
f(x)z = - x:—‘ <_> = X ‘_‘<1 <:> |X|<2
2.<1—§> 2 1-5 2 ’;) 7 kz:;)zkﬂ
Zaver
1 il 1 k
f(x)=r:,;)2k+‘1x, x€(=2,2), x =0
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Plati:

Jestlize f(x) = T(x), x € (xy — 6,xy+ 6),

potom f'(x)=T'(x) = <Zak(x—x0)k) = Z k-a,(x—x.)! proxe(x,—8,x,+6).

k=0

k=1

Tj. Taylorovu fadu lze derivovat ¢len po ¢lenu

,,derivace nekonecného souctu je nekonecny soucet derivaci*

Schematicky
+oo ! +oo )
(20 )-20)
k=0 k=1
Ptiklad d)

f(x)=cosx, x,=0

Varianta A | Brutélni sila - vypocet derivaci, ...

+0o0
Varianta B (Chytie) Vime: sinx = 2 ﬂ X2k v e R
~ 2k + 1)! ’
(—1)k e (-1 >k &=k
COS X = (Sinx)l — Z 2k+1 — Z 2k+1 Z (2k+1) 2k — Z x2k
(2k + 1)' ~ (2k + 1)' (2k (2k)!
) €= eR
X
rozepsano pro kontrolu:
SINx = X —lx3 + le —lx7 + lx9 —Lx11 + ...
d g 3! 5! 7! 9! 11! §
- dx
dx cosx=1—lx2+lx4—lx6+lx8—Lxm+... /
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Poznamka: Funguje 1 pro integraci!

Priklad
fx) = 5 xo=0
| +oo +oo
f)= 1= = %(—x)k = Z:,)(—Dk ¥, xe(=1,1)

gx)=In(1+x), x,=0

¢(x) = —— = f(x)

1+x

gx) = / fw)du = [gw)], = g(x) — 2(0) = g(x)
0

X

1 x +00 +00 X +00 uk+1 X
@z/1+udu=/(I;)(—l)kuk>du=kZ{)/(—l)kukduzkZ{)(—l)"[ ]
0 - 0 o

k+1],
0

+0o0 lkxk+1 O
= E — , xe(—1,
k:O( )k+1 ( )
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Zakladni Maclaurinovy rady

(Taylorovy fady pro x, = 0)

In(1 + x)

sin x

COS X

arcsin x

arctg x

sinh x

cosh x

+00
2
n=0
+00

Z()~

+00

n=0

f [(2n — 1)11]2x2n+]
& 2n+ 1)

to 2n+1
> (1=
~ 2n+1

+00
x2n+1

2 2n+1)!

n=0

+00 n

X
2 2n)!

n=0

l+x+x>+x+ ...

-1
1+px+p—(p )x2
2!
R SO S
X TR
x_x_2+x_3_x_4+
2 3 4 7
X X x
YR TR T
XX,
2! 4! 6!

xe (=11

xe((-1,1), peR

x€eR

x € (=1,1)

x€eR

x€eR

x € (-1,1)

x e (-1,1)

x€eR

x€eR
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