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Why physics
from my grandmother's textbook (*1907)

Lost in translation
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Why solid state physics

The figure can look like differently (separating cosmology from 

mechanics, separating vibrations and waves from mechanics, 

separating optics from electromagnetism, way how to divide   

the quantum theory, etc.), but it usually does not contain solid 

state physics
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Solid state physics (more precisely physics of condensed state) 

does not bring new physical laws or new elementary particles, 

but knowledge about collective behavior of elementary particles

If we nevertheless take it as a branch of physics,                            

it is the widest and most useful one

Solid state physics is not 

branch of physics parallel 

to these ones, but 

synthesis of these ones

(+ mathematics: group 

theory)

Why solid state physics
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Effect of structure on properties

Example 1: carbon

- diamond (3D, hard)

- graphite (slices)

- nanotubes, polymers (fibers)

- fullerens

Example 2: materials based on SiO2

- quartz (3D, hard)

- mica (slices)

- asbestos (fibers)

- glass 

The structural differences are also due to the presence of other 

elements (such as Al or K between planes of mica), but that's 

not the point: the main differences between properties are due 

to the structure, not composition



prof. Jiří Houška (KFY FAV ZČU)

Example 3: tin

- -Sn (tetragonal): metal, common at RT

- -Sn (diamond structure): covalent, fragile

below 13°C (most fast at -48°C) autocatalytic transformation 

→ and the ductile metal becomes dust: tin pest (plague)

Effect of structure on properties
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Example 3: tin

- -Sn (tetragonal): metal, common at RT

- -Sn (diamond structure): covalent, fragile

below 13°C (most fast at -48°C) autocatalytic transformation 

→ and the ductile metal becomes dust: tin pest (plague)

example of consequence:

evaporation of tin canned fuel



one of reasons of the death

of Scott and his 4 companions

when returning from                    

the South pole 1912

Effect of structure on properties
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Example 4 (at higher than atomic level): CaCO3 (calcite)

- limestone = small grains of calcite with many pores                

 softer, not so good construction material

- marble = limestone which was exposed to high temperatures 

and pressures  large and almost pore-free grains of calcite     

 harder, better construction material

the terminology is blurred by the existence of dolomite 

limestone and marble (Ca+Mg instead of Ca), possible 

presence of other elements (different colours of marble) 

and by aragonite as an alternative to calcite,

but this does not change the principle

Effect of structure on properties
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Example 4 (at higher than atomic level): CaCO3 (calcite)

- limestone = small grains of calcite with many pores                

 softer, not so good construction material

Thus, each trapper

can engrave his

signature there

Effect of structure on properties
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Overview of crystal structures

7 crystal systems

(qualitatively different shapes 

of the primitive crystal cell)

1-4 types of each cell      

(simple and                          

base / body / face / centered)

14 Bravais lattices
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Etudes crystallographiques (1849)



prof. Jiří Houška (KFY FAV ZČU)

Crystal family Crystal system Lattice system                       
Lattice vectors and 

angles between them

cubic cubic cubic
a =b =c                             

 = =g =

tetragonal tetragonal tetragonal
a =b c                             

 = =g =

orthorhombic orthorhombic orthorhombic
a b c                             

 = =g =

monoclinic monoclinic monoclinic
a b c                             

 =g =  

triclinic triclinic                  triclinic
a b c                             

  g

rhombohedral                            
can be represented                       

also by rhombohedron                  

a =b =c                             

 = =g 

hexagonal                
sixfold rotation axis

hexagonal                                               
can be represented                       

only using a prism with                      

a hexagonal base 

a =b c                             

 = =90°, g =120°

hexagonal

trigonal                                    
threefold rotation axis

Overview of crystal structures
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Crystal family Crystal system Lattice system                       
Bravais lattice                                

(total 14)

cubic cubic cubic
3 (simple, body / face 

centered)

tetragonal tetragonal tetragonal
2 (simple, body 

centered)

orthorhombic orthorhombic orthorhombic
4 (simple, base / body 

/ face centered)

monoclinic monoclinic      monoclinic
2 (simple, base 

centered)

triclinic triclinic                   triclinic 1

rhombohedral                            
can be represented                       

also by rhombohedron                 

(a=b=c, == 90°)

1

hexagonal                  
sixfold rotation axis

hexagonal                                               
can be represented                      

only using a prism with                      

a hexagonal base

1

hexagonal

trigonal                                   
threefold rotation axis

Overview of crystal structures
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rhombohedral                            
can be represented                        

also by rhombohedron                

(a=b=c, == 90°)

1

hexagonal                   
sixfold rotation axis

hexagonal                                               
can be represented                      

only using a prism with                

a hexagonal base

1

hexagonal

trigonal                                    
threefold rotation axis

Overview of crystal structures
rhombohedral  trigonal  hexagonal

material which is trigonal but not 

rhombohedral: e.g. -quartz
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14 Bravais lattices

in a graphical form

P primitive

I body centered 

(Innenzentriert)

F face centered 

(Flächenzentriert)

A/B/C centered on 

A/B/C faces only

R rhombohedral

Overview of crystal structures
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Atomium in Bruxelles:

body centered cubic (bcc) cell with a lattice constant of 44 m

Overview of crystal structures
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Are there really only 14 aforementioned Bravais lattices?

Why is there not e.g. base centered cubic/tetragonal?

Overview of crystal structures
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Are there really only 14 aforementioned Bravais lattices?

Why is there not e.g. base centered cubic/tetragonal?

Because by rotating it of 45° we get simple tetragonal

Bravais was not stupid

Overview of crystal structures
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Why are there more crystal structures than                                   

the 14 aforementioned Bravais lattices?

Overview of crystal structures
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Why are there more crystal structures than                                   

the 14 aforementioned Bravais lattices?

Because the Bravais lattice defines only the periodicity. 

Basis of any size (not only one-atom basis) can be replicated 

in space with this period. 

Crystal structure = lattice + basis

Crystal atoms and lattice points are 

two completely different entities 

(we can decide that one of basis 

atoms will overlap with a lattice point, 

but that's only a convention)

Overview of crystal structures
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Crystal structure = lattice + basis

Overview of crystal structures

Formation with                 

one-element basis 

(soldier)

Formation with                

two-element basis  

(soldier + horse)
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Primitive unit cell is the smallest possible (one lattice point). 

Sometimes it also leads to a maximum symmetry                           

(e.g. in the case of simple cubic), but not always.

Conventional unit cell has the maximum possible symmetry                           

( easier to imagine), at the cost of larger volume                     

(more lattice points  e.g. slower calculations)

Example: 

fcc cube can be represented 

also by a rhombohedron 

with 4 smaller volume

(figure here),

similarly for 

some prisms with a hexagonal 

base (figure above)

Primitive x conventional unit cell
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Shape of primitive cell (contrary to its volume)                            

is not specified unambiguously.

The unambiguous thing is Wigner-Seitz cell: part of space 

around a point of the crystal lattice for which this point is the 

nearest one. The boundaries are perpendicular to and passing 

through the midpoints of lines connecting two lattice points.

Wigner-Seitz cell
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Reciprocal space and XRD

In the real space the lattice is defined by vectors a1, a2, a3          

(a1-3 do not necessarily define "real" primitive crystal cell,           

but also e.g. its integer multiple - that's not the point now)

Let's define a lattice vector R = n1a1+n2a2+n3a3

where n1-3 are integers

In the reciprocal space the lattice is defined by vectors                

A1, A2, A3 where A1 = 2.a2a3/(a1.a2a3), etc.

Let's define a reciprocal lattice vector                                          

G = m1A1+m2A2+m3A3

It holds G.R = 2(n1.m1+n2.m2+n3.m3)  eiGR = 1

Primitive reciprocal lattice cell (= Wigner-Seitz cell                         

in the reciprocal space) is called first Brillouin zone
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From the wave point of view:

constructive interference for 2.d.sin = n.

Nobel prize 1915 (William Bragg father + son)

Reciprocal space and XRD
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From the reflecting atom point of view (|kin(out)| = 2/):

waves Aincos(t-kin.x) and Aoutcos(t-kout.x) must have the 

same phase (i.e. k.x = 2n) when interacting with atom, i.e. 

where x is a lattice vector  k is a reciprocal lattice vector G        

 2kin(out).G = G2 where |G| = 2n/d  again 2.d.sin = n.

k = G
kin kout

Reciprocal space and XRD
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From the reflecting atom point of view (|kin(out)| = 2/):

waves Aincos(t-kin.x) and Aoutcos(t-kout.x) must have the 

same phase (i.e. k.x = 2n) when interacting with atom, i.e. 

where x is a lattice vector  k is a reciprocal lattice vector G     

At the same time 

|kin| = |kout| = |kin-k| = |kin-G|

kin
2 = (kin-G)2 

2kin(out).G = G2   kde |G| = 2n/d

              

again 2.d.sin = n.

Reciproký prostor a XRD

(000)

Ewald sphere visualizes this 

condition for diffraction
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The Bragg equation 2.d.sin = n. is necessary, not sufficient, 

condition for an interference maximum

There is a plane in the distance

d which reflects constructively

interfering beam. But there can

be a plane in a different distance 

(see d/2 for bcc) which reflects

destructively interfering beam.

konstruktivně

konstruktivně

destruktivně

d

Reciprocal space and XRD
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The Bragg equation 2.d.sin = n. is necessary, not sufficient, 

condition for an interference maximum

KCl and KBr have the same structure

- destructively interfering beams 

 reflected from K planes and Cl planes

 have similar intensities and almost 

 completely cancel out  less peaks

- destructively interfering beams 

 reflected from K planes and Br planes

 have different intensities and cancel

out only partially  more peaks

Reciprocal space and XRD
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Practical realization (further details in KFY/EMSA)

- many wavelengths & fixed crystal (Laue, figure for NaCl)

- one wavelength & rotating crystal (Bragg-Brentano)

- one wavelength & powder sample (Debye-Scherrer)

Reciprocal space and XRD
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Vector (direction) is expressed as a least integer multiple     

(often bar instead of minus) of lattice vectors:

[hkl] for specific direction 

<hkl> for a set of all equivalent directions

hkil instead of hkl (i = -h-k) for hexagonal family

Miller indices for vectors
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Reciprocal lengths obtained by intercepts of plane with axes:

(hkl) for a specific plane                                                        

(perpendicular to direction [hkl] for cubic, not in general) 

{hkl} for a set of all equivalent planes

again hkil instead of hkl (i = -h-k) for hexagonal family

Miller indices for planes

intercepts 1 1 -½ 1

 plane  (1 12  1)

intercepts 1  -1 1

 plane  (1 01  1)
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How many times more are there qualitatively different 

(differently symmetric) crystal structures than Bravais lattices?

Bravais lattice Crystal structure

7 (see crystal systems) 32 point groups

14 (see Bravais lattices) 230 space groups

Point groups
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first the most qualitatively different ones (11 groups with different rotation axes)

Cn : only one n-fold rotation axis (C1, C2, C3, C4, C6)

Dn : n-fold rotation axis + n 2-fold axes perpendicular to it (D2, D3, D4, D6)

O : group of octahedron of cube (34-fold + 43-fold + 62-fold)

T : group of tetrahedron (43-fold + 32-fold)

now add center and planes of symmetry (other 21 groups)

Cni : Cn + inversion (C1i = Ci, C3i, C4i = S4, [C6i = C3h is elsewhere])

Cnh : Cn + plane of symmetry perpendicular to the rot. axis (C1h = Cs, C2h, C3h, C4h, C6h)

Cnv : Cn + n planes of symmetry containing the rotation axis (C2v, C3v, C4v, C6v)

Dnh : Dn + plane of symmetry perpendicular to the n-fold rot. axis (D2h, D3h, D4h, D6h)

Dnd : Dn + n planes of symmetry containing the n-fold rotation axis (D2d, D3d)

Oh : group of octahedron + inversion

Th : group of tetrahedron + inversion

Td : group of tetrahedron + diagonal planes of symmetry

sometimes, another group out of a pair of equivalent groups is preferred, e.g. 

S6 (rotation of 60° + mandatory mirroring in a perpendicular plane of sym.) instead of

C3i (rotation of 120° and/or inversion - contrary to S6 only one of these two can happen)

Point groups
first possible notation: Schoenflies
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first the most qualitatively different ones (11 groups with different rotation axes)

C1, C2, C3, C4, C6 → 1, 2, 3, 4, 6

D2, D3, D4, D6 → 222, 32, 422, 622

O → 432

T → 23

now add center and planes of symmetry (other 21 groups)

Ci, C3i, C4i, [C6i] → 1̅ , 3̅ , 4̅ , [6̅ is elsewhere]

C1h = Cs, C2h, C3h, C4h, C6h → m, 2/m, 3/m = 6̅ , 4/m, 6/m

C2v, C3v, C4v, C6v → mm2, 3m, 4mm, 6mm

D2h, D3h, D4h, D6h → mmm, 6̅m2, 4/mmm, 6/mmm

D2d, D3d → 4̅2m, 3̅m 

Oh → m3̅m

Th → m3̅

Td → 4̅3m

m = mirror = plane of symmetry, m behind slash = plane of symmetry perpendicular 

to the plane before slash, bar above number = plane of symmetry containing the axis

Point groups
second possible notation: Hermann-Mauguin
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Schoenflies Hermann - Mauguin

triclinic C1, Ci 1, 1̅

monoclinic C2, Cs, C2h 2, m, 2/m

orthorhombic D2, C2v, D2h 222, mm2, mmm

tetragonal C4, S4, C4h, D4, 4, 4̅ , 4/m, 422, 

C4v, D2d, D4h 4mm, 4̅2m, 4/mmm

cubic T, Td, Th, O, Oh 23, 4̅3m, m3̅ , 432, m3̅m

trigonal C3, C3i, D3, C3v, D3d 3, 3̅ , 32, 3m, 3̅m

hexagonal C6, C3h, C6h, D6, 6, 6̅ , 6/m, 622, 

C6v, D3h, D6h 6mm, 6̅m2, 6/mmm

The order of symbols matters in the Hermann-Mauguin case: the symmetry 

(rotation axis) of the highest order is at the first place - e.g. 432 in the cubic 

case. Further convention in this field says that for all groups of the cubic 

system, the letter '3' will be at the second place. This allows one to distinguish 

- m3̅ (cubic):   there are four 3-fold rotation axes, let alone other axes

- 3̅m (trigonal): there is only one 3-fold rotation axis

Point groups
relationship with crystal systems
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Point groups
example for cube

Schoenflies Hermann - Mauguin

cubic T, Td, Th, O, Oh 23, 4̅3m, m3̅ , 432, m3̅m
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Cubic

Hexagonal    Tetragonal

Trigonal                Orthorhombic

Monoclinic

Triclinic

Arrows from more symmetrical lattices to the less symmetrical 

ones (to point groups which are subsets of the starting one)

See also increasing number of independent components of the 

elastic tensor along the arrows in the chapter about mech. prop.

Hierarchy of crystal systems
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Crystal family
Crystal system 

(total 7)

    Laue class    

(total 11)

cubic cubic m3̅ , m3̅ m

tetragonal tetragonal 4/m, 4/mmm

orthorhombic orthorhombic mmm

monoclinic monoclinic 2/m

triclinic triclinic   1̅

trigonal              3̅ , 3̅ m

hexagonal 6/m, 6/mmm

hexagonal

Laue classes

If we add a center of sym. 

everywhere, we end up 

with only 11 out of 32 (see 

also 11 "most qualitatively 

different" groups above) ... 

and the center of sym. 

does not affect the sym. of 

the XRD diffraction pattern



only 11 symmetries of the 

diffraction pattern (Laue 

classes): 1 centrosym. 

group which defines the 

notation of the Laue class, 

plus 1-3 non-centrosym.
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Tensor description of cryst. properties

Effect                  = Property      Action

nth order tensor  (n+m)th order tensor mth order tensor

1st order tensor, i.e. vector

- pyroelectricity   (vector effect, scalar action)

- electrocaloricity   (scalar effect, vector action)

2nd order tensor

- electrical and thermal conductivity (vect. effect, vect. action)

- permittivity and other optical prop. (vect. effect, vect. action)

- thermal expansion  (tensor effect, scalar action)

3rd order tensor

- piezoelectricity   (vector effect, tensor action)  

4th order tensor

- elastic deformation (tensor effect, tensor action)
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Effect                  = Property      Action

nth order tensor  (n+m)th order tensor mth order tensor

Neumann principle: tensor of a crystal property is at least          

as symmetrical as the crystal itself                

Thus, the symmetry (as expressed e.g. by providing the 

corresponding group: the group of symmetry elements of each 

property contains all symmetry elements of the crystal point 

group) e.g. defines whether some properties of crystals and 

molecules can have non-zero values

Tensor description of cryst. properties
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Point groups
relationship with crystal properties 

As pointed out above, the symmetry (as expressed e.g. by the 

corresponding point group) defines some crystal properties

Example 1: group does not have center or planes of sym., only 

rotational axes (is enantiomorphous) ... necessary condition 

for rotating the plane of polarization of polarized light

(other molecules do that if equally oriented, not in a liquid state)

Example 2: group does not have center of symmetry ... 

necessary condition for piezoelectricity

Example 3: unique polar axis (the only rotation axis, no center 

of sym., no planes of sym. which do not contain the axis) ... 

necessary (and sufficient) condition for pyroelectricity

Example 4: dependence of birefringence on crystal system 
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32 point groups

do not have center of symmetry (21 groups) do have center 

of symmetry      

(11 groups), 

therefore non-

piezoelectric

piezoelectric (20 groups) group 432       

is neither 

piezoelectric 

(although it 

does not have 

center of 

symmetry)       

nor polar         

polar, pyroelectric                        

(10 groups)  

piezoelectric 

but not polar, 

therefore non-

pyroelectric     

(10 groups)

ferroelectric 

materials

non-

ferroelectric 

materials

As pointed out above, the symmetry (as expressed e.g. by the 

corresponding point group) defines some crystal properties

Point groups
relationship with crystal properties 
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[W. Wu et al., Nature 514, 470 (2014)]

Hexagonal MoS2: 

1 monolayer of primitive cells 

(3 monolayers of atoms) does 

not have center of sym.  is 

(allowed to be) piezoelectric

2 monolayers of primitive 

cells do have center of sym.      

 piezoelectricity disappears

The same repeats                 

(with decreasing intensity)       

for any odd and even        

number of monolayers

Point groups 
example illustrating the knowledge on previous slides                 
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notation of space group notation

= 

notation of point group (which is behind this space group)            

+ 

serial number in the superscript

E.g. O9
h = ninth group of the crystallographic subset Oh

Heavily depends on the knowledge of the convention          

(the transition from point to space groups makes 

Schoenflies less illustrative than Hermann-Mauguin)

Space groups
first possible notation: Schoenflies
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notation of space group notation

= 

notation of point group (which is behind this space group)            

+

initial letter defining the lattice (see also above) 

P primitive

I body centered (Innenzentriert)

F face centered (Flächenzentriert)

A/B/C centered on A/B/C faces only

R rhombohedral

Space groups
second possible notation: Hermann-Mauguin
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notation of space group notation

= 

notation of point group (which is behind this space group)            

+

initial letter defining the lattice 

If there is a glide plane (instead of common plane of symmetry), 

the letter 'a/b/c/d/e/n' (instead of 'm') denotes the size and 

direction of the shift which accompanies the reflection

If there is a screw axis (instead of common axis of rotation),     

the number in subscript denotes the size of shift (along the axis) 

which accompanies the rotation

E.g. the point group mm2 is behind Pmm2, Pma2, Cmm2, 

Cmc21, ...

Space groups
second possible notation: Hermann-Mauguin
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Stukturbericht symbol (An, Bn, Cn, etc.) contains:

▪ info about space group (single group belongs to a symbol)

▪ info about elements (multiple symbols belong to a group)

Specifically:

▪ A: single elements e.g. Cu (Fm3m  A1)

▪ B: two elements XY e.g. NaCl (Fm3m  B1)

▪ C: two elements X2Y and XY2 e.g. CaF2 (Fm3m  C1)

▪ D: two elements with other stoichiometry e.g. Al2O3

▪ E: multiple elements with 1-atom ions e.g. CaTiO3

▪ F: multiple elements with 2 to 3-atom ions e.g. Na+(NO2)
-

▪ G: multiple elements with 4-atom ions e.g. Ca2+(CO3)
2-

▪ H: multiple elements with 5-atom ions e.g. Ca+(SO4)
2-

▪ L: alloys, S: silicates, etc. 

Space groups
relation to the Strukturbericht notation



prof. Jiří Houška (KFY FAV ZČU)

Atomic coordinates corresponding                

to 230 space groups
see e.g. http://www.cryst.ehu.es/cgi-bin/cryst/programs/nph-wp-list
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Close packed structures
(cannonball problem)

Crucial for unary metals 

(in the case of covalent materials,

role of bonding angles etc.

makes it more complicated)

For fixed layers 'A' and 'B', the 

third layer can be placed in two 

equally meaningful & justified 

ways: 'A' or 'C'
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Sequence ABABAB (Ti, Zr, Hf, ...) : 

hexagonal close packed lattice, hcp                                        

(= two simple hexagonal Bravais                

lattices inside each other 

= hexagonal Bravais lattice                         

with two-atom basis)

Sequence ABCABC (Al, Cu, Ni, ...) : 

cubic face centered lattice, fcc

Why do not we look at it like at                 

a hexagonal Bravais lattice with               

a three-atom basis? Possible, but 

redundant - it's a fcc cube on a corner.

Close packed structures
(cannonball problem)
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Are these packings really the closest?

proof Hales 1998

computer checking of   

the long proof 2017

Intuitively already Kepler 1611

Sacrae Caesareae Maiestatis Mathematici 

= Mathematician to His Sacred Imperial 

Majesty

in Strena Seu de Nive Sexangula               

= A New Year's Gift, or On the Six-

Cornered Snow
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In reality it is not that simple

ABABAB (Ti, Zr, Hf, ...) : hexagonal close packed lattice, hcp

In an ideal case c/a = 2(2/3) = 1.633

The real value is usually different,

e.g. for two extremal cases

(c/a)Zn = 1.856

(c/a)Cd = 1.886

The filled orbitals 

(nd10.[n+1]s2) Zn a Cd

(and liquid Hg)  weaker 

interatomic bonds, lower

motivation for close packing            
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Atomic size  lattice constants
example for transition metals (without lanthanoids)

Atomic size is given by the radius of the shell with valence 

electrons, regardless the number of these electrons.             

The electrons are attracted by the corresponding number of 

protons (the rest of the core is shielded by the inner shells).
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At the start of d-block the atomic size decreases, because 

valence electrons are attracted by increasing charge. In the 

second half of the d-block (even before the d-orbital gets filled) 

the trend turns because the electrons start to interfere

Atomic size  lattice constants
example for transition metals (without lanthanoids)
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In parallel, we would expect that the size increases with the line 

number (valence shell number). It indeed does between line 3 

and 4, but much less between line 4 and 5. Why so?

Atomic size  lattice constants
example for transition metals (without lanthanoids)
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In parallel, we would expect that the size increases with the line 

number (valence shell number). It indeed does between line 3 

and 4, but much less between line 4 and 5. Why so?

Because at the same time the size decreases to the right (see 

above), and metals in line 4 are of 14 columns more on the 

right due to lanthanoids. D-electrons are attracted by 14 extra 

protons, which are only partially shielded by 14 extra electrons.

Atomic size  lattice constants
example for transition metals (without lanthanoids)
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Why ale alkali metals bcc
(i.e. not close packed, fcc or hcp)

There are only 's' valence electrons (spherical orbitals). All the 

more we would not expect directionality (dependence on 

bonding angles etc.) making the material non-close-packed.
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There are only 's' valence electrons (spherical orbitals). All the 

more we would not expect directionality (dependence on 

bonding angles etc.) making the material non-close-packed. 

While the bcc lattice has slightly higher energy, it has (due to 

the non-close packing) higher entropy. Thus, metals often 

transform to bcc at higher temperature, in order to minimize 

the Gibbs energy G = H-TS.

Room temperature is high temperature for alkali metals (note 

the low melting temperatures - potassium 63°C, sodium 97°C, 

...), so they are already transformed to bcc at this temperature 

(while e.g. sodium is hcp at 0 K)  

Why ale alkali metals bcc
(i.e. not close packed, fcc or hcp)
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Possible stacking of layers A,B,C

Hcp and fcc (see also above) are most natural and known,       

but not the only ones:

Sequence ABABAB (Ti, Zr, Hf, ...) : 

hexagonal close packed lattice, hcp                                        

Sequence ABCABC (Al, Cu, Ni, ...) : 

cubic face centered lattice, fcc

Sequence AABBAABB : 

wurtzite (see below)

Sequence ABACABAC : 

NiAs (also see below)

Sequence ABCACBAC and similarly : 

MAX phases (also see below)
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Lattices based on fcc and hcp

Atoms of the first element are often close packed

- the "holes" between them in unary metals are not used 

- binary material "based on fcc/hcp" can be obtained by putting 

atoms of another (smaller) element into the "holes" of fcc/hcp 

First option: octahedral holes

- centers of octahedrons formed by atoms of the first element

- fcc case: center and centers of edges of the cube

- coordination number 6

- one octahedral hole per one atom of the first element
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Atoms of the first element are often close packed

- the "holes" between them in unary metals are not used 

- binary material "based on fcc/hcp" can be obtained by putting 

atoms of another (smaller) element into the "holes" of fcc/hcp

Second option: tetrahedral holes

- centers of tetrahedrons formed by atoms of the first element

- fcc case: centers of 8 cubes which the big cube is divided to 

- coordination number 4

- two tetrahedral holes (T, T') per one atom of the first element

Lattices based on fcc and hcp
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Important binary structures

Rocksalt structure (prototype NaCl)

- fcc lattice of anions (Cl)

- all octahedral holes filled by cations (Na)                        

(= two fcc lattices shifted by a/2 = fcc with two-atom basis)

Other materials: MgO, TiN, ZrN, HfN, TiC, ZrC, HfC, ...

Cl

Na
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Zincblende structure (prototype ZnS)

- fcc lattice of anions (S)

- 1/2 tetrahedral holes filled by cations (Zn)

(= two fcc lattices shifted by a/4,a/4,a/4 = fcc with 2-at. basis)

- the same element in both sublattices leads to the           

diamond structure

Other materials: c-BN, BP, Si, C (diamond), ...

Zn

S

Important binary structures
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NiAs (nickeline, niccolite) structure

- hcp lattice of anions (As)

- all octahedral holes filled by cations (Ni)

- i.e. seq. ABACABAC with Ni in planes A (fcc-like environment) 

and As in planes B and C (hcp-like environment)

Other materials: MoN, WN (stable phase of both of them, but 

other phases exist as well, especially NaCl-type a WC-type), ... 

As

Ni

Important binary structures
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Wurtzite structure (prototype ZnS, not confuse with zincblende)

- hcp lattice of anions (S)

- 1/2 tetrahedral holes filled by cations (Zn)

(= two vertically shifted hcp lattices = hcp with two-atom basis)

- the same element in both sublattices leads to the           

"hexagonal diamond" structure                       

Other materials: ZnO, AlN, 2H-SiC, w-Si, w-C, ...

S

Zn

Important binary structures
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Fluorite structure (prototype CaF2)

- fcc lattice of big cations (Ca) ... in this case not anions

- all tetrahedral holes filled by anions (F)

- Antifluorite: exchanged cations and anions (i.e. close-packed 

lattice of anions like in other discussed structures)

Other materials: c-ZrO2, c-HfO2, CeO2, ...

Ca

F

Important binary structures
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Smaller size of metal atoms results in surrounding them by 

lower number of O atoms (lower preferred coord. number)

- big Zr: coordination 8 (c-ZrO2, t-ZrO2) or 7 (m-ZrO2)

- smaller Ti: coordination 6 (both rutile TiO2 and anatase TiO2)

Rutile structure (prototype TiO2)

- body-centered tetragonal lattice of cations (Ti)

- O atomy in centers of triangles formed by atoms Ti

Other materials: 

CrO2, MnO2, RuO2, ... (stable)

NbO2, TaO2, VO2, ... (at elevated temperature)

Important binary structures
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Rutile structure (prototype TiO2)

- body-centered tetragonal lattice of cations (Ti)

- O atomy in centers of triangles formed by atoms Ti

- another point of view: 

distorted hcp lattice of anions (O)

half of octahedral holes filled by Ti

Anatase structure (prototype TiO2)

- body-centered tetragonal lattice of cations (Ti) with 2-at. basis

(alternatively triclinic cell with half the volume)

- O atomy again in center of triangles formed by atoms Ti

- another point of view: 

distorted fcc lattice of anions (O)

half of octahedral holes filled by Ti

Important binary structures
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Rutile structure (prototype TiO2)

- distorted hcp lattice of O + half of octahedr. holes filled by Ti

- close-packed planes of O are (100) (and equivalent (010) )

Anatase structure (prototype TiO2)

- distorted fcc lattice of O + half of octahedr. holes filled by Ti

- close-packed planes of O are (112) (and equivalent)

O

O

Ti

Important binary structures



prof. Jiří Houška (KFY FAV ZČU)

Rutile structure (prototype TiO2)

- close-packed planes of O are (100)

Anatase structure (prototype TiO2)

- close-packed planes of O are (112)

(face of trigonal primitive unit cell)

This yields an (approximate) ratio of lattice constants of the 

tetragonal conventional unit cells of both phases, e.g. for a: 

arutile = aO-O3 

aanatase = aO-O2 

 arutile/aanatase = (3/2) = 1.22

Experiment for TiO2:

arutile/aanatase = 4.594 / 3.785 = 1.21

Important binary structures
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Corundum structure (prototype -Al2O3)

- hcp lattice of anions (O)

- 2/3 octahedral holes filled by cations (Al)

(alternatively the cell can be converted to rhombohedral)

- all Al atoms have coordination number 6 ( g-Al2O3 below)

Other materials: 

Cr2O3, Fe2O3 (hematite), FeTiO3, ...

Al

O

(neighbouring Al atoms 

are slightly vertically 

shifted from each other)

Important binary structures
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Summary of 8 aforementioned structures

stoichiometry occupation of 

O/T holes by B

element A: fcc element A: hcp

AB 100% O Rocksalt

(NaCl, TiN)

Nickeline

(NiAs, MoN)

A3B2 66% O nothing Corundum

(Al2O3, Fe2O3)

A2B 50% O Anatase

(TiO2)

Rutile

(TiO2, VO2)

AB2 100% T Fluorite

(CaF2, ZrO2)

nothing (pairs of 

T holes too close)

AB 50% T Zincblende

(ZnS, diamond)

Wurtzite

(ZnS, w-C)

the table could continue (filling of half of O holes in layers instead 

of uniform, filling of third of O holes, O and T holes at the same 

time), but the corresponding materials are less important for us

Important binary structures
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NbO structure

- rocksalt structure with 1/4 atoms missing                                         

(in the figure O in the center and Nb in corners is missing)

- coord. number of both elements therefore drops from 6 to 4

(with all 4 neighbours in a single plane)

Nb

O

Important binary structures
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CsCl structure

- simple cubic (not fcc) lattice of anions (Cl)

- cations in the middle of the cube (Cs)                        

- alternative to the rocksalt structure (e.g. NaCl), preferred if the 

ratio of ionic radii is close to 1 (0.93 for CsCl, 0.52 for NaCl)

- another point of view: bcc with different elements in each sublat.

Cs

Cl

Important binary structures
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WC structure

- hexagonal lattice of W (atoms above each other, i.e. not hcp)

- C atoms in the middle of each other triangular prism

- another point of view: hcp with different elements in each sublat.

Exceptionally hard material 

applications from armour-piercing

shells to scratch-resistant rings

W

C

Important binary structures
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MB2 structure (prototype AlB2)

Two alternating hexagonal layers

- simple hexagonal ("graphitic") layer of B

- close-packed hexagonal layer of metal,

(metal atoms are above centers of hexagons formed by B)

boron: 2 atoms per hexagon with side a

metal: 3 atoms (one in the center) per hexagon with side a3

 therefore stoichiometry AlB2

Other materials: TiB2, ZrB2, HfB2, CrB2, ...

Important binary structures
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If there is not any template represented by close packing,   

single-element layers, etc., structures become less intuitive 

(writing atomic coordinates becomes more difficult)                   

even for simple elemental compositions

Example 1: structure -Si3N4 a -C3N4

- 14 atoms (-Si3N4 : 28) 

in a hexagonal cell

- crystal is covalent 

 "template" is given by  

preferred coordination 

numbers and bonding angles

 tetrahedrons with N in corners 

and Si in the middle

More complicated binary structures
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If there is not any template represented by close packing,   

single-element layers, etc., structures become less intuitive 

(writing atomic coordinates becomes more difficult)                   

even for simple elemental compositions

Example 2: some of >250 polymorphs of SiC

- various stackings of bilayers SiC (with atoms Si and C 

mutually shifted like fcc sublattices in a diamond)

- ABC (3C-SiC; diamond-like)

 AB (2H-SiC; wurtzite-like)

 ABCB (4H-SiC)

 ABCACB (6H-SiC)

or e.g. ABCACBCABACABCB   (15R-SiC)

Extremal binary structures 
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Example 2: some of >250 polymorphs of SiC

- ABC (3C-SiC; diamond-like)

 AB (2H-SiC; wurtzite-like)

 ABCB (4H-SiC)

 ABCACB (6H-SiC)

or e.g. ABCACBCABACABCB   (15R-SiC)

- extremal case 393R SiC: 393 bilayers = 786 atoms in a 

rhombohedral primitive cell a = 3.073 Å, c = 987.6 Å

- role of spiral stairs caused by dislocations                                     

in the crystallization seed

(the figure is for 21R SiC)

Extremal binary structures 
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If there is not any template represented by close packing,   

single-element layers, etc., structures become less intuitive 

(writing atomic coordinates becomes more difficult)                   

even for simple elemental compositions

Example 3: so-called NaCd2 (actually NaCd1.92)

- 1192 atoms in a cubic primitive cell Na408Cd784

[ S. Samson, Nature 195, 259 (1962) ]

Extremal binary structures 
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Perovskite structure (prototype CaTiO3, in general ABO3)

- atoms A (bigger cation) in corners of the cube (coord. 12)

- atoms B (smaller cation) in the cube center (coord. 6)

- atoms O in centers of the faces

sometimes given after shift by vector (a/2,a/2,a/2)

- atoms B in cube corners

- atoms A in cube center

- atoms O in centers of edges

Other materials: SrTiO3, PbTiO3, 

CaSiO3, LaMnO3, La1-xSrxMnO3, ...

Important ternary structures
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What forms most of the Earth mantle? What controls the 

movement of continents, earthquakes, volcanoes?         

Perovskite MgSiO3

(sometimes given, less precisely, as MgO + SiO2)

Important ternary structures
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Spinel structure (prototype MgAl2O4, in general AB2O4)

- fcc lattice of anions (O), compare to aforementioned cases     

the cube is doubled in each direction  32 O at. instead of 4

- 1/8 tetrahedral holes filled by atoms A (smaller cation)

- 1/2 octahedral holes filled by atoms B

Other materials: CuAl2O4, CuFe2O4, ...

Important ternary structures
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Spinel structure (prototype MgAl2O4, in general AB2O4)

- the cubic cell shown (conventional unit cell): 56 atoms

- rhombohedral cell (primitive unit cell): 14 atoms

- the same element in sublattices 'A' and 'B': Fe3O4, Mn3O4, ...

g-Al2O3

- 3 rhombohedral cells of spinel  fictitious Al18O24

(6tetrahedral Al, 12octahedral Al, 24O)

- vacancies instead of two octahedral Al  g-Al16O24

(6tetrahedral Al, 10octahedral Al, 24O)

Important ternary structures
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MAX phases (M2AX, M3AX2, M4AX3)

M = Ti, Zr, Hf, V, Cr, ...

A = Al, Si, P, Ga, Ge, ...

X = C or N

- close packing (layers A,B,C)

M2AX :             MXMA

M3AX2 :       MXMXMA

M4AX3 : MXMXMXMA

- contrary to fcc, layers A,B,C do not alternate regularly, but   

other layer than which is in line comes after layers occupied 

by element 'A' (bold and underlined, not confuse with layer A)

M2AX : ABCACBACABCAC...

M3AX2 : ABCABCBACBACA...

M4AX3 : ABCABCABACBACBACA...

Important ternary structures
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MAX phases (M2AX, M3AX2, M4AX3)

M2AX : ABCACBACABCAC...

M3AX2 : ABCABCBACBACA...

M4AX3 : ABCABCABACBACBACA...

TEM photo of Ti3SiC2 -

experimental observation of 

changes or ordering of layers

after each layer of atoms 'A'
[ P. Eklund et al., Thin Solid Films 518, 1851 (2010) ]

Important ternary structures



prof. Jiří Houška (KFY FAV ZČU)

Selected structures in the national 

museum of the Czech Republic



prof. Jiří Houška (KFY FAV ZČU)

2) Bonding in solid materials

Atomic structure

1) Introduction, crystal structure

2) Bonding in solid materials

3) Vibrations and thermal properties

4) Classical calculations

Electronic structure

5) Role of free electrons

6) Band structure

7) Semiconductors

8) Quantum calculations

Functional properties

9) Mechanical properties

10) Optical properties

11) Photoinduced properties

12) Other functional properties

Special fields

13) Thermodynamics and solid solutions

14) Magnetism

15) Superconductivity

16) Amorphous materials
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From an "ultra-theoretical" point of view, the mechanism / 

shared origin of bonding forces is only one (electrostatic forces 

between cores and electrons respecting Schrödinger equation)

However, in praxis it makes sense to distinguish bonds

- ionic

- covalent

- metallic

- van der Waals

- hydrogen (not so relevant for "our" materials)

The aforementioned joint origin of all bonding forces often 

results to a mixed character of bonds (e.g. partially metallic 

and partially covalent), see also below

Bonding mechanisms
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However, in praxis it makes sense to distinguish bonds

- ionic

- covalent

- metallic

- van der Waals

- hydrogen (not so relevant for "our" materials)

Fajan's rules: 

- comparable size of cation and anion, low charge of cation: 

 ionic bond (e.g. Na+Cl-)

- cation much smaller than anion, high formal charge of cation: 

covalent bond (e.g. Al3+Cl-)

Bonding mechanisms

Na+ ionic                   Cl- covalent Al3+
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Ionic bonding

the numbers are valid 

for molecule Na+Cl-

Elements with very different electronegativities, e.g. Na+Cl-

(see also Fajan's rules)

The valence electron of cation of completely given to anion                       

 attractive component of the interaction

Pauli principle prevents overlapping of orbitals when atoms get 

close  repulsive component
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Elements with very different electronegativities, e.g. NaCl (Na+Cl-)

The valence electron of cation of completely given to anion                       

 attractive component of the interaction

Pauli principle prevents overlapping of orbitals when atoms get 

close  repulsive component

Properties:

- high bonding energy

 stability (high meting temperature)

- energy strongly depends on (dis)placement of atoms  

 hardness, brittleness, low thermal expansion

- electrons trapped by their anion, i.e. not delocalized 

 low electrical conductivity

Unsaturated - number of neighbours is not limited by the number     

of valence electrons (is given by numbers and sizes of the ions)

Ionic bonding
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Single element, or elements with similar electronegativities 

(see also Fajan's rules)

Electrons are shared by bonded atoms (the highest probability 

of their occurrence is between atoms); term "molecular orbital" 

(valid for molecules as well as for solids)

Covalent bonding
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c-BN
graphite

NCSiH3

N2C4H4

SiC3H8

black dots:                                

most probable positions of 

pairs of valence electrons

Covalent bonding

Single element, or elements with similar electronegativities

Electrons are shared by bonded atoms (the highest probability 

of their occurrence is between atoms); term "molecular orbital" 

(valid for molecules as well as for solids)
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Single element, or elements with similar electronegativities

Electrons are shared by bonded atoms (the highest probability  

of their occurrence is between atoms); term "molecular orbital" 

(valid for molecules as well as for solids)

Properties qualitatively  similar to ionic bonding:

- high bonding energy (although smaller than for ionic) 

 stability (high melting temperature)

- energy strongly depends on bonding angles etc.  

 hardness, brittleness

- electrons trapped close to the middle of the bond which they 

represent, i.e. not delocalized 

 low electrical conductivity

Saturated - number of neighbours is limited by the number              

of valence electrons (and by the bond orders)

Covalent bonding
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Single element, or elements with similar electronegativities

Electrons are shared by bonded atoms (the highest probability  

of their occurrence is between atoms); term "molecular orbital" 

(valid for molecules as well as for solids)

Saturated - number of neighbours is limited by the number              

of valence electrons (and by the bond orders)

Special case: coordinate covalent bond (also called just 

coordinate bond): covalent bond with all usual properties, but 

both electrons are provided by the same atom

Examples: molecule H3O
+ in water, adsorption of H2O on a solid 

surface (see the hydrophobicity & hydrophilicity in chapter 11)

Covalent bonding
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Gilbert Lewis, who discovered (for example) covalent bonding:

41 nominations for NP in chemistry between 1922-1946

until he - probably - committed suicide

Covalent bonding
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Transition metals with 'd' valence electrons ( valence 

configuration 's'+'d' instead of 's'+'p') plus some other (e.g. Al)

Sea of delocalized electrons, and inside the sea cations =  

atom cores + inner electron shells (molecular orbitals like in  

the case of covalent bonds, but extremely delocalized)

Within the configuration 's'+'d'  

- 's' electrons are more delocalized 

( responsible for metallic character), 

- 'd' electrons are more localized         

( partially filled 'd' orbitals contribute 

to bonding, but more covalent one)

Metallic bonding
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Transition metals with 'd' valence electrons ( valence 

configuration 's'+'d' instead of 's'+'p') plus some other (e.g. Al)

Sea of delocalized electrons, and inside the sea cations =  

atom cores + inner electron shells (molecular orbitals like in  

the case of covalent bonds, but extremely delocalized)

Properties:

- electrical (and electronic component of thermal) conductivity

- weak dependence of energy on deformation                       

(bonding angles etc.)  toughness, lower hardness

Unsaturated - the number of neighbours is limited neither by 

the number of valence electrons (similarly to ionic crystals) nor 

by ratios of number and size of ions (contrary to ionic crystals) 

 close packing, high coordination numbers  higher 

interatomic distances  lower bonding energies per 1 bond

Metallic bonding
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Electrostatic force between dipoles (incl. temporary dipoles -

electrons circulate, electronic density fluctuates, 

atoms/molecules induce dipole moments of each other due      

to a positive feedback) formed by neutral atoms/molecules

Weak (energy on the order of percents of that of covalent bond 

- contrary to the mechanisms above, there is not any overlap  

of electron shells), but important where it is the only interaction

Example 1: forces between graphitic planes

Example 2: forces between molecules which form a solid 

material (molecular solid) - rubber, wax, ... (see also below)

Van der Waals bonding
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Electrostatic force between cation of H and anion of other mol.

Usually weak (exceptions exist) 

Example 1: forces between H2O molecules in ice - see figure

Example 2: organic chemistry

Hydrogen bonds (bridges)
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O has high electronegativity, therefore there

are strong H bonds between H2O molecules



ice molecules require tetrahedral coordination 

(one bond from each H, two from each O):

less close packed than liquid water    



melting leads to a more optimum coordination 3.4 (even less 

than 4.0 - not spheres) and density increases (similarly to that 

of materials tetrahedrally coordinated because of covalent 

bonds, like Si), then T expansion takes place



thermal dependence of density has maximum

(4°C - temperature at the bottom below ice)

Hydrogen bonds (bridges)
anomaly of water
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Hot water freezes sooner than cold water under the same 

conditions (already Aristotle).

Part of explanation in the cited paper:

hot water does not save energy into 

elongating all bonds (like other materials),

but into elongating of hydrogen bonds

between molecules and shortening of 

covalent bonds in molecules. Modelling

of simultaneous release of such "springs"

indicates a memory effect: faster release

of energy (at given T) for higher starting

temperature ("more deformed springs").

Hydrogen bonds (bridges)
Mpemba effect
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Bonding mech. - graphical overview
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First approximation: melting temperature increases with bonding 

energy (energy per atom, not per bond   coordination). 

- ionic: very high bonding energy

- covalent: high bonding energy

- metallic: low energy per 1 bond, but high coordination

- van der Waals: very low energy

Second approximation: what matters is the difference of 

energies in solid and liquid state. Liquid state does not respect 

directionality of bonds  covalent materials (which require 

directionality) may have higher melting temperature than that 

indicated by bonding energy. Graphite does not melt at all and 

prefers to stay solid until sublimation (>3500 °C).

Bonding mech.  melting temperature
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First appr.: melting temperature increases with bonding energy      

Second appr.: what matters is the difference of energies in solid 

and liquid state. C does not melt at all (sublimation >3500 °C).

Bonding mech.  melting temperature
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What matters in metals is the number of bonding electrons  

- thus, last 2 columns of transition metals with completely full     

'd' orbital (Au, Ag, Hg, ...) or metals completely without 

'd' electrons (In, Sn, Li, Na, ...) have low melting temperature  

(note also the low reactivity of gold and silver)

- metals where electrons from partially filled 'd' orbital readily 

contribute to reactivity (Cr, Mo, W, ... ; including partially 

covalent character of bonds) have high melting temperature

Some elements (phosphorus, sulfur) are known as covalent, but 

they have low melting temperatures (44 and 115 °C) - why so?

Bonding mech.  melting temperature
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What matters in metals is the number of bonding electrons  

- thus, last 2 columns of transition metals with completely full     

'd' orbital (Au, Ag, Hg, ...) or metals completely without 

'd' electrons (In, Sn, Li, Na, ...) have low melting temperature  

(note also the low reactivity of gold and silver)

- metals where electrons from partially filled 'd' orbital readily 

contribute to reactivity (Cr, Mo, W, ... ; including partially 

covalent character of bonds) have high melting temperature

Some elements (phosphorus, sulfur) are known as covalent, but 

they have low melting temperatures (44 and 115 °C) - why so?

They do not constitute an infinite network of covalent bonds (like 

Si or C), but another example of molecular solids. Molecules   

P4 and S8 are held together only by van der Waals bonds.

Bonding mech.  melting temperature
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The same in a graphical form

Local maxima for C, Si, Ge

 strong covalent bonds

Local maxima for Cr, Mo, W

(val. configuration nd5.[n+1]s1)

 d-orbital is exactly               

half filled (5 of 10)

 maximum contribution 

of d-electrons to (relatively

covalent) bonds

Do not cofuse el. configuration 

of material (projection of 

molecular orbitals on atomic) 

and isolated atom

Bonding mech.  melting temperature
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Application related to strong bonds: 

addition of Mo or W to gun barrels 

(range of fire), armour, projectiles, 

etc.  strategic resource

Bartlett Mountain in Colorado, USA: 

the main worldwide source of 

molybdenum in its time. During 

WW1 mining in still-neutral USA by 

German company American Metal 

(branch of Metallgesellschaft AG ;-)) 

and smuggling to Germany

Bonding mech.  melting temperature
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f-electrons are close to atom 

cores  they do not 

contribute to covalent bonds  

independently of their number

Furthermore, half-filled (7/14) 

f-band is energ. favorable, so 

atoms watch these electrons 

and do not let them to 

contribute to metallic bonds

 minimum not only for 14 

electrons (Yb; similarly to         

d-elements like Hg) but also 

for 7 f-electrons (Eu; opposite 

to d-elements like W)

The rule cannot be extrapolated
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Weaker metallic bonds 

between cations Eu and Yb  

(and higher volume of these 

cations, because they keep 

more localized electrons)

 not only local minimum of 

melting temperature, but also 

local minimum of atomic 

density (local maximum            

of volume per atom)

The rule cannot be extrapolated
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Previous slides: local         

maxima for Cr, Mo, W

 maximum contribution of 

d-electrons to (relatively

covalent) bonds

So much for the differences 

between columns of periodic 

table. In parallel, the melting 

temperature ( strength of 

covalent bonds) increases with 

the line number (elements 

around Cr → around Mo  →

around W). Why so?

Role of line number (atomic size)
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The strength of covalent bonds increase with the line number



Atomic size matters as well.

For a higher line number, the valence d-orbitals of transition 

metals overlap more and form covalent bond to a higher extent        

( paired spins  nonmagnetic materials).

For a lower line number the orbitals overlap less  interact less 

 electrons do not have to end up in the same covalent 

bonding orbital ( can choose spin  magnetism).

(See chapter 14 for details about magnetism)

Role of line number (atomic size)
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Figure related to previous slide: thus, space for magnetism is 

open in the first line of d-elements + first/only line of f-elements

Antiferromagnetic: Cr, Mn (below RT), Ce-Tm except                      

Gd and unstable Pm (below RT)

Ferromagnetic: Fe, Co, Ni, Gd (just RT), Tb-Tm (below RT)

Role of line number (atomic size)
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Figure related to previous slide: thus, space for magnetism is 

open in the first line of d-elements + first/only line of f-elements

Antiferromagnetic: Cr, Mn (below RT), Ce-Tm except                      

Gd and unstable Pm (below RT)

Ferromagnetic: Fe, Co, Ni, Gd (just RT), Tb-Tm (below RT)

The situation is more complex 

in more complex materials: 

while the magnetic moments

(unpaired spins) are still associated

with the aforementioned elements, 

their size depends on the overall 

composition and structure
NdMn2(Ge1-xSix)2

[ Y. Wang et al, J. Alloy. Compd. 257, 19 (1997) ]

Role of line number (atomic size)



prof. Jiří Houška (KFY FAV ZČU)

Where to remind many aforementioned 

elements: map of village Ytterby
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Ytterby

Where to remind many aforementioned 

elements: map of village Ytterby
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VIB (Cr, Mo, W): melting temp.

increases downwards (larger 

atoms  bonds are less 

metallic and more covalent)

IA (Li, Na, K, ...): melting temp. 

decreases downwards (larger

atoms  weaker metallic bonds

formed by same number of s-el. )

VIIA (F, Cl, Br, ...): melting temp.

increases downwards (larger 

atoms  stronger vdW bonds

between more polarizable

molecules F2, Cl2, etc.)

Role of line number (atomic size)
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IA (Li, Na, K, ...): melting temp. 

decreases downwards (larger

atoms  weaker metallic bonds

formed by same number of s-el. )

VIIA (F, Cl, Br, ...): melting temp.

increases downwards (larger 

atoms  stronger vdW bonds

between more polarizable

molecules F2, Cl2, etc.)

So why is H an exception?

Hydrogen
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So why is H an exception?

Because 1 of 2 positions in its 

only shell is occupied, there is 

one missing and excess electron 

at the same time and H belongs 

to both columns IA and VIIA ...   

rather VIIA from this point of view 

Hydrogen
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Central atom in equivalent molecules 

is from lower line  melting & boiling 

temperature increases - why?

NH3, H2O, HF are exceptions - why?

CH4 constitutes an exception less 

(melting) or not at all (boiling) - why?

Role of line number - molecular solids
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Increasing size of central atom in 

otherwise equivalent molecules 

(increasing line number) 

stronger vdW forces (larger dipole 

has higher dipole moment) 

increasing melting & boiling temp.

Molecules from the second line 

(NH3, H2O, HF) are exceptions: 

stability is enhanced by stronger 

hydrogen bonds

Molecule CH4 is not an exception:         

C does not have (contrary to N, O, 

F) lonepairs, so the anion charge is 

less localized and H bonds weaker

Role of line number - molecular solids
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(and graphene and derived materials: we are talking about the 

plane of hexagons, not about the perpendicular vdW bonds) 

We remember this material as covalent, but each fourth   

valence electron is delocalized

Thus, three covalent bonds are joined by a metallic bond. This 

does not much increase the total bonding strength, so saying 

that hexagons are covalent bonded is meaningful simplification.

However, this is enough to fulfil one characteristics of metallic 

bonding (delocalization)  el. cond. parallel to the hexagons

Border case from the electronic

structure point of view as well: 

valence and conductive band do 

not overlap, but touch at one point

Graphite
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Graphite: 3 out of 4 electrons constitute a covalent frame, fourth 

delocalized electron is responsible for the metallic character

Metals: d-electrons (if present) form a relatively covalent frame,   

s- (after hybridization sp-) electrons are delocalized and 

responsible for the metallic character. Similar mixed character 

for conductive materials like TiN.

SiO2: predominantly covalent (coordination numbers correspond 

to the number of pairs of available valence electrons), non-

negligible ionic character due to high electronegativity of  O  

(incl. ionic bonds between slices of mica or fibers of asbestos)

Metal oxides (TiO2, ZrO2, ...): predominantly ionic character 

(coordinations higher than the number of pairs of valence el.)

Mixed character of bonds 
(summary of selected examples; further info above)
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Boron ( a ): icosahedra B12

where B has coordination 5         

(but only 3 valence electrons)         

- the bonds can be characterized 

as very weak covalent; between 

B12 normal covalent bonds

h-BN: bonds between the planes 

of hexagons are not only van der 

Waals, but also ionic. Thus, BN 

planes prefer to have  B+ a N-

above each other (in the case    

of graphite, C atoms are shifted 

of its lattice constant)

-B (simpler one)

Mixed character of bonds 
(summary of selected examples; further info above)
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Not all valence electrons like to take place in bonding. While 

this is clear in the case of filled shells or orbitals (noble gases, 

aforementioned noble metals), it happens also in other cases.

Oxygen (H2O, O=O, SiO2, ...):

- total 6 valence electrons

→ 4 electrons form 2 lonepairs

→ 2 bonding electrons

- including 2 electrons supplied by bonded atoms, there is the 

ideal number of 8 of them interacting with O (filled shell) 

Nitrogen (NH3, NN, Si3N4, ...): 

- total 5 valence electrons

→ 2 electrons form 1 lonepair

→ 3 bonding electrons

- including 3 el. supplied by bonded atoms there are again 8 

Lonepairs
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3) Vibrations and thermal properties

Atomic structure

1) Introduction, crystal structure

2) Bonding in solid materials

3) Vibrations and thermal properties

4) Classical calculations

Electronic structure

5) Role of free electrons

6) Band structure

7) Semiconductors

8) Quantum calculations

Functional properties

9) Mechanical properties

10) Optical properties

11) Photoinduced properties

12) Other functional properties

Special fields

13) Thermodynamics and solid solutions

14) Magnetism

15) Superconductivity

16) Amorphous materials
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Lattice vibrations
first of all a reminder of reciprocal space

In the real space the lattice is defined by vectors a1, a2, a3          

(a1-3 do not necessarily define "real" primitive crystal cell,           

but also e.g. its integer multiple - that's not the point now)

Let's define a lattice vector R = n1a1+n2a2+n3a3

where n1-3 are integers

In the reciprocal space the lattice is defined by vectors                

A1, A2, A3 where A1 = 2.a2a3/(a1.a2a3), etc.

Let's define a reciprocal lattice vector                                          

G = m1A1+m2A2+m3A3

It holds G.R = 2(n1.m1+n2.m2+n3.m3)  eiGR = 1

Primitive reciprocal lattice cell (= Wigner-Seitz cell                         

in the reciprocal space) is called first Brillouin zone
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Phonon

Quasiparticle, representing a wave with (angular) frequency 

and wave vector k travelling through crystal
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Phonon

Quasiparticle, representing a wave with (angular) frequency 

and wave vector k travelling through crystal

Phonon has an energy ħ which is conserved

(quantum of the energy En = ħ(n + ½) of the corresponding 

vibrational mode - quantum harmonic oscillator)

Phonon behaves like it had a momentum p = ħk

(quasimomentum, crystal momentum) 

which is conserved up to the reciprocal lattice vector G 

- for elastic scattering of photon (XRD in chapter 1) 

 it holds kin + G = kout

- for inelastic scattering, when phonon takes/gives part of the 

momentum, it holds kin + G = kout + k

Special case k = 0 corresponds to the movement of whole 

crystal (only here quasimomentum = real momentum)
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First a simplest idea:

- 1D chain of atoms

- all atoms are the same

- atoms are represented by balls with mass m connected by 

springs of stiffness kstiffness (don't confuse with wavenumber k)

- dependence of force on displacement is linear  

Equation of motion

md2un/dt2 = - kstiffness (un - un–1) - kstiffness (un - un+1)

Lattice vibrations (1 element)
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Equation of motion

md2un/dt2 = - kstiffness (un - un–1) - kstiffness (un - un+1)

Solution in the form of progressive wave

un = Aexp(i[kna - t])

(total displacement is sum of all such displacements over all k)



-m2un = -2kstiffnessun + kstiffnessun(e
ika+e-ika)

-m2     = -2kstiffness     + kstiffness     (2coska)

2     = 2kstiffness/m.(1-coska)

2     = 4kstiffness/m.sin2(ka/2)

Only the wavenumbers k in the first Brillouin zone, i.e. between  

-/a and +/a, have unique meaning ( it makes no sense       

to consider larger phase shift of neighbouring atoms than )

Lattice vibrations (1 element)
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un = Aexp(i[kna - t])   2 = 4kstiffness/m.sin2(ka/2)

Only the wavenumbers k in the first Brillouin zone, i.e. between  

-/a and +/a, have unique meaning ( it makes no sense       

to consider larger phase shift of neighbouring atoms than )

Lattice vibrations (1 element)
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un = Aexp(i[kna - t])   2 = 4kstiffness/m.sin2(ka/2)

Only the wavenumbers k in the first Brillouin zone, i.e. between  

-/a and +/a, have unique meaning

Visualization of the dispersion in 1st Brillouin zone:

max = 2(kstiffness/m)

Lattice vibrations (1 element)
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un = Aexp(i[kna - t])   2 = 4kstiffness/m.sin2(ka/2)

Only the wavenumbers k in the first Brillouin zone, i.e. between  

-/a and +/a, have unique meaning

max = 2(kstiffness/m)

Long waves (sound), i.e. 

>>a  ka <<1  2 = 4ktuhost/m.(ka/2)2   = (ktuhost/m).(ka)

phase velocity (k)/k = a(kstiffness/m)

group velocity d(k)/dk = a(kstiffness/m)

Lattice vibrations (1 element)
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Now slightly complicated idea:

- 2 different kinds of atoms with masses m and M

(all other simplifications remain)  

Equations of motion

Md2u2n/dt2 = - kstiffness (u2n - u2n-1) - kstiffness (u2n - u2n+1)

md2u2n+1/dt2 = - kstiffness (u2n+1 - u2n) - kstiffness (u2n+1 - u2n+2)

U2n U2n+1U2n-1

Lattice vibrations (2 elements)
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Equations of motion

Md2u2n/dt2 = - kstiffness (u2n - u2n-1) - kstiffness (u2n - u2n+1)

md2u2n+1/dt2 = - kstiffness (u2n+1 - u2n) - kstiffness (u2n+1 - u2n+2)

Again, solution in the form of progressive waves

u2n = Aexp(i[k{2n}{a/2} - t])

u2n+1 = Bexp(i[k{2n+1}{a/2} - t])



-M 2A = -2kstiffnessA + 2kstiffnessBcoska/2

-m 2B = -2kstiffnessB + 2kstiffnessAcoska/2



A . (M 2 - 2kstiffness) + B . 2kstiffness coska/2 = 0

A . 2kstiffness coska/2 + B . (M 2 - 2kstiffness) = 0

Lattice vibrations (2 elements)
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A . (M 2 - 2kstiffness) + B . 2kstiffness coska/2 = 0

A . 2kstiffnesscoska/2 + B . (M 2 - 2kstiffness) = 0

Solution exists for zero determinant, i.e. 

Mm4 - 2kstiffness(M+m)2 + 4k2sin2(ka/2) = 0

equation for 2 is quadratic, i.e. two values of  for each k

Lattice vibrations (2 elements)
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Solution exists for zero determinant, i.e. 

Mm4 - 2kstiffness(M+m)2 + 4k2sin2(ka/2) = 0

equation for 2 is quadratic, i.e. two values of  for each k

Visualization of the resulting dispersion in 1st Brillouin zone,

for the above reason it has 2 branches (optical and acoustic)

not this figure anymore

Lattice vibrations (2 elements)
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Solution exists for zero determinant, i.e. 

Mm4 - 2kstiffness(M+m)2 + 4k2sin2(ka/2) = 0

equation for 2 is quadratic, i.e. two values of  for each k

Visualization of the resulting dispersion in 1st Brillouin zone,

for the above reason it has 2 branches (optical and acoustic)

Lattice vibrations (2 elements)

not this figure anymore                               but this figure
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Visualization of the resulting dispersion in 1st Brillouin zone,

for the above reason it has 2 branches (optical and acoustic)

point A (fixed center of mass): max = (2kstiffness[1/m+1/M])

point B: (only lighter atoms move):  = (2kstiffness/m)

point C: (only heavier atoms move):  = (2kstiffness/M)

Forbidden frequencies between                     

(2kstiffness/M) a (2kstiffness/m)

Lattice vibrations (2 elements)
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Interpretation of optical and acoustic branch, keeping in mind 

that atoms of different elements have different charges

Acoustic branch: 

mech. signal is charge-independent  atoms oscillate in phase

Optical branch: 

EM signal is charge-dependent  atoms have opposite phases

Optical  acoustic branch
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Why are the figures qualitatively different? 

Should not they overlap for m=M?

Although the maximum frequency  

2(kstiffness/m) = (2kstiffness[1/m+1/M]) is the same for m=M, why 

is it achieved once at the edge and once in the middle of 1st BZ?

1  2 elements
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Why are the figures qualitatively different? 

Should not they overlap for m=M?

Although the maximum frequency  

2(kstiffness/m) = (2kstiffness[1/m+1/M]) is the same for m=M, why 

is it achieved once at the edge and once in the middle of 1st BZ?

Because for two-element chain the period (a) is doubled

 Brillouin zone is halved  the curve flips inside

→
anew = 2aold

1  2 elements
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For 3D material with N atoms in primitive cell we have 

- 3 acoustic branches (1 longitudinal, 2 transverse)

- 3(N-1) optical branches

Example for Si

Lattice vibrations (more generally)

reduced (dimensionless) wave vector k
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For 3D material with N atoms in primitive cell we have 

- 3 acoustic branches (1 longitudinal, 2 transverse)

- 3(N-1) optical branch

Vibrational frequencies are characteristics of a material            

(of vibrational modes of a bond)

Measurement:

- FTIR = Fourier transform infrared spectroscopy

(Fourier transformation "only" speeds the measurement up    

by allowing one to measure all wavelengths at once;         

this is not the main point)

- Raman spectroscopy

Using that to study phase structure
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Energy of photon "flying around a bond" may or may not be 

invested into its vibrations. Electromagnetic field interacts with 

dipoles  change of dipole moment is necessary.

FTIR

▪ source is infrared photon, which gets completely absorbed

▪ dipole moment is induced by change of atomic coordinates

▪ thus, we cannot analyze 

- vibrational modes with zero dipole moment 

- single-element materials ( atoms have zero charge)                  

where the dipole moment is always zero (that's why various 

phases of C, C:H, Si, etc. are main applications of Raman) 

▪ vibrational frequencies, if we distinguish longitudinal and 

transverse, allow us to calculate static dielectric constant 

(Lyddane-Sachs-Teller relationship; details in chapter 10)

FTIR
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Energy of photon "flying around a bond" may or may not be 

invested into its vibrations. Electromagnetic field interacts with 

dipoles  change of dipole moment is necessary.

Raman spectroscopy

▪ source is energetic (visible, UV, ...) photon, which reflects 

- with original frequency (Rayleigh: most photons; filtered out 

- with frequency lowered of IR frequency of bond (Stokes)

- with frequency enhanced of IR frequency of bond (anti-S.)

▪ dipole moment induced by deformation of electron cloud

▪ thus, we cannot analyze 

- vibrational modes which do not change polarizability

- material where no vibrations change polarizability 

(all atoms are in a center of symmetry) - NaCl, MgO, etc.

- metals, where the polarizability is infinite

Raman spectroscopy
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▪ source is energetic (visible, UV, ...) photon, which reflects 

- with frequency lowered of IR frequency of bond (Stokes)

- with frequency enhanced of IR frequency of bond (anti-S.) 

Take the energy h from a 

bond is of course possible

only when the energy is 

there, i.e. at sufficiently 

high temperature.

Thus, the ratio of intensities

of both peaks depends on T:

anti-Stokes/Stokes = e-h/kBT 

Raman spectroscopy
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For 3D material we have 3 acoustic branches and especially 

many optical branches (depending on primitive cell)

Vibrational frequencies are characteristics of a material            

(of vibrational modes of a bond)

How does it come that we measure discrete frequencies,       

not packets of allowed frequencies along y-axis?

Lattice vibrations
(relationship to Raman and FTIR)
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For 3D material we have 3 acoustic branches and especially 

many optical branches (depending on primitive cell)

Vibrational frequencies are characteristics of a material            

(of vibrational modes of a bond)

How does it come that we measure discrete frequencies,      

not packets of allowed frequencies along y-axis?

Because of momentum conservation,

photons interact only with optical 

vibrations close to the middle of BZ

- Raman: k = kreflected_photon-kincident_photon

 |k|  2|kphoton| = 4/ ≅ 10-3 4/a

- FTIR: immediately k = kphoton

Lattice vibrations
(relationship to Raman and FTIR)
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How does it come that we measure discrete frequencies, not 

packets of allowed frequencies along y-axis?

Because of momentum conservation, photons interact only with 

optical vibrations close to the middle of BZ 

- Raman: k = kreflected_photon-kincident_photon

  |k|  2|kphoton| = 4/ ≅ 10-3 4/a

- FTIR: immediately k = kphoton

Acoustic vibrations, with frequency at the middle of 1st BZ        

going to zero, are relevant for Brillouin scattering (contrary to 

Raman scattering, the photon does not interact with a local bond 

but with a global low-frequency phonon  info about el. prop.)

Lattice vibrations
(relationship to Raman and FTIR)
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Heat capacity
first try: classically

N atoms have 3N degrees of freedom, their vibrations

can be understood as a superposition of 3N waves

According to the equipartition theorem, there is energy ½kBT 

per each quadratic term. There are two terms per each wave 

(kinetic + potential energy), i.e. total energy is 3NkBT.

From here we get molar heat capacity (Dulong-Petit law)

C = dE/dT = 3NAkB = 3R = 24.94 Jmol-1K-1
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Molar heat capacity (Dulong-Petit law)

C = dE/dT = 3NAkB = 3R = 24.94 Jmol-1K-1

At room temperature 

looks promising (25°C: 

most elements 2.8-3.4 R)

Heat capacity
first try: classically
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Molar heat capacity (Dulong-Petit law)

C = dE/dT = 3NAkB = 3R = 24.94 Jmol-1K-1

At room temperature 

looks promising (25°C: 

most elements 2.8-3.4 R)

But at low temperatures

the smile freezes: 

C approaches zero



we need quantum description

C

Heat capacity
first try: classically
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Heat capacity
OK, quantum description

Classical oscillator: 

E = ½kBT (kinetic) + ½kBT (potential) independently of frequency

Quantum harmonic oscillator: 

En = ħ(n + ½) (slide about phonons) depends on frequency

Mean value n is given by Planck relationship (14.12.1900):

n = 1/[exp(ħ/kBT) - 1]

(for high T, n approaches kBT/ħ and E approaches kBT)

The aim is to get heat capacity, i.e. energy differences.                         

Therefore the ½ is not that important and is ignored below.
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Quantum harmonic oscillator: 

En = ħ(n + ½) depends on frequency

It is necessary to make clear what is the spectrum of frequencies

- real spectrum of frequencies: difficult to calculate

- Einstein 1907 (big simplification): single frequency (oscillators 

are quantum but independent - ignoring that they are in a cr. 

lattice; energy given by the relationship on previous slide): 

qualitatively C→0 for T→0, but quantitatively not so good 

- Debye 1912 (only two smaller simplifications): real spectrum 

is replaced by a continuous one, from 0 to Debye frequency 

D, and real dispersion relation (k) is replaced by a line 

(frequency-independent speed of sound): quantitatively better

Heat capacity
OK, quantum description
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Debye 1912: 

replacement by continuous spectrum

from 0 to Debye frequency D

replacement of (k) by a line          

(i.e. frequency-independent speed  

of sound not only for the above case 

>>a, but in general)

D

Debye 1912

Einstein 1907

Heat capacity
OK, quantum description
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Assume N atoms (N cells with size a0) in a cube of size L

Assuming standing waves:

 = 2L, 2L/2, 2L/3,..., 2L/N1/3 = 2a0

in other words

kx,y,z = /L, 2/L, 3/L,..., N1/3/L = /a0

I.e. number of modes in 3D is N,

after considering 1 longitudinal +

2 transverse polarizations total 3N

(like in the classical calculation)  

Heat capacity
OK, quantum description (Debye)
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Consider N atoms (N cells of size a0) in a cube of size L

Assuming running waves:

kx,y,z = 2/L,  4/L,  6/L,...,  2N1/3/L = /a0

note also the periodic boundary                                                  

exp[i(kxx + kyy + kzz)] = exp[i(kx[x+L] + ky [y+L] + kz [z+L])]

I.e. number of modes in 3D is N also from this point of view,

including 1 longitudinal + 2 transverse polarizations total 3N

(doubled step is compensated by two signs of k)  

Heat capacity
OK, quantum description (Debye)
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According to previous slide kx,y,z = 2/L,  4/L,  6/L, ...

 volume of k-space per one vibrational mode is (2/L)3

I.e. the number of modes N is a sphere in k-space of radius k is

N = 4/3..k3/(2/L)3 = 4/3..(/c)3/(2/L)3 = V3/62c3

where c is the speed of wave propagation, i.e. speed of sound

(similarly from the other assumption: mode of standing waves 

has eighth volume, but '+' instead of '' allow eighth of sphere)

From here we get density of states

D() = dN/d = V2/22c3

Consider 1 longitudinal + 2 transverse polarizations,             

and average the speed of sound over them:

D() = V2/22.(1/cl
3+2/ct

3) = 3V2/22cs
3

Heat capacity
OK, quantum description (Debye)
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6 slides above: the mean energy of mode with frequency  is

ħn = ħ /[exp(ħ/kBT) - 1]

1 slide above: their density at each frequency from 0 to D

D() = 3V2/22cs
3

3N modes = D() = VD
3/22cs

3  D
3 = 62cs

3.N/V

From here we get total energy
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Heat capacity
OK, quantum description (Debye)



prof. Jiří Houška (KFY FAV ZČU)

Total energy

In addition to Debye frequency (D
3 = 62cs

3.N/V) introduce

Debye temperature  = ħD/kB (i.e. xD = /T):

C = dE/dT :
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Heat capacity
OK, quantum description (Debye)
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Single curve (differing only in ) for all materials

Figure which we already know ... 

C
Heat capacity

OK, quantum description (Debye)



prof. Jiří Houška (KFY FAV ZČU)

Single curve (differing only in ) for all materials

Figure which we already know ... is immediately understandable

T/ (-)

CC
Heat capacity

OK, quantum description (Debye)
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Heat capacity
asymptotes

3 slides above

T <<  :

xD = /T approaches  and the first integral 4/15 

So much for crystalline materials, where it makes sense to 

discuss 3N harmonic modes etc. Non-negligible or even 

dominant linear term C~T was observed for amorphous mater.

( ) ( )  −−=
DD x

x

x

x

B edxxTRTedxxTTNkE
0

33

0

33
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x
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Heat capacity
asymptotes

3 slides above

T <<  :

xD = /T approaches  and the first integral 4/15 

T >>  :

ex-1 approaches x and the first integral xD
3/3 

( ) ( )  −−=
DD x
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x

x

B edxxTRTedxxTTNkE
0

33

0
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T <<  :

The dependence E~T4, i.e. C~T3, is not only in excellent 

agreement with experiment, but also intuitive:

as a simplifying assumption, say that out of the aforementioned 

3N modes, at a low temperature:

- modes with  from 0 to T are activated with classical en. kBT

- modes with  from T to the maximum D are not activated

T/D = T/

 no. of activated modes 3N(kT/kD)3 = 3N(T/D)3 = 3N(T/)3

 their energy E = kBT.3N(T/)3 ~ T4

 C = dE/dT = 12NkB(T/)3 ~ T3

( ) ( )3

B

4

V

4

B

4 ..512..53  TNkCTNkE 

Heat capacity
asymptotes
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Values of Debye temperature

First of all, the measured value of Debye temperature      

depends on ...
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First of all, the measured value of Debye temperature      

depends on ... temperature! (Due to model approximations.)

[table from www.knowledgedoor.com]

Values of Debye temperature
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First of all, the measured value of Debye temperature      

depends on ... temperature! (Due to model approximations.)

Second, note D
3 = 62cs

3.N/V , i.e. D ~ cs, 9 slides above

Relationships between speed of sound and mechanical 

properties are in chapter 9 below, spoiler cS
2 = (B+4/3G)/

High values

- thanks to high B and G, 

i.e.. tough covalent bonds, 

usual suspects: C, Si, Ge 

+ Cr, Mo, W

- thanks to  light elements: 

Li, Be, B, again C

Values of Debye temperature
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Thermal expansion

Potential representing interatomic interactions is not harmonic, 

note the asymmetry around the equilibrium (approaching infinity   

on the left, finite dissociation energy on the right)

Assume E(r) = Ax2-Bx3 where x = r-r0

anharmonic

(real)

harmonic

(fictitious)

r0  r0  
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Thermal expansion

Assume E(r) = Ax2 - Bx3 where x = r-r0,

at given T vibrations between x0- and x0+, looking for x0

First simplifications

- physical: E = kBT

- mathematical: the anharmonic term is a small correction only

(|Ax2| >> |Bx3| ;  >> x0)

 kBT = Ax2-Bx3 converts to kBT  Ax2  A2, i.e. 2 = kBT/A

 E(x0-) = E(x0+), i.e. 2Ax0 - 3Bx0
2 - B3 = 0,

converts to 2Ax0 - B3  0, after substitution x0 = kBT.B/(2A2)

Thermal expansion coefficient  = (dx0/dT)/r0 = kBB/(2A2r0)
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Assume E(r) = Ax2 - Bx3 where x = r-r0,

at given T vibrations between x0- and x0+, looking for x0

Next without simplification (standard statistical mechanics) 

 x = x.exp(-[Ax2 - Bx3]/kBT)dx / exp(-[Ax2 - Bx3]/kBT)dx

= kBT.3B/(4A2)(1.5 times more than above)

Thermal expansion coefficient  = (dx0/dT)/r0 = kB3B/(4A2r0)

Thermal expansion
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Values of thermal exp. coefficient

Low values once again due    

to tough covalent bonds,

usual suspects: 

C, Si, Ge + Cr, Mo, W

Bonding energy (depth, but not 

width, of minimum) captured  

by melting temperature. 

Most covalent C and Si are 

above the rest of dependence 

(even more than in the case   

of ): energy minima are not 

only deep, but also narrow.

(diamond usually recrystallizes to graphite before 

melting - i.e. the temperature shown is 

sublimation temperature of graphite, but this does 

not change diamond's low thermal expansion)
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How does the thermal expansion  depend on temperature?

 = 1/l.(l/dT)P = 1/(3V).(V/dT)P = 1/(3B).(P/dT)V

- B is bulk modulus (chapter about mechanical properties below)   

- pressure, P, represent energy density: its temperature 

dependence is given by the heat capacity dicussed above 

          

 = 1/(3B).CV

detailed calculation, not affecting the qualitative conclusions:  

 = 1/(3B).gCV where g is Grüneisen parameter

The quantity which most changes with T is CV, so

-  ~T3 for T→0

-  ~const. for T>>

analogously to the asymptotes of heat capacity 9 slides above

Values of thermal exp. coefficient
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Negative thermal expansion coef.

 < 0 (in some temperature range) 

non-intuitive, but possible

The structures of corresponding 

materials are not close packed,        

e.g. tetrahedrons and octagons 

(cation in the middle, anions in 

corners) only touch by their corners

Important role of disperse interactions  

(van der Waals interactions                     

of temporary dipoles)
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Importance of thermal expansion

In 1920, the candidates for Nobel prize were

Albert Einstein 

theory of relativity, photoeffect, Brown motion

and 

Charles Edouard Guillaume 

alloy Fe64Ni36, invar, which exhibits 10           

lower thermal expansion than usual steel                        

 stability of exact measuring instruments
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In 1920, the candidates for Nobel prize were

Albert Einstein 

theory of relativity, photoeffect, Brown motion

and 

Charles Edouard Guillaume 

alloy Fe64Ni36, invar, which exhibits 10           

lower thermal expansion than usual steel                        

 stability of exact measuring instruments

Guillaume got the prize (Einstein next year)

Importance of thermal expansion
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May be also demonstrated more dramatically

Charles de Gaulle airport, Terminal E, 23.5.2004

differential thermal expansion was a major factor behind the 

collapse ... the head of the official investigation said this week.

Importance of thermal expansion
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Thermal conductivity

At this moment only the phonon contribution; electronic below

 = 1/3.Cvol.cS.l   where

1/3 says how many phonons affect the direction of T

Cvol is heat capacity, this time per volume

cS is mean velocity of phonons (sound)

l is mean free path of phonons (most important below)

l is limited by interactions (collisions) of phonons

1) with material's boundaries (boundary scattering)

2) with lattice defects (defect scattering)

3) with each other (phonon-phonon scattering)
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 = 1/3.Cvol.cS.l 

1) boundary scattering 

(like reflection of light on a boundary of two refractive indices)

Dominant process at low temperatures, when

- defect scattering is limited by long typical wavelengths            

of phonons (compared to distances between defects)

- phonon-phonon scattering is limited by low number of phonons 

Cvol ~ T3

l  D (dimension) is independent of T



 ~ T3

Thermal conductivity
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 = 1/3.Cvol.cS.l 

2) defect scattering 

(like light scattering)

Dominant process at medium temperatures, when

- typical phonon wavelengths become comparable 

to distances between defects

- phonon-phonon scattering is still limited by their number 

Cvol ~ T3

l  D' (distance of defects) still independent of T



 ~ T3

Thermal conductivity
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 = 1/3.Cvol.cS.l 

3) phonon-phonon scattering

Dominant process at high temperatures, mechanism below 

Cvol  3NkB/V independent of T

l ~ 1/[phonon_density] ~ 1/T



 ~ 1/T

Thermal conductivity
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Why do phonons collide at all?

Because of the anharmonic dependence

of interatomic force on interatomic distance        

In a case of harmonic dependence 

- dependence of force on displacement would be linear,

i.e. sum of forces would lead to sum of displacements and 

vice versa without problem, individual phonons would not 

interfere (there would be no mechanism of their interaction)

- thus, thermal conductivity of a perfect crystal 

could be infinite
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Why do the phonon collisions matter?

Because collisions preserve energy (1+2=3),                     

but not necessarily wave vector

Only vectors in the first Brillouin zone have unique meaning: 

- k1+k2=k3, if k3 is in the first BZ (Normal process)

- k1+k2=k3+G, if k3 is not in the first BZ (Umklapp process)
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Because collisions preserve energy (1+2=3),                     

but not necessarily wave vector

Only vectors in the first Brillouin zone have unique meaning: 

- k1+k2=k3, if k3 is in the first BZ (Normal process)

- k1+k2=k3+G, if k3 is not in the first BZ (Umklapp process)

Umklapp process changes not only the size but also the 

direction of k, i.e. it obviously harms thermal conductivity

The probability that k1+k2 is outside first BZ increases with the 

length of k1 and k2  umklapp process is dominant at high T

(high density of not just phonons, but high-energy phonons)

Why do the phonon collisions matter?
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Thermal cond. - graphical summary

 = 1/3.Cvol.cS.l :  graphical summary 
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Values of thermal conductivity

typical values (note defect concentration) in Wm-1K-1 at RT 

Molecular solids

- P 0.02

- S 0.17

- polystyrene 0.13

- acrylic glass 0.20

- polyethylene 0.50

- snow 0.05-0.25

Metals (including electronic

component discussed below)

- steel 16-54

- W 178

- Al 247

- Au 315

Covalent and ionic bonds

- SiO2, glass 0.8-1.7

- Al2O3 26-40

- MgO 38

- Ge 42

- Si 84

- C(diamond) 650
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Temperature does not burn, heat does

Hot (1250 °C) cube in the figure 

is of (fibers of) SiO2 (part of the 

protective surface of space 

shuttles): according to previous 

slide only 0.8-1.7 Wm-1K-1.

After cooling of its surface,          

the cube can be held in hands, 

because the heat moves from  

the interior to the surface        

very slowly.
[Lockheed Missiles & Space Company]
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4) Classical calculations

Atomic structure

1) Introduction, crystal structure

2) Bonding in solid materials

3) Vibrations and thermal properties

4) Classical calculations brief version, see KFY/MPPL for details

Electronic structure

5) Role of free electrons

6) Band structure

7) Semiconductors

8) Quantum calculations

Functional properties

9) Mechanical properties

10) Optical properties

11) Photoinduced properties

12) Other functional properties

Special fields

13) Thermodynamics and solid solutions

14) Magnetism

15) Superconductivity

16) Amorphous materials
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Modeling of solid materials

"Experiment" performed (fast, cheap) in a computer -

link between pure (analytical) theory and real experiment

Compared to both analytical theory and real experiment                 

still short history (several decades)
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"Experiment" performed (fast, cheap) in a computer -

link between pure (analytical) theory and real experiment

Compared to both analytical theory and real experiment                 

still short history (several decades)

The steeper development started 

after sufficiently fast computers became available

Modeling of solid materials
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Description of interatomic interactions

From fastest =                    

least accurate

▪ Empirical potentials
(chapter 4)

▪ Tight binding
(one of methods which are not very 

popular since introduction of DFT)

▪ Density Functional Theory
(chapter 8)

▪ Quantum Chemistry
(Hartree-Fock, post HF methods      

more precise & slower than DFT)
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Main simplifying assumption: atoms are (elastically      

colliding) balls. Sometimes neutral, sometimes charged.

Empirical potential (force field) includes

(1) Long range part = Coulombian term: 

- present only when we consider charged atoms

(2) Short range part: 

- present always

- sometimes "empirical potential" refers only to this part

Empirical potential
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(1) The system studied includes only one element

 atomic charges are zero

 Coulombian term does not make sense

(2) The system studied includes more elements with similar 

electronegativities (covalent bonds)

 atomic charges are almost zero

 Coulombian term is not necessary

(3) The system studied includes more elements with different 

electronegativities (ionic bonds)

 atomic charges between 0 and number of valence el. 

(e.g. for Al2O3 O-x and Al+1.5x , 'x' between 0 and 2)

(4) The system studied includes more elements with very 

different electronegativities (very ionic bonds) 

atomic charges corresponding to the number

of valence electrons (e.g. for CaO O-2 and Ca+2)

Long range (Coulombian) part
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(5) If we want to do something very sophisticated (at the cost 

of much higher computational costs), e.g. using so called 

reactive bond order potentials (details later), there can be 

variable charges (each atom has different one, update 

after each update of coordinates).

(6) Possibility to include polarizability of atoms (in parallel to 

all previous points): atom does not have to be one ball, 

but two balls (core + middle of electronic shell) 

connected by a spring. See above for total charge, but 

here we have two extra parameters for each element 

(shell charge and spring stiffness).
- - -

- - - -

- - - - -

- -

- -

- - - -

- - - -

- - -

- -

+middle of shell core

Long range (Coulombian) part
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Calculation of electrostatic interaction of point charges

in a crystal (can be adapted to any system with periodical 

boundaries),

1/2Rijqiqj/|ri-rj+R| (R is lattice vector, ij for R=0),

converges very poorly

Ewald sum 
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Calculation of electrostatic interaction of point charges

in a crystal (can be adapted to any system with periodical 

boundaries),

1/2Rijqiqj/|ri-rj+R| (R is lattice vector, ij for R=0),

converges very poorly

Typical solution (Ewald): add and subtract a cloud                      

(e.g. Gaussian distribution; see the figure) of the same                   

(in absolute value) charge to each point charge

Ewald sum 
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This part will be calculated in 

real space: equal charges of 

opposite signs shield each other         

( U ~ 1/r2 instead of 1/r), 

which makes the convergence 

fast this time

This part will be calculated in 

reciprocal space: smooth 

periodic dependence there 

converts to a well converging 

Fourier series

Ewald sum 
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(1) Two-body potentials (Lennard-Jones, Buckingham, ...):

- energy depends on bond length only

- typically for ionic crystals

(2) Multibody potentials (Stillinger-Weber, Brenner, ...):

- energy depends also on the surroundings, specifically 

on coord. numbers of atoms, angle between bonds (3-

body pot.), angle between bond and plane (4-body pot.)               

- typically for covalently bonded materials

(2a) Reactive potentials (REBO, REAXFF):

- extremely sophisticated version of the stuff above

(3) Embedded atom method (EAM, MEAM):

- energy depends also on the surroundings, specifically 

on the contribution of each atom to an electronic cloud 

and on energy resulting from sitting in this cloud

- typically for metals

Short range part
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(1) Two-body potentials (Lennard-Jones, Buckingham, ...):

- energy depends on bond length only

- typically for ionic crystals

(2) Multibody potentials (Stillinger-Weber, Brenner, ...):

- energy depends also on the surroundings, specifically 

on coord. numbers of atoms, angle between bonds 

 (3-body pot.), angle between bond and plane (4-body pot.) 

Just to illustrate that we cannot describe anything in any way: 

for some pairs of possible structures (e.g. fcc  bcc) it can be 

shown that the corresponding energy difference depends on 

fourth moment of the electronic density of states)

 from quantum point of view counting with electrons 

skipping along a path of length 

 from emp. pot. point of view requires considering 

neighbours of the bond studied (multibody pot.)

Short range part
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Simplest and most intuitive (but often insufficient) possibility: 

energy depends only on the bond length (interatomic 

distance)

U(ri-rj), or shorter U(r), for one bond

1/2i,j≠i U(ri-rj) for whole system

Independently of specific formulas (listed below) it holds that 

the force (-dU(r)/dr) should be

- attractive for long distances

- repulsive for short distances

Two-body potentials

1 2 3 4 5

-10

0

10

20

30

 U
 (

e
V

)

Distance (Å)

Example: Ti-N interaction      

(sum of short-range and 

Coulombian) in nc-TiSiN

[ J. Houska et al, Surf. Coat. Technol. 203, 3348 (2009) ]
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Most often (albeit mostly due to a tradition) cited pair 

potential from pre-computer era

U = Ar -12 - Br -6 = [(rm/r)12 - 2(rm/r)6)]                     

where rm is position of minimum and  is energy therein

Br -6 : attractive term representing the van der Waals force 

between dipoles

Ar -12 : repulsive term, chosen in order to be easy to calculate 

in times of slow or none computers ( [r-6]
2

= r -12)

In order to illustrate its limited usefulness: all single-element 

materials described by the LJ potential behave qualitatively     

in the same way (e.g. want to crystallize in the same structure), 

only have different lattice constant and cohesive energy. 

In other words: there is only one LJ material,                             

A and B only define the units of length and energy. 

Lennard-Jones (2-body)
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Nowadays, the Buckingham potential is (for a reason) more 

often used to describe solids than the Lennard-Jones potential

U = Ae-r/ - Cr -6 or Ae-Br - Cr -6

Usually (contrary to LJ) including the Coulombian term

U = Ae-r/ - Cr -6 + q1q2/40r

advantages compared to LJ: 

- more physical (e-r/ can be justified, r -12 not)

- more flexible due to one extra parameter (two extra 

parameters including the Coulombian term)

disadvantage compared to LJ:

- unphysical for r→0: e-r/, contrary to r -12, does not 

diverge for r→0, therefore U(0) = - , not  like for LJ

(not drama in praxis - atoms do not get that close)

Buckingham (2-body)
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It is possible to find many fits of the same potential for the 

same material ... see e.g. the examples for TiO2 below     

(some of them consider also polarizability - last 4 columns; 

some assume that the Ti-Ti interaction is purely Coulombian)

Buckingham (2-body)
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For all potentials considered here, the really existing 

crystalline phases constitute (local) energy minima

However, when modelling film growth, all of them do not     

lead to a correct result   test them before using them!

Buckingham (2-body)

Matsui 91         Postl 86         Collins 96

Example: growth of a-TiO2

(250 Ti + 500 O, always 1 eV)
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Uij = fC(rij) [fR(rij) - gijfA(rij)] (i,j,k denotes atom; I,J,K element)

where fR(rij) = AIJ exp(-aIJrij)

fA(rij) = BIJ exp(-bIJrij)

fC(rij) = 1 for rijRIJ

0.5 + 0.5cos[(rij-RIJ)/(SIJ-RIJ)] for RIJ<rijSIJ

0 for rij>SIJ

(in order to ensure smooth decrease to zero)

and, most importantly, gij = IJ (1 + I
I [ fC(rik) IK g(ijk)]

I)-1/2I

where g(ijk) = 1 + cI
2/dI

2 - cI
2/[dI

2 + (hI - cosijk)
2]

the promised dependence of the energy on the surroundings 

is hidden in the key function

g = f(IJ,I,J,nI,nJ,cI,cJ,dI,dJ,hI,hJ,rik,rjk,jik over all k)

Tersoff (3-body)
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Uij = fC(rij) [fR(rij) - gijfA(rij)] (i,j,k denotes atom; I,J,K element)

where fR(rij) = AIJ exp(-aIJrij)

fA(rij) = BIJ exp(-bIJrij)

fC(rij) = 1 for rijRIJ

0.5 + 0.5cos[(rij-RIJ)/(SIJ-RIJ)] for RIJ<rijSIJ

0 for rij>SIJ

(in order to ensure smooth decrease to zero)

and, most importantly, gij = IJ (1 + I
I [ fC(rik) IK g(ijk)]

I)-1/2I

Tersoff (3-body)

generalized, non-integer, coordination 

number (not including the bond studied)
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The number of fitted parameters becomes very high,

e.g. 45 for three-element system (such as SiNH - see table)

Different notation of the same quantities in different sources:

▪ aIJ = (aI+aJ)/2 (equivalent for bIJ)

▪ AIJ = (AIAJ)
0.5 (equivalents for BIJ, RIJ, SIJ)

▪ a =  = 1, b =  = 2,  = n, h = cos0

▪ (S-R)/2 = D, (S+R)/2 = R'

Tersoff (3-body)
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E = Ebond + Elp + Eover + Eunder + Eval + Epen + Ecoa + Etors +   

Econj+ EH + EvdW + ECoul

just to put an example (more versions, more notations)

Eb = bond energy

Elp = lone-pair energy

Eover = overcoordination energy

Eunder = undercoordination energy

Eval = valence angle energy

Epen = double-bond valence angle penalty

Ecoa = valence angle conjugation energy

Etors = torsion energy

Econj = conjugation energy

EH = hydrogen bond energy

EvdW = van der Waals energy

ECoul = Coulombian energy (continuously updated charges)

There are hundreds (not tens anymore) fitted parameters

Reactive force field (illustration only)
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Energy depends (in addition to a 2-body interaction) also on

- contribution of each atom to the electron cloud, and 

- energy resulting from the fact that atom is sitting in this cloud

Embedded atom method (EAM)

- for each pair of elements 1 dataset: 2-body interaction

- for each element two further datasets: electron cloud   

contributing function and embedding function

- i.e. total N(N+1)/2 + 2N datasets

Modified EAM (MEAM)

- electron cloud contributing function depends on the angle          

(the cloud of electronic charge around atom core is not 

isotropic, but respects the crystal symmetry)

Embedded atom method
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EAM - examples of exactness

Activation energy for self-diffusion (eV)

Thermal expansion coefficient (10-6 K-1)                  Melting temperature (K)

[M.S. Daw et al., Mater. Sci. Rep. 9, 251 (1993)]
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Software - classical calculations

The most difficult part is not to get a software which integrates 

equations of motion, but to get proper empirical potential



There are many codes, usually free 

In the case of "exotic" empirical potentials it is necessary to 

choose code where this EP is implemented (there are even 

single-purpose specialized codes for some EPs)

Example 1: Large-scale Atomic/Molecular Massively Parallel 

 Simulator (LAMMPS), www.lammps.org 

- probably the most important one

Example 2: DL-POLY, www.ccp5.ac.uk/software

- out of specialities not implemented in LAMMPS

(for now) includes e.g. atom polarizability
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Main simulation algorithms
(for given set of atoms and simulation cell)

Most of the algorithms below are relevant independently of the 

description of interactions (i.e. not only for empirical potentials)

1) Automatic geometry optimization, i.e. looking for the lowest-

energy structure (not for a global minimum, but for a local 

minimum close to the initial geometry)

2) Energy calculation for several geometries (couple of local 

minima) - we are interested in energy differences

3) Observing the time evolution of a system, so-called 

molecular dynamics (term used also for solids)

4) Combinations of these (geometry optimization followed by 

MD, changing set of atoms when modelling film growth, etc.)
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Using MD for film growth simulations

Exceptionally popular application of simulations - not only due to 

the objective usefulness, but also due to its intuitivness / clarity 

also for pure experimentalists

Prerequisites on the theory side

- interaction potential (force field) including all present elements 

(including the substrate, if we want to simulate nucleation)

- code where the usage of this potential is implemented

Prerequisites on the experiment side

- know the film-forming atoms or radicals (which is not always 

clear in the case of CVD), if it is not the varied parameter

- know what does the film grow on, if simulating nucleation 

(atomic coordinates, not some word such as "cotton fibers")
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Using MD for film growth simulations
(simulation algorithm)

Very intuitive - reproduces the experiment as exactly as possible

1) Substrate or previously nucleated crystal

(choose horizontal size, composition, structure, temperature T)

2) New atoms / molecules above the surface 

(choose flux composition and particle energies E)

3) Fixed-energy (NVE) run (control only T of substrate)

(atomic collisions, bond breaking and forming, energy 

dissipation in the film bulk)

4) Fixed-temperature (NVT) run

(remove the remaining excess energy, reestablish T)

5) Removal of resputtered / desorbed particles and return to 

point 2 (typically thousands of cycles)
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Using MD for film growth simulations
(summary of advantages)

1) It is possible to disentangle (the conditions necessary for) 

crystal nucleation and crystal growth (if we skip the nucleation 

using a crystalline "substrate"). In the experiment, both 

processes take place in parallel.

2) It is possible to disentangle the effect of individual particles in 

the total particle flux (metal  oxygen, slow  fast, etc.) by 

modelling of individual impacts. All particles are arriving in 

parallel in the experiment.

3) It is easily possible to disentangle the effect of individual 

process parameters (e.g. temperature and energy of arriving 

particles).
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Using MD for film growth simulations
(illustration of applicability to a wide range of materials)
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▪ Radicals SiH3 have much 

higher concentration, but   

much lower sticking coef.    

than SiH2 (and SiH) 

the relative importance of 

individual radicals differs     

from the plasma composition 

▪ In a growth from SiH3, H/Si is 

lower (H resputtering stronger)

- for higher energy per particle

- if the same total energy         

is distributed amongst               

less particles
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Example 1 - SiNH growth from SiH4+N2

[J. Houska et al., J. Appl. Phys. 107, 083501 (2010)]
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Example 2 - TiO2 growth
rutile (here)  anatase (next slide)

▪ Experiment:

- deposition of rutile requires   

higher E and/or T

▪ Simulation:

- higher E and/or T is necessary 

only for nucleation

- once the rutile nucleates, it 

actually grows in a wider range 

of conditions than anatase 

300 K

800 K

[J. Houska et al., J. Appl. Phys. 112, 073527 (2012)]
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Example 2 - TiO2 growth
rutile (previous slide)  anatase (here)

300 K

800 K

▪ Simulation:

- amorphization for too low E

and for too low T

- amorphization even for too 

high E (not shown here) 



▪ Qualitative difference

- presence of anatase is 

controlled by its growth 

- presence of rutile is controlled 

by its nucleation
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Example 3 - Al2O3 growth

▪ -Al2O3: energy window

- 50 eV for 300 K

- 35 eV for 800 K

▪ g-Al2O3: growth for almost 

any energy

[J. Houska, Surf. Coat. Technol. 235, 333 (2013)]
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Example 3 - -Al2O3 growth

▪ Too low E:

insufficient to    

"punch" Al to 

octahedral positions

▪ Too high E:             

accumulation of ion-induced 

defects, eventually leading    

to amorphization
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Software - visualization

Example of simple code: XBS (Balls + Sticks)

1) File with atomic coordinates (GEOMETRY.xyz)   

is converted to the format understood by xbs (wann.bs)

2) At the end of file wann.bs, add requirements concerning 

diameter and color of balls, diameter and color of bonds, 

max. bond length (2.3 Å for Ti-O), scale, rotation step (inc)

# usage: 

# awk -f awk.wann GEOMETRY.xyz

BEGIN { system("/bin/rm -f wann.bs") }

{ print "atom ",$1,$2,$3,$4 >> "wann.bs" }

END    { print "spec  Ti 0.25 grey   "         >> "wann.bs"

print "spec  O 0.15 black"           >> "wann.bs"

print "bonds O Ti 0",2.3,"0.02 grey" >> "wann.bs"

print "inc 3"                           >> "wann.bs"

print "scale 50"                     >> "wann.bs"

system("xbsa wann") 

}

TiO2
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Example of mightier code: VMD (Visual Molecular Dyn.)

- Understands outputs of many simulation codes

- Balls and Sticks implemented too (less user friendly than XBS)

- A lot more is implemented, including the visualization of 

continuous quantities such as charge density

Software - visualization
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Example of mightier code: VMD (Visual Molecular Dyn.)

Software - visualization
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5) Role of free electrons

Atomic structure

1) Introduction, crystal structure

2) Bonding in solid materials

3) Vibrations and thermal properties

4) Classical calculations

Electronic structure

5) Role of free electrons

6) Band structure

7) Semiconductors

8) Quantum calculations

Functional properties

9) Mechanical properties

10) Optical properties

11) Photoinduced properties

12) Other functional properties

Special fields

13) Thermodynamics and solid solutions

14) Magnetism

15) Superconductivity

16) Amorphous materials
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For now only free electrons = electron gas in a potential hole 

- regardless how they got there (band theory will come later)

- regardless the cations around (smoothened hole bottom)

Responsibility for

- electrical conductivity (100%)

- thermal conductivity (  90% etc., in parallel to phonons)

- heat capacity (    1% etc., in parallel to phonons)

Free electron model
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For now only free electrons = electron gas in a potential hole 

- regardless how they got there (band theory will come later)

- regardless the cations around (smoothened hole bottom)

 = 1/√V.exp(i[k.r - t]) 

where, like in the chapter 3 about phonons (running wave 

observing the boundary condition, directly for 3D)

k = 2/L.(nx,ny,nz)   volume of 1 state in k-space is (2/L)3

states in a sphere of radius k: 24/3.k3/(2/L)3 = V/32.k3

- phonons 3 due to 1 longitudinal + 2 transverse polarizations

- electrons 2 due to the spin

contrary to the chapter 3 about phonons: energy of one state

 = ħ2/2m.(kx
2 + ky

2 + kz
2) = ħ2/2m.k2

Free electron model
density of states
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states in a sphere of radius k: 24/3.k3/(2/L)3 = V/32.k3

energy of one state:  = ħ2/2m.(kx
2 + ky

2 + kz
2) = ħ2/2m.k2

both formulas combined 

states in a sphere of radius k:  N() = V/32.(2m /ħ2)3/2

density of states: D() = dN()/d = V/22.(2m/ħ2)3/2. = 3/2.N/

or per volume unit:    g() = 1/22.(2m/ħ2)3/2. = 3/2.n/

After substituting the density of electrons n = N/V :

Fermi wavenumber kF = (32.n)1/3

Fermi momentum pF = ħkF = ħ.(32.n)1/3

Fermi velocity vF = ħkF/m = (ħ/m).(32.n)1/3

Fermi energy EF = ħ2kF
2/2m = (ħ2/2m).(32.n)2/3

mean energy  = ()/n = 3/5.EF

Fermi temperature TF = EF/kB

Free electron model
density of states
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Typical values of quantities on previous slide for selected metals

prvek z n kF vF EF TF

1028 m-3 Å-1 106 ms-1 eV 104 K

Li 1 4.70 1.11 1.29 4.72 5.48

Na 1 2.65 0.92 1.07 3.23 3.75

K 1 1.40 0.75 0.86 2.12 2.46

Cu 1 8.45 1.36 1.57 7.00 8.12

Ag 1 5.85 1.20 1.39 5.48 6.36

Be 2 24.2 1.93 2.23 14.14 16.41

Mg 2 8.60 1.37 1.58 7.13 8.27

Ca 2 4.60 1.11 1.28 4.68 5.43

Zn 2 13.1 1.57 1.82 9.39 10.9

Al 3 18.1 1.75 2.02 11.63 13.49

Ga 3 15.3 1.65 1.91 10.35 12.01

Pb 4 13.2 1.57 1.82 9.37 10.87

Sn 4 14.5 1.62 1.88 10.03 11.64

Free electron model
density of states
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electrons are fermions, i.e. 

respect Fermi-Dirac distribution

EF (energy of state with occupation 0.5) 

has the meaning of chemical potential 

f() D().f()  (because D() ~ )  

1exp

1
)(

B

+






 −
=

Tk

f




Free electron model
occupation of states
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1exp

1
)(

B

+






 −
=

Tk

f




4kBT [df()/d] = -1/4kBT



width of the smearing of 

occupations of states is 

4kBT

f() 

Free electron model
occupation of states

electrons are fermions, i.e. 

respect Fermi-Dirac distribution

EF (energy of state with occupation 0.5) 

has the meaning of chemical potential 
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Classical free particles which do not know the Pauli pr. and F-D 

distribution: all of them get energy during heating  Cfree = 3/2.R 

Experimental heat capacity of electrons is of 2 orders lower!

Yes, conductive electrons are also free, but respect the Pauli 

principle and F-D distribution: only those which move from             

the top left triangle to the bottom right triangle get energy

4kBT

f() 

Heat capacity of electrons
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4 slides above: D() = dN()/d = V/22.(2m/ħ2)3/2. = 3/2.N/

FD: area of triangles is 1/2.kBT, distance of centers is 4/3.kBT, 

i.e. heating from 0 to T changes energy of E  2/3.kB
2T2.D(EF)

Exact calculation: E = 2/6.kB
2T2.D(EF)

Heat capacity of electrons

4kBT

f() 
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4 slides above: D() = dN()/d = V/22.(2m/ħ2)3/2. = 3/2.N/

FD: area of triangles is 1/2.kBT, distance of centers is 4/3.kBT, 

i.e. heating from 0 to T changes energy of E  2/3.kB
2T2.D(EF)

Exact calculation: E = 2/6.kB
2T2.D(EF)

Cel = 2/3.kB
2T.D(EF) = 2/2.kB

2N.T/EF = 2/2.kBN.T/TF

or per volume unit 2/2.kBn.T/TF

or per one mol                                      2/2.R.T/TF

TF  104-105 K  for usual T  3102 K is Cel only 1% of the 

aforementioned classical value Cfree = 3/2.R, and only 1% 

correction to the phonon component (chapter 3) Cph  3R

However, at low temperatures the electronic contribution (~T)               

goes to zero slower than the phonon contribution (~T3)

Heat capacity of electrons
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However, at low temperatures the electronic contribution (~T)               

goes to zero slower than the phonon contribution (~T3)

g = 2/2.R/TF = 2/2.R.kB.(2m/ħ2).(32.n)-2/3

is Sommerfeld constant

Heat capacity of electrons
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g = 2/2.R/TF = 2/2.R.kB.(2m/ħ2).(32.n)-2/3

is Sommerfeld constant

Experimental values of g (from measurements of Cel = gT)          

and calculated values of g (substituting n and electronic mass         

to the above equation) differ a lot. Why?

prvek gexperiment gcalculated

mJ.mol-1.K-2 mJ.mol-1.K-2

Li 1.63 0.749

Na 1.38 1.094

K 2.08 1.668

Rb 2.41 1.911

Cs 3.20 2.238

Cu 0.695 0.505

Ag 0.646 0.645

Au 0.729 0.642

Heat capacity of electrons
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g = 2/2.R/TF = 2/2.R.kB.(2m/ħ2).(32.n)-2/3 ~ m

is Sommerfeld constant

Experimental values of g (from measurements of Cel = gT)          

and calculated values of g (substituting n and electronic mass         

to the above equation) differ a lot. Why?

prvek gexperiment gcalculated m*/me

mJ.mol-1.K-2 mJ.mol-1.K-2

Li 1.63 0.749 2.18

Na 1.38 1.094 1.26

K 2.08 1.668 1.25

Rb 2.41 1.911 1.26

Cs 3.20 2.238 1.43

Cu 0.695 0.505 1.38

Ag 0.646 0.645 1.00

Au 0.729 0.642 1.14

Because m is not the mass     

of isolated electron me,          

but effective mass of   

electron in a crystal m*

(we just met it for the first time, 

but not for the last time)

Heat capacity of electrons
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Arnold Sommerfeld, pioneer of quantum physics:

84 nominations to NP in physics between 1917-1951

at least (contrary to Lewis, see above) did not commit suicide

this is still not 

absolute record: 

Gaston Ramon 

(diphtheria, tetanus) 

155 for medicine

Heat capacity of electrons
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DC electrical conductivity

In 1D electrical field

m*dv/dt = qE - m*v/

where m* is effective mass and  is effective time between 

momentum loss collisions (probability a of collision during time 

dt is dt/, by integration:  is average time between collisions)

Stationary (average from a single particle viewpoint) velocity

v = q/m*.E = .E

where  is mobility (defined as positive - therefore ; not to be 

confused with the aforementioned chemical potential)
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DC electrical conductivity
why is there not ½

In 1D electrical field   m*dv/dt = qE - m*v/

Average velocity   v = q/m*.E = .E

In many sources (including the Drude paper) survives formula      

v = q/2m*.E . The formula is based on wrong interpretation of 

the fact that the velocity linearly increases between collisions 

from 0 to vmax, so the average over this period is vmax/2. 

Refutation 1: collisions affect a random subset of electrons, 

i.e. electrons in this subset have the same mean velocity as 

all electrons (not its double)
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In 1D electrical field   m*dv/dt = qE - m*v/

Average velocity   v = q/m*.E = .E

In many sources (including the Drude paper) survives formula      

v = q/2m*.E . The formula is based on wrong interpretation of        

the fact that the velocity linearly increases between collisions 

from 0 to vmax, so the average over this period is vmax/2. 

Refutation 2: for a random electron,  is the mean time until the 

next collision, but also since the previous collision  length of 

the period between collisions which the electron is in is 2

(i.e. at its end it loses velocity q2/m*.E, so the mean is q/m*.E)

The aforementioned average length of a period between 

collisions is only  ... isn't it a contradiction?

DC electrical conductivity
why is there not ½
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Refutation 2: for a random electron,  is the mean time until the 

next collision, but also since the previous collision  length of 

the period between collisions which the electron is in is 2

(i.e. at its end it loses velocity q2/m*.E, so the mean is q/m*.E)

Average length of period between collisions is only , but longer 

periods have higher statistical weight, el. is more likely in them

Probability that electron will not collide during t: e-t/

Probability that after that it will collide during dt: dt/

Statistical weight (normalized to 1) of period long t: t/

Average length of a period between collisions:  t.e-t/.dt/ = 

Average length of the period between collisions

which the electron is in right now: t/.t.e-t/.dt/ = 2

DC electrical conductivity
why is there not ½
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In 1D electrical field

m*dv/dt = qE - m*v/

where m* is effective mass and  is effective time between col.) 

Stationary (average from a single particle viewpoint) velocity

v = q/m*.E = .E

where  is mobility (defined as positive - therefore )

The density of free charge carriers n gives rise to a current 

j = nqv = nq2/m*.E = .E = 1/.E

Effective masses (in terms of me),

this time for semiconductors: 

see the table from wikipedia

DC electrical conductivity
back to the main topic
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v = q/m*.E = .E

j = nqv = nq2/m*.E = .E = 1/.E

Example showing the 

importance of  and  :

resistivity of alloy CuxAu1-x

is higher than those of 

Cu and Au, and has local

minima for ordered crystalline

phases ( high mobility) 

Cu3Au and CuAu 

[ C.H. Johansson and J.O. Linde, Ann. Phys. 25, 1 (1936) ]

DC electrical conductivity
importance of material structure for mobility
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Electrical conductivity / resistivity is the 

quantity which changes over most orders 

of magnitude for available materials

Thus, the mere order of magnitude is 

often a sufficiently interesting information

DC electrical conductivity
achievable values
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Can the resistivity of a metal be (e.g. due to many defects)  

arbitrarily high?

No: it the worst case (electron collides at any opportunity -

"bad metals") mean free path corresponds to interatomic dist. 

After substituting usual values we get the Ioffe-Regel limit       

on the order of hundreds cm (10-6 m)

Another viewpoint: 10-6 m is the order which separates metals 

and semicond. (resistivities increasing and decreasing with T)

DC electrical conductivity
Ioffe-Regel limit
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Thermal conductivity of phonons resulted from ph = 1/3.Cvol.cS.l   

Thermal cond. of electrons will result from the same formula:

- for Cvol substitute 2/2.kB
2n.T/EF

- for cS substitute vF

- for l substitute vF.

after the substitutions el = 1/3.2/2.kB
2N.vF

2.T/EF

EF = 1/2.m*vF
2  el = 1/3.2.kB

2N.T/m*

Thermal conductivity of electrons
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1 slide above el = 1/3.2.kB
2n.T/m*

5 slides above  = ne2/m*  

The same carriers are responsible for (the electronic 

contribution to) both conductivities, so it is not surprising               

that n,  and m* cancel out when calculating their ratio:

Wiedemann-Franz law  el = const.T.

where const. = Lorentz number = 1/3.2.(kB/e)2

Ratio of thermal and electrical cond.
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The same carriers are responsible for (the electronic 

contribution to) both conductivities, so it is not surprising               

that n,  and m* cancel out when calculating their ratio:

Wiedemann-Franz law  el = const.T.

where const. = Lorentz number = 1/3.2.(kB/e)2

screenshot from the movie         

The Elementary School

Materials with higher electrical 

conductivity [metals] therefore 

faster conduct heat away ...                    

so do not lick the rail

Ratio of thermal and electrical cond.



prof. Jiří Houška (KFY FAV ZČU)

Lorentz number = 1/3.2.(kB/e)2 = 2.4410-8 WK-2

Crosscheck for selected metals:

prvek el el/T.

Wm-1K-1 10-8 WK-2

Li 71 2.22

Mg 150 2.14

Na 138 2.12

Zn 113 2.28

K 100 2.23

Al 238 2.14

Cu 385 2.20

Fe 80 2.61

Ag 418 2.31

Pb 38 2.64

Ratio of thermal and electrical cond.
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So we know the DC electrical conductivity

 = nq2/m* = ne2/m*

Transition from DC (field E = E0) to AC (field E = E0e
it)

 (after a new substitution for E to m*dv/dt = qE - m*v/)

transition from vdc = q/m*.E0 to vac = q/m*(1-i).E0



transition from dc = ne2/m* to ac = ne2/m*(1-i) 

- not that important for AC electrical current  

(typical values of  are fs to hundreds fs, i.e.  << 1)

- however, the transition to the AC formula is important for   

interaction with EM fields of optical frequencies - see below

AC electrical conductivity
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dc = ne2/m*, ac = ne2/m*(1-i) 

After substituting j = acE to Maxwell equations we can derive 

the contribution of free charge carriers to the total permittivity:

Drude =    -dc/ [ 0(2+i)]

= -ħ2dc / [ 0(E2+iħE)] (E = ħ)

= -ħ2 / [dc0(E2+iħE)]    (dc = m*/ne2)

= -p
2 / [ (2+i)] (p

2 = ne2/m*0)

= -ħ2dc/0.[(E2-iħE)/(2E4+ħ2E2)] ('i' in numerator)

AC electrical conductivity



prof. Jiří Houška (KFY FAV ZČU)

Relation to permittivity and ext. coef. 

Drude = -p
2/(2+i) = -2p

22/(24+2) + ip
2/(24+2)

The term plasma frequency (p
2 = ne2/m*0 , see FYPL)                

is used in plasma physics as well as in solid state physics - the 

mechanism of photon absorption (mainly photons with  < p)  

by free charge carriers is the same in both cases

For an electron gas (if we approximate a meta by it), the real 

part of permittivity 1 = 1-2p
22/(24+2)  1-p

2/2

is equal to zero at the plasma frequency: one of methods           

how to quantify the free charge carrier concentration
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Drude = -ħ2dc/0.[(E2-iħE)/(2E4+ħ2E2)] 

The key term for E below the bad gap, where  = +Drude = 

(n+ik)2. Negligible contribution to n, but source of non-zero k.

ħ = 0.658 eV.fs,  at least several fs  in NIR (and above) the 

denominator is dominated by 2E4 and for imag. part of  it holds

2 = 2nk  ħ3dc/02E3

in other words: at fixed electrical conductivity (fixed product n)       

the material is more transparent (has lower k) at higher 

(in the first approximation even quadratic dependence) 

yet other words: in the case of transparent conductive materials, 

it is better to have lower number of more mobile charge carriers: 

does not matter for the conductivity, better for the transparency

Relation to permittivity and ext. coef. 
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2 = 2nk  ħ3dc/02E3

Light absorption by free charge carriers in doped Si                       

( higher dc ; moreover usually lower ) increases with 

increasing wavelength (decreasing energy: see 2 ~ 1/E3)

Relation to permittivity and ext. coef. 
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Hall effect

Stationary current in the direction x (jx = nqvx)

+

Magnetic induction in the direction z



Voltage in the direction y

Equation of motion

m*dv/dt =  q(E + vB) - m*v/ (in general)

m*dv/dt = -e(E + vB) - m*v/ (for electrons: q = -e)

direction x: -eEx - m*vx/ = 0

direction y: -eEy + evxB = 0
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Hall effect

Stat. current in the direction x (jx = nqvx), below q = -e

Equation of motion m*dv/dt = -e(E + vB) - m*v/

direction x: -eEx - m*vx/ = 0

direction y: -eEy + evxB = 0

- eq. in dir. x  the above relationship for stationary velocity

vx = -e/m*.Ex and current jx = ne2/m*.Ex

- eq. in dir. y  transverse field Ey = -e/m*.Ex.B = -1/ne.jxB         

UH = dy.Ey = dy.RH.I/(dy.dz).B = RH.I.B/dz

where RH = -1/ne is Hall coefficient



measurements of the value of n
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UH = dy.Ey = dy.RH.I/(dy.dz).B = RH.I.B/dz

where RH = -1/ne is Hall coefficient



measurements of the value of n

n > 0 (within definition q = -e)  charge carriers are electrons

n < 0 (within definition q = -e)  charge carriers are holes

Be careful about the parallel presence of electrons and holes

- contribute to conductivity with the same sign

- contribute to Hall voltage with opposite signs

Hall effect
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RH = -1/ne is Hall coefficient

In reality it is not that simple for some metals (not only 

semiconductors), starting with the sign of m*  sign of RH.

Role of band structure (see below for its relationship with m*)            

which may look exotic, role of temperature, role of strength of  

B used to measure RH (see the figure for Al: even varied sign)

element RH_experiment RH_theory

10-11 m3C-1 10-11 m3C-1

Li -17 -13.1

Na -25 -25.5

Al -3.5 -3.9

Cu -5.5 -8.25

Ag -9.0 -12.0

Zn +3.3 -5.1

Be +24.4 -2.5

Bi 104 -4.3

Hall effect

[ book C.M. Hurd, The Hall effect in metals and alloys ]
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6) Band structure

Atomic structure

1) Introduction, crystal structure

2) Bonding in solid materials

3) Vibrations and thermal properties

4) Classical calculations

Electronic structure

5) Role of free electrons

6) Band structure

7) Semiconductors

8) Quantum calculations

Functional properties

9) Mechanical properties

10) Optical properties

11) Photoinduced properties

12) Other functional properties

Special fields

13) Thermodynamics and solid solutions

14) Magnetism

15) Superconductivity

16) Amorphous materials
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To increase the motivation

Metal                      Insulator            Superconductor

e.g.    C (graphite)              C (diamond)            C (doped C60)

Qualitatively different collective behaviors (different electronic 

structures), even though the element is the same. Similarly for 

other properties, e.g. thermal conductivity. 

It is desirable to understand the physics in the background.
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Figure known (no only) from high school textbooks. At the high 

school no one told me what is on the horizontal axis

To increase the motivation
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Rigorous starting point is a single Schrödinger equation   

describing all present electrons and atoms cores at once:

can be solved for atom H, but not for 1023 particles in a solid.

Separate description of cores (heavy, fixed, often in a periodic 

lattice) and of each electron (movement in a mean field formed 

by the other electrons)  replacement of single many-particle 

Schr. equation by a system of single-particle Schr. equations 

[-ħ2/2m 2 + V(r)]n,k(r) + mean field term = En,k(r)

Although these equations are also easier to write than to solve 

(details later - chapter 8, more details yet later - KFY/MPPL),                    

they can be solved in principle. 

Starting points
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So we have a system of single-particle Schr. equations

[-ħ2/2m 2 + V(r)]n,k(r) + mean field term = En,k(r)

The notation n,k(r) includes

- number of a (2-electron: forget magnetization for now) state n

- wave vector k, wavenumber k: k = 2/ = p/ħ

Note also the de Broglie wavelength  = h/p = 2ħ/p

- for free electron it is more intuitive that it is a particle 

 introduce de Broglie  ( k) based on p,

- for electron in crystal it is more intuitive that it is a wave ()

 introduce "crystal momentum" p based on  ( k),

the important thing is that the relationship                                    

between k and p is the same

Starting points
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Reciprocal space
(one more reminder)

In the real space the lattice is defined by vectors a1, a2, a3          

(a1-3 do not necessarily define "real" primitive crystal cell,           

but also e.g. its integer multiple - that's not the point now)

Let's define a lattice vector R = n1a1+n2a2+n3a3

where n1-3 are integers

In the reciprocal space the lattice is defined by vectors                

A1, A2, A3 where A1 = 2.a2a3/(a1.a2a3), etc.

Let's define a reciprocal lattice vector                                          

G = m1A1+m2A2+m3A3

It holds G.R = 2(n1.m1+n2.m2+n3.m3)  eiGR = 1

Primitive reciprocal lattice cell (= Wigner-Seitz cell                         

in the reciprocal space) is called first Brillouin zone
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Bloch theorem says that the wavefunction n,k(r) in a periodic 

potential is periodic like this potential. At most, shift defined           

by a lattice vector can change the wavefunction phase.                                 

n,k(r) which fulfils this requirement is called Bloch wave

n,k(r) = eikrun,k(r)

plane wave eikr  periodic (like the potential) function uk(r)

uk(r) has periodicity of the lattice, so it can be expressed      

using reciprocal lattice vectors G: un,k(r) = Gcn,k(G)eiGr

(recall eiGR = 1, therefore indeed un,k(r) = un,k(r+R) )

 n,k(r) = eikrGcn,k(G)eiGr = Gcn,k(G)ei(k+G).r

It is enough to choose the wave vector k inside the first   

Brillouin zone - we add reciprocal lattice vectors to it anyway               

(and OK, k will have infinite number of possible values anyway) 

Bloch theorem
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n,k(r) = eikrun,k(r)

plane wave eikr  periodic (like the potential) function uk(r)

uk(r) has periodicity of the lattice, so it can be expressed      

using reciprocal lattice vectors G: un,k(r) = Gcn,k(G)eiGr

(recall eiGR = 1, therefore indeed un,k(r) = un,k(r+R) )

 n,k(r) = eikrGcn,k(G)eiGr = Gcn,k(G)ei(k+G).r

It is enough to choose the wave vector k inside the first   

Brillouin zone - we add reciprocal lattice vectors to it anyway               

(and OK, k will have infinite number of possible values anyway) 

Twofold role of k

▪ wave vector in the plane wave expansion (blue equation)

▪ subscript of function u, fully (within given band) defining 

Bloch theorem
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"Particle-based" justification of the choice of k inside 1st BZ 

(similarly like in the case of phonons): imagine that electron is 

skipping from atom to atom, so the value of wavefunction is 

important only at points where some atom is (figure:  x/a is 

integer) ... and these values do not change by adding 2/a to k

Bloch theorem
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In the chapter 5 we considered free electrons (in a material = 

potential hole, but otherwise free: bottom of the hole was flat)

Now consider nearly free electrons (do not flat the hole bottom)

Also known as Kroenig-Penney model. It shows that              

the existence of a band structure is not surprising.

Nearly free electron model
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1st approach: band structure obtained by a numerical solution of 

 the system of equations 5 slides above  

2nd approach: In parallel, there is an analytical solution for 

"nearly free electron" in a rectangular potential

(the calculations indicated below usually also include            

transition to delta functions as another simplification:             

b→0 and V0→ at preserved product V0b)

Nearly free electron model
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Convert the Schrödinger equation from the general form

[-ħ2/2m 2 + U(r)]n,k(r) + mean field term = En,k(r)   to form

d2/dx2 + 2mE/ħ2  = 0 from 0 to a 

d2/dx2 + 2m(E-V0)/ħ
2  = 0 from a to a+b



d2/dx2 +  

2  = 0 from 0 to a where  = 2mE/ħ2

d2/dx2 +  

2  = 0 from a to a+b where  = 2m(E-V0)/ħ
2 

Bloch theorem says (r) = eikr
 u(r), here (x) = eikx

 u(x)          

after substitution to the blue equations

d2u/dx2 + 2ik du/dx + ( 

2-k2) u = 0 from 0 to a 

d2u/dx2 + 2ik du/dx + ( 

2-k2) u = 0 from a to a+b

Nearly free electron model
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Nearly free electron model

d2u/dx2 + 2ik du/dx + ( 

2-k2) u = 0 od 0 do a 

d2u/dx2 + 2ik du/dx + ( 

2-k2) u = 0 od a do a+b

solution of homogeneous linear diferential eqs. of second order 

will have the form (note the roots of the characteristic equation)

u1 = Aei(-k)x + A'e-i(+k)x from 0 to a

u2 = Bei(-k)x + B'e-i(+k)x from a to a+b

     reminder (x) = eikx
 u(x)

1 = Aeix + A'e-ix from 0 to a

2 = Beix + B'e-ix from a to a+b
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Nearly free electron model

u1 = Aei(-k)x + A'e-i(+k)x from 0 to a

u2 = Bei(-k)x + B'e-i(+k)x from a to a+b

1 = Aeix + A'e-ix from 0 to a

2 = Beix + B'e-ix from a to a+b

requirement of continuity, at least up to the first derivative

1 (0
+) = 2 (0

-)  A + A' = B + B'

d1/dx (0+) = d2/dx (0-)  A - A' = B - B'

requirement of periodicity (with the period of the potential, i.e. 

a+b - see the Bloch theorem), at least up to the first derivative

u1 (a) = u2 (-b)

 Aei(-k)a + A'e-i(+k)a = Be-i(-k)b + B'ei(+k)b

du1/dx (a) = du2/dx (-b)

 A(-k)ei(-k)a - (+k)A'e-i(+k)a = B(-k)e-i(-k)b - (+k)B'ei(+k)b
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A  + A'  - B  - B' = 0

A  - A'  - B  + B' = 0

Aei(-k)a + A'e-i(+k)a  - Be-i(-k)b  - B'ei(+k)b = 0

A(-k)ei(-k)a - (+k)A'e-i(+k)a - B(-k)e-i(-k)b + B'(+k)ei(+k)b = 0

system of 4 linear equations without right-hand side, having 

non-zero solution ( zero determinant, simplified by the 

aforementioned b→0 and V0→ at preserved V0b) if

P sin(a)/a + cos(a) = cos(ka) where P = mV0ba/ħ2

right-hand side is between -1 and 1, which the left-hand side 

fulfils only for some , i.e. only some E (see 2mE/ħ2 = 2)



some E values are forbidden

Nearly free electron model
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right-hand side is between -1 and 1, which the left-hand side 

fulfils only for some , i.e. only some E (see 2mE/ħ2 = 2)

the function E(k) is not 

discontinuous for any k, but for 

k = n/a  cos(ka) = 1 

(owing to the source of 

discontinuity [cos(ka) would   

be outside the range -1 to 1]            

this is not surprising) 

all states can be described     

by wave vectors k inside            

1st Brillouin zone (see above), 

i.e. all parts of the function  

E(k) can be overturn there

Nearly free electron model
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Example of real band structure,    

direct  indirect band gap

Top of valence and bottom of 

conduction band are sometimes      

at the same k, sometimes (Si) not



EC-EV is the indirect Si band gap, 

well known 1.1 eV: (de)excitation 

accompanied by change of k

Direct Si band gap of 3.3 eV: 

(de)excitation "right up / right     

down" at a fixed k

Both gaps are measurable optically, 

only the indirect one also electrically

electronic structure of Si



prof. Jiří Houška (KFY FAV ZČU)

Top of valence and bottom of 

conduction band are sometimes      

at the same k, sometimes (Si) not



EC-EV is the indirect Si band gap, 

well known 1.1 eV: (de)excitation 

accompanied by change of k

In many - especially highly 

symmetrical - materials (including 

Si), the top of valence band is at 

the point  (gamma) k = [0,0,0]. 

Generally not.

Example of real band structure,    

direct  indirect band gap

electronic structure of Si
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Example of real band structure,    

direct  indirect band gap

Extinction coefficient is >0 

below 1100 nm, but steeply 

increases below 400 nm

due to increasing probability      

of transitions - no change of 

momentum (phonon) required
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Possible band structures

p-type  intrinsic  n-type

metal   semimetal    semiconductor         insulator

EF

E
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Metal: high density of states at EF

- either there is half-filled top          

non-empty band (there is a space 

for two electrons with opposite 

spins in each state):        

consequence of odd number         

of electrons in primitive cell

- or there is even number of 

electrons in primitive cell, but      

the Fermi level intersects more 

overlapping ( partially filled) 

bands 

Possible band structures
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- even number of electron in 

primitive cell, Fermi level 

intersects more bands which do 

overlap but only just (in graphite 

they touch at a single point))

- Fermi level does not intersect any 

band (localized states sitting on 

dopants in [weakly] doped 

semiconductors are not taken as 

a part of valence / conductive 

band - they sit in the gap)

Semimetal: low - but nonzero - density of states at EF

Semiconductor, insulator: no delocalized states at EF

Possible band structures
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Semiconductor, insulator: no delocalized states at EF

Is the Fermi level uniquely defined at all in this case?           

Yes: from the statistical point of view it has the meaning of          

a chemical potential (derivative of free enthalpy G by number 

of particles, i.e. electrons), and this potential is in the middle  

of band gap for intrinsic (undoped) semiconductor.

(It is not exactly true - see the next chapter 7 for details)

- Fermi level does not intersect any 

band (localized states sitting on 

dopants in [weakly] doped 

semiconductors are not taken as 

a part of valence / conductive 

band - they sit in the gap)

Possible band structures
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Orders of magnitude of the free charge carrier concentrations

Cu (metal) ~1023 cm-3

further details 11-12 slides below

As (semimetal) ~1020 cm-3

Sb (semimetal) ~1019 cm-3

C (semimetal) ~1018 cm-3

Ge (semiconductor) ~1013 cm-3

Si (semiconductor) ~1010 cm-3

GaAs (semiconductor) ~106 cm-3

Possible band structures
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Other band gap than expected:  

Burstein-Moss effect

Reminder of figure above: in a (weakly) 

doped semiconductor, EF moves from 

the middle of the band gap to its edge

In a heavily doped ("degenerated") 

semiconductor, EF can move behind 

the band gap edge, e.g. inside the 

conduction band - electrons fill all 

states at its bottom (but their number is 

still insufficient to make the mat. metal)

Thus, electron skipping from valence to 

conduction band registers higher band 

gap (higher distance to the lowest 

unoccupied state in conduction band)
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Other band gap than expected:  

quantum confinement

The stuff above is valid for bulk 

materials: charge carriers (electron        

in metal, exciton = electron+hole in 

semiconductor) can move in a large 

space compared to their wavelength

If materials dimension is comparable  

to this wavelength (quantum dots),  

the energy levels become discrete and 

the band gap increases (approx. 

quadratically with the dimension) PbS
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If materials dimension is comparable  

to this wavelength (quantum dots),  

the energy levels become discrete and 

the band gap increases (approx. 

quadratically with the dimension)

Electronic structure has sharp edges 

and is (by changing the dimension) 

smoothly tunable. Utilization in 

nanotechnologies, e.g. for setting the 

desired color ( quantum dot displays)

Other band gap than expected:  

quantum confinement
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Semimetal  half-metal  metalloid

What is the difference between these terms? 
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Semimetal  half-metal  metalloid

Semimetals (Sn, Sb, As, graphite, ...): 

materials with a very low overlap of valence and conduction 

band  with a low, but non-zero, density of states at EF 

conductive, but lower density of charge carriers than in metals

Metalloids (B, Si, Ge, again Sb, again As, ...):

materials combining properties of metals (e.g. "metallic" 

appearance: band gap, if any, is narrower than energy of visible 

photons) and non-metals (e.g. brittleness: bonds are not 

predominantly metallic or lower-than-metallic conductivity)

Half-metals (CrO2, Fe3O4, ...):

materials which have full valence band for spins of one 

orientation, and only partially full val. band for spins of the other 

orientation  conductivity depends on spin (necessary 

condition are different numbers of spins  and   magnetism)
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Other conductivity than expected:                

Mott insulators

Materials for which a routinely calculated electronic structure 

does not contain band gap, i.e. they should conduct, but they 

don't. The reason is repulsion of electrons (their movement is 

correlated), which are forcing each other to stay at one place.

Necessary (not sufficient) condition: 

Mott insulators are antiferromagnetic

Example: CrN (at low T there are the same

spins in planes 110: two planes with spins

up, two with spins down). Repulsion of

electrons with same spins in neighbouring

planes 110 also deforms the lattice: 

cubic changes to orthorhombic

[ A. Filipetti et al., Phys. Rev. B 59, 7043 (1999) ]
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Other conductivity than expected:  

topological insulators

Materials for which a routinely calculated electronic structure 

contains band gap, i.e. they should not conduct and indeed do 

not conduct in their volume, but they have additional states 

inside the gap on their surface  conduct along the surface.

The states are not two-electron:

one band ( conductive channel) 

for spins up, one for spins down.

Example: Bi2Se3, Bi2Te3, Bi2Sb2
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Role of EF distance from vacuum

The band gap width tells us the excitation energy, but not 

▪ ionization energy = electron affinity (distance of the bottom of 

cond. band, where electrons are emitted from, from vacuum) 

▪ work function (distance of the Fermi level from vacuum),

these quantities (equal to each other for metals, but not for 

materials with a band gap) are independent of the band gap.

Why is the distance of band gap from vacuum 

(in praxis from normal hydrogen electrode, NHE) important? 
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Role of EF distance from vacuum

Why is the distance of band gap from vacuum 

(in praxis from normal hydrogen electrode, NHE) important? 

When catalyzing a process (water splitting, etc.) which utilizes 

photons, we want not only narrower band gap than the photon 

energy, but also energy levels where the process takes place 

inside the gap. See photoinduced properties in chapter 11.
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Opaque insulators

Material (Al2O3, SiO2, ZrO2, ...) is completely insulating 

 has wide band gap (high excitation energy) which the 

electrons never jump over (usual criterion >3 eV)

 energy of visible photons (1.5-3 eV) cannot be invested to 

excitations over the band gap

 material is completely transparent for visible light

So why do exist materials (rubber, wood, snow, ...) which are 

insulating and opaque at the same time?
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So why do exist materials (rubber, wood, snow, ...) which are 

insulating and opaque at the same time?

Because they are molecular solids - do not constitute a network 

of atoms, but a disordered mess of molecules. While the 

molecules have high excitation energy (band gap equivalent), 

photons reflects from them and change their direction until -

most often - leave the material through the original surface.

This is valid in about the same way for all wavelengths,          

which is why snow, raw rubber, etc. are white.

Opaque insulators
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We need delocalized electrons from partially filled bands

Odd number of el. per primitive cell, e.g. alkali

metals Li, Na, K, ...  fulfilled automatically

Even number of el. per cell, but overlapping

bands, e.g. Be, Mg, Ca, ... where s- and p-orbitals 

(p- are empty for isolate atom) give rise to a single

partially filled sp-band  fulfilled by a "bypass", 

but for twice as many electrons compared to alkali metals

In transition metals, mostly s-electrons are the delocalized ones              

(chapter 2), their isolated atoms (let alone the hybridization  

with p- in condensed state) have 1 or 2. What constitutes a 

difference is the probability that they will jump into relatively 

localized d-orbitals  the only sure case is when the d-orbital  

is full like in Cu, Au, Ag, ... (most conductive elements of all)

Free charge carrier density
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The same in a graphical form

Local maxima for Be, Mg, Ca

 val. configuration ns2.np0, but 

bands arising from s- and p-

orbitals have close energies 

and el. easily skip between 

them (sp band filled of 2/8) 

Local maxima for Cu, Ag, Au

(val. configuration nd10.[n+1]s1)

 d-band is full 

 delocalized s-electrons can 

conduct current without any 

risk of ending up in localized 

d-orbital instead

Free charge carrier density
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However, carefully about Cu quality :-)
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We could spend more time on the periodic table                         

- e.g. by discussing which elements are most toxic and why -

but this is not a topic for solid state physics anymore

Poisons

classically toxic radioactive (plus the line below)

harmless Bi
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Role of how much are states localized
(inverse participation ratio)

Starting points: 

- for each atom and electronic state, it is possible (by integration 

over 1st BZ  = sum over all vectors k) to provide weight of a 

state on an atom (sum of weights over all atoms is 1) 

- in a real material (not infinite crystal), each electronic state is 

localized in a finite volume (on a finite set of atoms) ... and the 

question of interest is how large is this set

Sum of squares of weights of electronic states over all atoms

(theor. over  atoms, in praxis over N atoms):

- min. 1/N, if the weights on all atoms are equal (N  [1/N]2)

- max. 1, if the state sits on single atom (other weights are 0)

The quantity is called Inverse Participation Ratio (IPR)
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Higher inverse participation ratio 



state is localized on less atoms 



electron in this state has lower mobility 



material has lower electrical conductivity (for given concentration 

of free charge carriers)

The importance of this is increased by frequently high IPR close 

to band gap edges (i.e. for states which are most responsible for 

the electrical conductivity, or would be it they were delocalized)

Role of how much are states localized
(inverse participation ratio)
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Calculated role of N in SiBCN

Decreasing N content leads to closing 

of band gap (around E = EF), and in 

parallel the measured electrical 

resistivity decreases

[V. Petrman et al., Acta Mater. 59, 2341 (2011) ]

Role of how much are states localized
(inverse participation ratio)
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Calculated role of N in SiBCN

Decreasing N content leads to closing 

of band gap (arrow: Fermi level), and 

in parallel the measured electrical 

resistivity decreases

This is consistent with decreasing 

Inverse Participation Ratio (IPR) 

around the Fermi level - states are 

more delocalized, i.e. electronic 

mobility is higher

[V. Petrman et al., Acta Mater. 59, 2341 (2011) ]

Role of how much are states localized
(inverse participation ratio)
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Role of where are states localized
example for amorphous Si32B8C6N54 and Si11B14C39N36

Localization of states around 

Fermi level is most important

Sometimes it is clear (e.g. 

dopants in semiconductors)       

Sometimes it is not that clear 

(amorphous materials). Figure 

shows that states around 

(above) EF are localized on C 

much more than what would 

correspond to its content 

especially at a low C content 

(Si32B8C6N54), C has doping role

[J. Houska and S. Kos, J. Appl. Phys. 108, 083711 (2010)]

Occupied states are typically 

more localized on high-

electronegativity elements  

(here N) and vice versa
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Localization of states around 

Fermi level is most important

Even more hidden phenomena 

can be investigated in this 

context, e.g. localization

- below EF on short bonds

- above EF on long bonds

Role of where are states localized
hidden structure
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Different character of different orbitals

Consider cubic (rocksalt) TiC and its shear modulus 

- 4. orbital is relatively directional (covalent)        increases C44

- 5. orbital is relatively non-directional (metallic)  decreases C44

The fourth orbital (orb. in fourth band) becomes fully occupied for 

8.4 valence electron per primitive cell. TiC has 8 of them, TiN has 

9 of them. Thus, solid solution TiC0.6N0.4 has maximum shear 

modulus ( maximum hardness).

On the contrary, Cr has two extra val. el. compared to Ti  the 

fourth orbital is full for both CrN and CrC  no max. for CrCxN1-x.
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7) Semiconductors

Atomic structure

1) Introduction, crystal structure

2) Bonding in solid materials

3) Vibrations and thermal properties

4) Classical calculations

Electronic structure

5) Role of free electrons

6) Band structure

7) Semiconductors

8) Quantum calculations

Functional properties

9) Mechanical properties

10) Optical properties

11) Photoinduced properties

12) Other functional properties

Special fields

13) Thermodynamics and solid solutions

14) Magnetism

15) Superconductivity

16) Amorphous materials
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Semiconductors

Band gap is not zero, but sufficiently narrow to allow non-

negligible excitations ( concentrations of electrons in 

conduction & holes in valence band, following Fermi-Dirac)

The chapter includes related specific practical information,                

not included in the more general chapter 6
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Band gap is not zero, but sufficiently narrow to allow non-

negligible excitations ( concentrations of electrons in 

conduction & holes in valence band, following Fermi-Dirac)

Metals:

- el. resistivity is low (10-6-10-8 m, note the Ioffe-Regel limit)

- el. resistivity (due to lattice vibrations) increases with T

- role of holes (el. with m* < 0), see Hall effect, was surprising



Semiconductors:

- el. resistivity is higher than that of metals ( 10-4 to 107 m)

- el. resistivity (due to excitations) decreases with T

- roles of holes and electrons are equal 

- possibility of doping

Semiconductors
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Doping

Atoms of another element (dopants of impurities depending 

on viewpoint) leading to new electronic states in band gap of 

a semiconductor can behave like

1) Shallow donors (of 1 electron more, e.g. P in Si): 

new states just below (<3kBT = 78 meV) the upper band 

gap edge  easy excitation to conduction band where

free electrons appear, EF moves up

2) Shallow acceptors (of 1 electron less, e.g. B in Si):

new states just above (<3kBT = 78 meV) the bottom band 

gap edge  easy excitation from valence band where 

"free" holes appear, EF moves down

3) Double donors / acceptors (of 2 electrons more / less)
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Doping

Atoms of another element (dopants of impurities depending 

on viewpoint) leading to new electronic states in band gap of 

a semiconductor can behave like

4) Deep-level impurities (e.g. metal atoms):

new states close to the middle of band gap. 

Harmful from the conductivity point of view: do not bring 

free charge carriers anyway, and on the contrary act 

as recombination centers. Also called deep traps (electron / 

hole trap just above / below the middle of band gap).
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Doping

The same in a graphical form (Eg = 1.42 eV is valid for GaAs)
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Doping

States localized on dopants are close to the band gap edge,    

so the temperature needed to ionize all dopants is much lower 

than that needed for excitation over whole band gap
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Effective mass of charge carriers

Reminder v = q/m*.E = .E

(frequent mistake q/2m*.E discussed above)

and j = nqv = nq2/m*.E = .E = 1/.E

Where is the effective mass coming from                    

( why does it differ from the el. mass)?                   

Why is effective mass of holes typically  

higher than that of electrons (see the table)?
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Where is the effective mass coming from?  

- 2nd Newton law in macroworld: a = dv/dt = F/m

- 2nd Newton law or movement of electron in crystal                 

(substitute group velocity of corresponding wave for velocity):

a = dvg/dt = d/dt [d(k)/dk] = dk/dt [d2(k)/dk2]

and in parallel

F = dp/dt = ħdk/dt (because p = ħk)



a = F/ħ . [d2(k)/dk2] = F/ħ2 . [d2E(k)/dk2] (because E = ħ)

 (compare to a = F/m, and adapt for 3D)

1/m* = 1/ħ2.2E/kikj

Effective mass of charge carriers
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Where is the effective mass coming from? (another approach)

- free electron: relation between E and k is exactly parabolic:

E = mv2/2 = p2/2m = ħ2.k2/2m



1/m = 1/ħ2.d2E/dk2

- electron in crystal: bottom of cond.

(holes: top of valence) band

is also approximated by parabola

E = E0 + ħ2.k2/2m*

 again

1/m* = 1/ħ2.d2E/dk2 = (3D) 1/ħ2.2E/kikj

Effective mass of charge carriers
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Reminder v = q/m*.E = .E

and j = nqv = nq2/m*.E = .E = 1/.E

Where is the effective mass coming from?                   

Why is effective mass of holes typically  

higher than that of electrons (see the table)?

- free electron : law of motion (crucial for conduction; 2 slides 

above) as well as the relationship between energy of el. state  

and momentum (less crucial here; 1 slide above) contain 1/m

- electron in crystal : these relationships contain 1/ħ2.2E/kikj



effective mass is a mathematical construction,                   

allowing us to replace this term by a familiar letter:                

1/m* = 1/ħ2.2E/kikj

Effective mass of charge carriers
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1/m* = 1/ħ2.2E/kikj

- mass of electron is given by curvature of conduction band 

- mass of holes is given by curvature of valence band

Conduction band is usually more curved (especially for   

narrow band gaps)  effective mass of electron is lower

Reminder v = q/m*.E = .E

and j = nqv = nq2/m*.E = .E = 1/.E

Where is the effective mass coming from?                   

Why is effective mass of holes typically  

higher than that of electrons (see the table)?

Effective mass of charge carriers
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1/m* = 1/ħ2.2E/kikj

- mass of electron is given by 

curvature of conduction band

- mass of holes is given by 

curvature of valence band

Conduction band is usually more curved (especially for    

narrow band gaps)  effective mass of electron is lower

Or from another point of view: 

- easy movement of an electron i na conduction band  low m*

- demanding collective movement of all electrons except the 

missing one ( hole movement) in valence band  high m*

More precisely, there is a tensor 1/m*
i,j (this does not mean 

that m*
i,j is also a tensor). F and a do not have to be parallel.

Effective mass of charge carriers
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1/m* = 1/ħ2.2E/kikj

Electron at the bottom of (e.g. conduction) band m* > 0

Electron in an inflection point  m* → 

(interference of transverse and reflected wave)

Electron at the top of (e.g. valence) band m* < 0

(reflected wave dominates)

Hole at the top of band which replaced it  m* > 0

Elsewhere: different directions (aforementioned tensor 1/m*
i,j) 

can correspond to different signs, not only different values 

Sign of effective mass
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1/m* = 1/ħ2.2E/kikj

The idea of holes (electrons with m* < 0):

- works as long as we explain the effect of outer 

electromagnetic field (the inner field caused by 

 particles of the matter is included in m*) 

- stops working when we explain experiments which include 

inertial forces (Stewart-Tolman effect: accelerated conductor) 

or gravitational forces

Effective mass of charge carriers
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Dynamics of holes in valence band

for simplicity symmetrical band with the top at k = 0

In a full band, the total k = 0

At no electric field, the hole is at the top and still k = 0
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Electrical field breaks symmetry  k  0  el. conduction.

The hole has the same velocity as missing electron (opposite 

signs of charge and mass cancel out in the eq. of motion).       

The hole has opposite momentum than the missing electron 

(figure shows the momentum of the electron, not of the hole).

The current is in fact conducted by the unpaired electron 

(opposite signs of charge and velocity cancel out).

Dynamics of holes in valence band
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Concentration of electrons and holes

Metals (chapter 5): 

single parabolic band D() = 1/22.(2m*/ħ2)3/2.

Semiconductors:

parabolic valence band D(E) = 1/22.(2m*/ħ2)3/2.(EV-E)

parabolic conduction band D(E) = 1/22.(2m*/ħ2)3/2.(E-EC)



prof. Jiří Houška (KFY FAV ZČU)

By integration of the product of 

(i) density of states in valence band (from - to EV)                    

see chapter 5: D(E) = 1/22.(2m*/ħ2)3/2.(EV-E), and 

(ii) occupation of states, where we for kBT << E-EF approximate 

the Fermi-Dirac distribution by Boltzmann distr.: e-(E-EF)/kBT

we can estimate density of holes

where

Concentration of electrons and holes

( )V FE E

V kT
effp N e

−

=

3/ 2
*

2

2
2

pV

eff

m kT
N

h

 
=  

 
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By integration of the product of 

(i) density of states in valence band (from - to EV) and                    

(ii) occupation of states

we can estimate density of holes

where

Similarly by integration of the product of 

(i) density of states in conduction band (from EC to ) and

(ii) occupation of states

we can estimate density of conduction electrons

where

Concentration of electrons and holes

( )V FE E

V kT
effp N e

−

=

3/ 2
*

2

2
2

pV
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Product of both concentrations

is independent of EF. Thus, by doping (shifting of EF)                          

we change n, p and n+p, but not np . 

This mass action law (usually given as np = ni
2), and the 

resulting concentration of minority charge carriers, is 

important for construction / description of function of electronic  

components (e.g. description of function of solar cells below)

( )V FE E

V kT
effp N e

−

=

3/ 2
*

2

2
2

pV
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m kT
N

h
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 
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Concentration of electrons and holes
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The fact that np is at a given T constant (but not the constant 

itself) results also from the assumption that the creation rate    

is independent of concentrations, while the recombination rate      

is proportional to the product of concentrations.

In stationary state

dn/dt = dp/dt = creation - recombination = A(T) - B(T).np = 0

 np = A(T)/B(T) = const(T)

( )V FE E
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Koncentrace elektronů a děr
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Furthermore, for undoped semiconductor



Clarification of the information from chapter 6 about Fermi level 

in the middle of band gap (almost valid for low temperatures)
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Concentration of electrons and holes
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- p-doped semicond. has EF close to the bottom of band gap

- n-doped semicond. has EF close to the top of band gap  

- in a stationary state there is only one EF, 

i.e. the Fermi energies have to level at the junction



band gaps (whole electronic structures) of both semicond. shift 

with respect to each other, leading to a voltage difference V

V motivates

- electrons to drift from 'p' to 'n'

- holes to drift from 'n' to 'p'

i.e. motivates minority carriers 

to drift across the junction,

for majority charge carriers

the junction constitutes a barrier

PN junction

p-type n-type
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Another argument leading

to the same conclusion:

at a junction of p- and n-doped

semiconductor, diffusion of

majority charge carriers leads

to their recombination



only immobile ions (of the same sign which have majority 

charge carries in the other semiconductor) remain there



majority charge carriers from the other semiconductor are 

repulsed by these ions, i.e. the junction is impassable for them

PN junction
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Another argument leading

to the same conclusion:

at a junction of p- and n-doped

semiconductor, diffusion of

majority charge carriers leads

to their recombination

the same in graphical form

(do not confuse energy E

and electric field intensity E)

PN junction
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In an electrical circuit the total barrier for majority charge 

carriers is sum of the original barrier V and the voltage

'+' on 'p' (forward bias): orientation which decreases the 

resulting barrier, voltage -V (tenths of volt) are sufficient for 

disappearing the barrier and dramatic drop of the resistance

PN diode
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In an electrical circuit the total barrier for majority charge 

carriers is sum of the original barrier V and the voltage

'+' on 'p' (forward bias): orientation which decreases the 

resulting barrier, voltage -V (tenths of volt) are sufficient for 

disappearing the barrier and dramatic drop of the resistance

'-' on 'p' (reverse bias): orientation 

which yet increases the resulting

barrier, up to a breakthrough

voltage (tens volts) there is only

a small current due to minority

charge carriers

PN diode
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PN junction between emitter and base is in forward direction. 

Thus, low voltage VBE makes it passable, and many majority 

charge carriers (emitter is heavily doped) make it into base.

These guys are minority carriers in the base. But only few of 

them recombine, because (i) the base is less doped, and        

(ii) the base is thin, i.e. they manage to diffuse through it.

NPN transistor

emitter     base     collector
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PN between base and collector is in reverse direction,                 

i.e. it is passable for those charge carriers which are minority 

in the basis, but in high numbers got there from the emitter 

and managed to diffuse through it before they recombined

Thus, low current iB allows much higher current iC
(amplification 100). NP 1958 (Bardeen, Brattain, Shockley).

NPN transistor

emitter     base     collector
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NPN transistor

Thus, low current iB allows much higher current iC
(amplification 100). NP 1958 (Bardeen, Brattain, Shockley).

VCB (V) (or VCE ... depending on setup)
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NPN transistor

emitter      base    collector

without voltage                                                    with voltage



prof. Jiří Houška (KFY FAV ZČU)

NPN transistor

emitor      báze     kolektor

This allowed the company Tokyo 

Tsushin Kogyo Kabushiki Kisha

... to produce the first transistor 

radios, and to improved the 

worldwide pronounceability of         

its name to Sony
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Schottky junction

Not P+N but metal+N (or metal+P)

What is the same as for PN: only one value of EF, zone without 

free charge carriers close to the junction, band structure curves 

and forms a barrier, the barrier can be suppressed by voltage 

in the forward direction (for metal+N: '-' on N)

The difference is that there is no role of free charge carriers

This barrier is independent

of external voltage

This barriers is changed              

by external voltage
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How to measure the type of cond.

Resistivity can be measured by four-point technique. How to  

find the type of conductivity (p  n) using the same hardware?
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Resistivity can be measured by four-point technique. How to  

find the type of conductivity (p  n) using the same hardware?

1st option (for low concentrations of charge carriers)

utilize Schottky junction between semiconductor and metal tip

How to measure the type of cond.
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Resistivity can be measured by four-point technique. How to  

find the type of conductivity (p  n) using the same hardware?

1st option (for low concentrations of charge carriers)

utilize Schottky junction between semiconductor and metal tip

output of osciloscope (prone to be                                     

averaged by a dc voltmeter) for p-type 

[Keithley application note]

How to measure the type of cond.
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Resistivity can be measured by four-point technique. How to  

find the type of conductivity (p  n) using the same hardware?

2nd option (for high concentrations of charge carriers)

Utilize thermoelectric effect (majority charge carrier   

concentrate in colder area, details in chapter 12)

How to measure the type of cond.
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Transparent conductive oxides

conductive insulating

transparent

last case not 

discussed yet: 

TCOs

clear (high Eg)

opaque
clear (low 

/ zero Eg)

see above (some 

molecular solids)
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Transparency due to a sufficiently wide band gap (that’s why 

oxides). E.g. ZnO has Eg around 3.5 eV, In2O3 around 3.7 eV 

includes visible spectrum 1.5-3 eV, and is not unnecessarily wide 

(which would complicate effective doping).

Electrical conductivity due to non-zero concentration of free 

charge carriers, which can be caused by

▪ doping by another element (ZnO:Al, In2O3:Sn, etc.) - like that 

of Si (but Si is opaque due to its narrow band gap of 1.1 eV)

▪ slightly understoichiometric composition (sometimes 

supported by hydrogen content) - the "dopant" are oxygen 

vacancies (or interstitial metal atoms)

Typical resistivity (at sufficient transparency) 10-3-10-4 cm 

(of 2 orders worse than conductors like Cu, but often sufficient)

Transparent conductive oxides
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Utilization (examples)

▪ touch panels 

▪ LEDs

▪ solar cells - producing energy (charge) is not enough, we must 

also conduct it away, and without shadowing the cell itself

▪ electrochromic windows (described above; figure here)

▪ etc. ... basically where 

we need a transparent

electrode

Transparent conductive oxides
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Brief reminder from chapter 6: contribution of free charge 

carriers to the total permittivity is                             

Drude = -ħ2dc/0.[(E2-iħE)/(2E4+ħ2E2)] 

In NIR (& above) the dominant term in denominator is 2E4 

at fixed electrical conductivity (fixed n), better transparency         

is achieved for less but more mobile charge carriers

Mobility of free charge carriers is limited especially by

▪ scattering on defects, so called ionized impurity scattering

(but these defects are at the same time responsible for the 

presence of charge carriers - see the remark about doping)

▪ difficult crossing / tunneling through grain boundaries (also 

kind of defect from the el. structure point of view), so called 

grain boundary scattering, grain barrier limited transport

Transparent conductive oxides
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▪ scattering on defects, so called ionized impurity scattering

(but these defects are at the same time responsible for the 

presence of charge carriers - see the remark about doping), 

therefore this is a dominant process at high n)

▪ difficult crossing / tunneling through grain boundaries (also 

kind of defect from the el. structure point of view), so called 

grain boundary scattering - dominant process at low n

[ A. Bikowski, J. Appl. Phys. 116, 143704 (2014) ]

APS: acoustical mode phonon scattering

POS: optical mode phonon scattering 

IIS: ionized impurity scattering

GBS: grain boundary scattering 

Transparent conductive oxides
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2 slides above Drude = -ħ2dc/0.[(E2-iħE)/(2E4+ħ2E2)] 

at fixed electrical conductivity (fixed n), better transparency         

is achieved for less but more mobile charge carriers

GBS is less important during light absorption than during current 

conduction (electrons only oscillate inside of grains, do not cross 

their boundaries)  "optical" mobility is higher than "electrical"

[ A. Bikowski, J. Appl. Phys. 116, 143704 (2014) ]                      [Steinhauser et al., Appl. Phys. Lett. 90, 142107 (2007) ]

Transparent conductive oxides
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8) Quantum calculations

Atomic structure

1) Introduction, crystal structure

2) Bonding in solid materials

3) Vibrations and thermal properties

4) Classical calculations

Electronic structure

5) Role of free electrons

6) Band structure

7) Semiconductors

8) Quantum calculations brief version, see KFY/MPPL for details

Functional properties

9) Mechanical properties

10) Optical properties

11) Photoinduced properties

12) Other functional properties

Special fields

13) Thermodynamics and solid solutions

14) Magnetism

15) Superconductivity

16) Amorphous materials
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(1) Calculation of quantities discussed in chapters 6-7              

(direct and indirect band gap, density and mobility of charge 

carriers, localization of states, role of individual elements, ...)

doing that using EPs impossible by definition (atoms = balls)

(2) Calculations of energy differences for different structures 

(e.g. stability of solid solutions in chapter 13) and different 

deformations (e.g. mechanical properties in chapter 9)

doing that using EPs possible in principle, but too inaccurate

(3) Energy calculations give us energy gradient  force 

ability to capture the time evolution - molecular dynamics   

(e.g. prediction of amorphous structures in chapter 16) 

can be done using EPs (examples at the end of chapter 4),            

less accurate but faster - choice depends on specific simul.

Motivation
an comparison with classical calculations (emp. pot.)
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Description of interatomic interactions
(reminder from chapter 4)

From fastest =                    

least accurate

▪ Empirical potentials
(chapter 4)

▪ Tight binding
(one of methods which are not very 

popular since introduction of DFT)

▪ Density Functional Theory
(chapter 8)

▪ Quantum Chemistry
(Hartree-Fock, post HF methods      

more precise & slower than DFT)

relevant especially for the third (last) point at previous slide
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(1) Method of wavefunction calculation

(equations where the electronic wavefunction (r)                              

and the potential due to cores V(r) "in only as a letter")

(2) Way how to mathematically express (r) (formula containing 

"some" coefficients: looking for (r) = looking for their values)

(3) Way how to mathematically express V(r) (formula containing 

"some" coefficients: determine V(r) = determine their values)

(4) Practical way how to visualize the wavefunctions (r)

What do we need                                    
(= what is described below 

= what has to be implemented in the software)
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There are more methods how to find the ground state.  

Below we show one of them (the most frequent one in praxis), 

other methods are discussed in KFY/MPPL. Starting points:

- We are considering electrons (i.e. fermions)

- There will be (only) non-relativistic time-independent 

Schrödinger equation

- Light electrons orbit around immovable heavy cores                

(i.e. the atom cores are present in the calculation as a source 

of Coulombian force, but we do not have to care about their 

wavefunction): Born-Oppenheimer approximation

- Similarly to atomic orbitals used to describe atoms, here we 

will consider molecular orbitals (the same term is used for 

molecules and solids) - el. states shared by more atoms

So how can we find many-body 

wavefunction / electronic structure
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When looking for a ground state, the equations can                  

(and, for the selected method, do) contain

1) Kinetic energy of electrons

2) Coulombian energy of electron-cores interactions

3) Coulombian energy of electron-electron interaction:

we do not consider interaction between electrons having 

exact coordinates ("balls"), but between clouds of electronic 

charge (density of clouds corresponds to the probability of 

occurrence of an electron: mean field approximation

4) Exchange and correlation energy: guarantees 

considering electronic spin and electronic self-interaction     

in a correct way (more precise definition in KFY/MPPL)

So how can we find many-body 

wavefunction / electronic structure
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Obtain N-body wavefunction from N single-body wavefunctions 

using the (antisymmetric!) Slater determinant

First crosscheck: switch xi and xj  change of sign

e.g. for 22: change from 1/2 [1(x1)2(x2)-1(x2)2(x1)]

to 1/2 [1(x2)2(x1)-1(x1)2(x2)]

Second crosscheck: i = j  two columns are identical  0

1(x1)     2(x1)       ...       N(x1)

1(x2)     2(x2)       ...       N(x2)

1(xN)     2(xN)      ...      N(xN)

So how can we find many-body 

wavefunction / electronic structure
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Other (more intuitive, but slower) methods are wavefunction-

based: minimizing energy which depends on wavefunction e

Eopt = minE[(r1,r2,…,rN)] 

3N-dimensional problem

Density functional theory (DFT) is density-based:

minimizing energy which depends on electronic density e

(also denoted ne), or densities e and e for unpaired spins

Eopt = mineE[e(r)] or E[e(r),e(r)]

3-dimensional problem

Density functional theory
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Reason why is the transition from a wavefunction-based to the  

density-based method allowed: 2 Hohenberg-Kohn theorems

1) electronic density uniquely defines all other characteristics 

of a system (including energy)

2) variational principle holds, i.e. electronic density leading 

to the lowest energy ( its zero derivative) is the ground 

state electron density

Nobel prize (Walter Kohn) 1998

Good thing is shorter calculation time (and its slower increase 

with number of electrons  description of larger systems)

Bad thing is that we do not know how the functional E[] exactly 

looks like (the aforementioned theorem only says that it exists)

Density functional theory
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Motivation: clearer equations, clearer i/o of programs

- resting mass of electron m0 = 1

- reduced Planck constant ħ = 1

- elementary charge e = 1

- Coulomb constant 1/40 = 1

Before the equations: atomic units
(also a.u. ... not to be confused with arbitrary units)

And the resulting derived units

- length: Bohr, Bohr radius 0.529177 Å

- time: 0.02419 fs

- energy: Hartree, Ha 27.211 eV

often used is also Rydberg, Ry 13.606 eV = Ha/2
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System of N equations, connected by density of a single 

electron cloud e(r): Kohn-Sham equations ("Schrödinger-like")

ĤKSi(r) = ii(r)

With detailed Hamiltonian

[-½ 2 + V(r) +∫e(r')/|r-r'|dr'+xc(e(r)) ] i(r) = ii(r)

-½ 2 Kinetic energy (in SI -ħ2/2m0 2)

V(r) Coulombian energy (interaction with atom cores)

∫e(r')/|r-r'|dr' Coulombian energy (interaction with other el.)

xc[e(r)] Exchange and correlation (xc) functional            

(also xc potential: derivative of xc energy by e)

DFT - Kohn-Sham equations
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ĤKSi(r) = ii(r)

[-½ 2 + V(r) +∫e(r')/|r-r'|dr'+xc(e(r)) ] i(r) = ii(r)

- Strictly speaking the equations describe a fictitious system     

of non-interacting electrons (interact with the electron cloud 

arising from them, but not explicitly one with another) 

DFT - Kohn-Sham equations
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ĤKSi(r) = ii(r)

[-½ 2 + V(r) +∫e(r')/|r-r'|dr'+xc(e(r)) ] i(r) = ii(r)

- Strictly speaking the equations describe a fictitious system     

of non-interacting electrons (interact with the electron cloud 

arising from them, but not explicitly one with another) having 

the same electron density e(r) like the real system

- Hohenberg-Kohn theorems allow us to believe the total energy 

of a system, while neither single-electron wavefunctions i

(Kohn-Sham orbitals) nor energies of individual orbitals i

"officially" do not have a physical meaning (there is no 

rigorous mathematical proof that they have any)

- However, in praxis the orbitals i as well as trends resulting 

from i "are reasonable"

DFT - Kohn-Sham equations
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In the KS Hamiltonian -½ 2 + V(r) +∫e(r')/|r-r'|dr'+xc(e(r))

we know the first 3 terms exactly, xc requires approximation. 

Briefly here, see KFY/MPPL for details.

1) xc depends only on electron density in the corresponding 

point: local density approximation, LDA

2) xc on electron density in the corresponding point and on its 

derivative (gradient): generalized gradient approx., GGA

3) xc on electron density in the corresponding point, on its first 

derivative and second derivative: meta-GGA

4) Parallel to points 1-3: in the case of unpaired spins, it is 

necessary to separately consider density of spins up and 

spins down: instead of local density approximation, LDA,     

we have local spin density, LSD

DFT - Exchange-correlation functional
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So we have a system of single-electron KS equations                                              

[-½ 2 + V(r) +∫e(r')/|r-r'|dr'+xc(e(r)) ] i(r) = ii(r)

Writing the equations is much simpler then solving them

So far, the wavefunctions  were in the equations without closer 

specification. In order to solve this system of equations, we have 

to represent  analytically, in some basis fj:

(r) = j cjfj(r)

Then, looking for  means looking for values of coefficients cj

There are many options which functions fj (which basis set)         

to choose, in a periodic system (simulation cell with periodic 

boundaries) plane waves are a frequent choice - see below

Representation of the wavefunction
(motivation)



prof. Jiří Houška (KFY FAV ZČU)

The Bloch theorem (chapter 6) justifies the possibility (not 

obligation) of representation in the form of linear combination    

of planewaves ("decomposition into sinusoids") 

 n,k(r) = Gcn,k(G)ei(k+G).r

Wavefunction calculation = calculation of values cn,k

There is an infinite number of relevant planewaves. We have to 

choose a finite subset of them, i.e. choose

 (1) density of vectors k (k-points) in the 1st Brillouin zone 

 (this defines "upper bound of wavelengths of sinusoids")

 (2) the longest considered vectors G

 (this defines "lower bound of wavelengths of sinusoids")

See below for further details concerning the finite subset choice

Representation of the wavefunction
(specifics for a periodic system)



prof. Jiří Houška (KFY FAV ZČU)

Chosen k-points are given in terms of 2/a1-3, from -1/2 to 1/2

1st option: manual picking of important k-points 

 - the most important one is -point 0,0,0

 - others can result from the crystal system, etc.

2nd option (more frequent): Monkhorst-Pack grid (mesh) 

 - e.g. grid "2 2 2" (8) - e.g. grid "3 3 3" (14)
 0 0 0 0 0 0 1/3 -1/3 0

 1/2 0 0 1/3 0 0 1/3 0 -1/3

 0 1/2 0 0 1/3 0 0 1/3 -1/3

 0 0 1/2 0 0 1/3 1/3 1/3 -1/3

 1/2 1/2 0 1/3 1/3 0 1/3 -1/3 1/3

 1/2 0 1/2 1/3 0 1/3 -1/3 1/3 1/3

 0 1/2 1/2 0 1/3 1/3

 1/2 1/2 1/2 1/3 1/3 1/3

 k and -k are always equivalent (only one of them is above)

 other subsets of k-points can be equivalent due to symmetries 

of individual crystal systems

Individual k-points can have different weights

k-points - which of them to choose
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Formation energy of the solid solution Ta0.5Ti0.5N             

(ETa0.5Ti0.5N - 0.5ETiN - 0.5ETaN)

To the right-hand side: 

- exactness increases

- but computing time

 increases as well

k-points - example of convergence

[from master thesis of V. Petrman]
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Opposite situation than for vectors k: here we do know the 

minimum length of vectors G (given by primitive reciprocal  

lattice vectors) and we are setting their maximum length used.

Again, a compromise between exactness and speed (that for 

k-points matters for crystalline materials, this for all materials).

In Hamiltonian there is a term corresponding to kinetic energy:

-ħ2/2m0 2 in SI units ( -½2 in atomic units)

So we introduce kinetic energy of plane wave ei(k+G).r :

ħ2/2m0 (k+G)2 in SI units ( ½(k+G)2 in atomic units)

Quantity given in praxis is not maximum length of vectors G,   

but directly the maximum value of this energy: energy cutoff

(typically hundreds eV, i.e. tens Ha or Ry)

G vectors (energy cutoff)
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Simple molecule B3N3H6

"where we know the 

correct result"

To the right there is 

increasing exactness of

- bond lengths

- bonding angles

- total energy

Increasing computing time

Energy cutoff - ex. of convergence
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Calculation

Computed energy of -Al2O3 1133.3904  eV/at.

Computed energy of g-Al2O3 1133.3466  eV/at.

Difference in the sixth valid digit   0.044    eV/at.

Experiment

21.7 kJ/mol  =  0.045 eV/at.

[ S. Zuzjakova et al., Ceram. Int. 41, 6020 (2015) ]

 "it works", but we need 7-8 valid digits in the result         

(the difference of energies fortunately converges faster        

than the energies themselves - many errors cancel out)

Example of necessary exactness
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Recall ĤKS = -½ 2 + V(r) +∫e(r')/|r-r'|dr'+xc(e(r))

If we describe quantum-mechanically (Kohn-Sham equations)  

all electrons, V(r) represent the role of cores. 

However, computational costs increase with the number of 

quantum-mechanically described electrons (almost t ~ N3). 

Thus, it is more practical to

 - assume than inner (non-valence) electrons are frozen 

  in the same states as in isolated atoms 

 - describe q.-mech. (Kohn-Sham eq.) only valence electrons

V(r) then represent the role of "ions" (cores + inner shells)

Transition metals: for high exactness, it is necessary to describe 

quantum-mechanically also one shell below valence electrons 

(semicore el., e.g. not only 3d2.4s2 but also 3s2.3p6 for Ti).

What is represented by V(r)
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As pointed out above: if we speed up calculations by describing 

quantum-mechanically (Kohn-Sham eq.) only valence electrons, 

V(r) represents interaction with core + inner (non-valence) 

electrons. The more complicated shape it has.

Replace V(r) by pseudopotentials

In order to simplify and speed up, 

we use pseudopotentials. 

Compared to the real potentials, 

they ignore high-frequency  

changes of (r) close to atom core 

(closer than rc - see the figure)

Again: more details in KFY/MPPL
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Software - ab-initio calculations

Commercial

- VASP (www.vasp.at)

- Gaussian (www.gaussian.com)

- GAMESS (www.cfs.dl.ac.uk)

- Crystal (www.chimifm.unito.it/teorica/crystal)

Free

- ESPRESSO (www.quantum-espresso.org / www.pwscf.org) 

- CPMD (www.cpmd.org)

- ABINIT (www.abinit.org)

Something is implemented practically everywhere                           

(DFT, ground state calculations)

Something is implemented only somewhere                                      

(Hartree-Fock and other methods, description of  by plane 

waves and k-points, molecular dynamics, visualization)
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Electronic structure calculations
input files of the package Quantum Espresso

1) occupied states - code pw.x

3) spin density  - code pp.x

4) spin density  - code pp.x

2) charge density - code pp.x

6) print density of states - code dos.x

7) projection of individual states 

(print of weight of individual states)   

on valence orbitals of individual 

atoms (orthogonalized atomic 

wavefunctions) - code projxfc.x

5) empty states - code pw.x

optional
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9) Mechanical properties

Atomic structure

1) Introduction, crystal structure

2) Bonding in solid materials

3) Vibrations and thermal properties

4) Classical calculations

Electronic structure

5) Role of free electrons

6) Band structure

7) Semiconductors

8) Quantum calculations

Functional properties

9) Mechanical properties

10) Optical properties

11) Photoinduced properties

12) Other functional properties

Special fields

13) Thermodynamics and solid solutions

14) Magnetism

15) Superconductivity

16) Amorphous materials
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Elastic tensor, strain tensor

Hooke's law 

- scalar (high school) form F = kstiffness.x, etc.

- tensor (realistic) form [] = [C].[]

or for individual components ij = klCijkl.kl (i,j,k,l = 1-3)

Stress tensor or 11 = xx , etc.

12 = xy , etc.
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Elastic tensor, strain tensor

Hooke's law 

- scalar (high school) form F = kstiffness.x, etc.

- tensor (realistic) form [] = [C].[]

or for individual components ij = klCijkl.kl (i,j,k,l = 1-3)

Stress tensor or 11 = xx , etc.

12 = xy , etc.

Stiffness tensor    Cijkl = 2(E/V0)/ijkl or Sijkl = Cijkl
-1

Strain tensor                                      ij = ½ (dui/dxj + duj/dxi) 

u is displacement vector
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Elastic tensor, strain tensor

Stiffness tensor    Cijkl = 2(E/V0) /ijkl

Regarding the difference between (n-dimensional) matrix    

and tensor: it is not the same. Tensor is an object which has  

(due to the rules for its transformation between different 

coordinate systems) geometrical meaning (note 1D vector). 

However, for a fixed coordinate system tensor can be 

represented by a matrix more or less safely. 

By the way: it should not be surprising that 

we are talking about tensors - this is the field

which the tensor calculus (lat. tensio = tension)

was originally developed for (Voigt, 1898)
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Elastic tensor, strain tensor

Thanks to symmetries (ij = ji, kl = lk, ijkl = klij) the notation can 

utilize Voigt notation 11→1, 22→2, 33→3, 23→4, 13→5, 12→6

 Hooke's law ij = klCijkl.kl

converts to i = Cij.j (j is also labelled ej)
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Elastic tensor, strain tensor

Thanks to symmetries (ij = ji, kl = lk, ijkl = klij) the notation can 

utilize Voigt notation 11→1, 22→2, 33→3, 23→4, 13→5, 12→6

 Hooke's law ij = klCijkl.kl

converts to i = Cij.j (j is also labelled ej)

definition Cijkl = 2(E/V0)/ijkl

converts to Cij = 2(E/V0)/ij

 deformation energy E/V0 = ij½Cijij

(used below)
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Elastic tensor, strain tensor

Be careful about physical meaning: factor '2' at 23, 13 and 12

Mathematical point of view: 

in sums klCijkl.kl there was separately kl

and separately lk , now we have only 1 term

Physical point of view:  

- du1/dx2 + du2/dx1 represents change of angle between 

previously normal vectors (shear angle)                                            

g12 = arctg (du1/dx2) + arctg (du2/dx1) , 

- for small angles (tg  =  [rad.]) it holds                                          

g12 = du1/dx2 + du2/dx1 ,                                                               

12 defined as = ½(du1/dx2 + du2/dx1)                                 

therefore corresponds to half of shear angle g12 = 6



prof. Jiří Houška (KFY FAV ZČU)

Elastic tensor, strain tensor

Be careful about physical meaning: factor '2' at 23, 13 and 12

Mathematical point of view: 

in sums klCijkl.kl there was separately kl

and separately lk , now we have only 1 term

Physical point of view:  

- du1/dx2 + du2/dx1 represents change of angle between 

previously normal vectors (shear angle) 

du1/dx2

du2/dx1

x1

x2

212 = e6
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No. of independent components of Cij

General case 21

Orthotropic system max. 9
(3 perpendicular planes of symmetry: cubic, 

hexagonal, orthorhombic, some tetragonal)

Various crystal lattices 3-21 (next slide)

Isotropic system 2
(amorphous on atomic scale; 

polycrystalline on macroscale)

=

-1
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Depends on crystal symmetry (crystal system)

Triclinic 21

Monoclinic 13

Orthorhombic 9 (C11, C12, C13, C22, C23, C33, C44, C55, C66)

Tetragonal 4/m (hkl  khl) 7 (C11, C12, C13, C16, C33, C44, C66)

Tetragonal 4/mmm (hkl = khl) 6 (C11, C12, C13, C33, C44, C66) 

Trigonal 3 (hkl  khl) 7 (C11, C12, C13, C14, C15, C33, C44)

Trigonal 3m (hkl = khl) 6 (C11, C12, C13, C14, C33, C44) 

Hexagonal 5 (C11, C12, C13, C33, C44)

Cubic 3 (C11, C12, C44)

Tetragonal, trigonal: depends on Laue class (hexagonal and 

cubic system also split to two Laue classes, but no effect on Cij)

No. of independent components of Cij
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Trigonal 3  (hkl  khl)  7 (C11, C12, C13, C14, C15, C33, C44)

Trigonal 3m  (hkl = khl)  6 (C11, C12, C13, C14, C33, C44) 

Hexagonal    5 (C11, C12, C13, C33, C44)

Some crystal systems have threefold or even sixfold rotational 

axis, normal to the plane (x,y) = (1,2) (let alone cubic and 

tetragonal which have it elsewhere). Does it really hold                

C11 = C22, despite the apparently non-equivalent stresses?

No. of independent components of Cij
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Trigonal 3  (hkl  khl)  7 (C11, C12, C13, C14, C15, C33, C44)

Trigonal 3m  (hkl = khl)  6 (C11, C12, C13, C14, C33, C44) 

Hexagonal    5 (C11, C12, C13, C33, C44)

Mathematician: invariance of a 2nd-order tensor against rotation 

of <180°  inv. against rotation of any angle around this axis

Physicist: invariance of Cij against rotation of 120° (hexagonal, 

trigonal) leads to invariance against rotation of 90° (C11 = C22), 

despite the geometrical difference between directions '1' and '2'

No. of independent components of Cij
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Depends on crystal symmetry (crystal system)

Triclinic    21

Monoclinic    13

Orthorhombic    9 

Tetragonal 4/m  (hkl  khl)  7 

Tetragonal 4/mmm (hkl = khl)  6  

Trigonal 3  (hkl  khl)  7 

Trigonal 3m  (hkl = khl)  6  

Hexagonal    5 

Cubic    3 

See also the hierarchy 

of crystal systems           

in the first chaper

No. of independent components of Cij
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Tetragonal 4/m (hkl  khl) 7 (C11, C12, C13, C16, C33, C44, C66)

Tetragonal 4/mmm (hkl = khl) 6 (C11, C12, C13, C33, C44, C66)

Example of relatively unsymmetrical structure

which is tetragonal, but does not have three

perpendicular planes of symmetry  7, not 6,

independent comp. of Cij: Scheelite CaWO4

(point group 4/m, space group I41/a

 only one slip plane)

No. of independent components of Cij
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Cubic

Tetragonal 7

Hexagonal,

Tetragonal 6

Trigonal 6

Trigonal 7

Orthorhombic

Hexagonal and Trigonal: C66 = (C11-C12)/2

No. of independent components of Cij



prof. Jiří Houška (KFY FAV ZČU)

Elastic moduli

Isotropic material: 4 most important moduli

1) Bulk modulus   B

2) Shear modulus   G

3) Young's modulus ( /) E = 9BG/(3B+G)

4) Poisson's ratio (- transverse/axial)  = (3B-2G)/(6B+2G)

Which well known solid has zero Poisson's ratio                     

(fixed dimension perpendicular to the stress)?
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Elastic moduli

Isotropic material: 4 most important moduli

1) Bulk modulus   B

2) Shear modulus   G

3) Young's modulus ( /) E = 9BG/(3B+G)

4) Poisson's ratio (- transverse/axial)  = (3B-2G)/(6B+2G)

Which well known solid has zero Poisson's ratio                     

(fixed dimension perpendicular to the stress)?

Cork: 

this is why it is relatively 

easy to unplug bottles
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Elastic moduli

Isotropic material: 4 most important moduli

1) Bulk modulus B

2) Shear modulus G

3) Young's modulus ( /) E = 9BG/(3B+G)

4) Poisson's ratio (- transverse/axial)  = (3B-2G)/(6B+2G)

Only two moduli are independent, the other can be calculated:

E = 9BG/(3B+G) = 2G(1+) = 3B(1-2)

Monocrystals have directionally dependent E and other moduli

 tungsten, by chance,

does not: here almost

exactly holds

C44 = (C11-C12)/2

[ R.W. Hertzberg, Deformation and Fracture Mechanics of Engineering Materials ]
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Elastic moduli

Isotropic material: 4 most important moduli

1) Bulk modulus   B

2) Shear modulus   G

3) Young's modulus ( /) E = 9BG/(3B+G)

4) Poisson's ratio (- transverse/axial)  = (3B-2G)/(6B+2G)

Only two moduli are independent, the other can be calculated:

E = 9BG/(3B+G) = 2G(1+) = 3B(1-2)

Anisotropic material, fixed strain everywhere: Voigt

(averaging Cij over all orientations),

polycr. mat.: BVoigt & GVoigt = upper bounds of B & G

Anisotropic material, fixed stress everywhere: Reuss

(averaging Sij = Cij
-1 over all orientations),

polycr. mat.: BReuss & GReuss = lower bounds of B & G
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Relation of [C] and elastic moduli
starting format

Voigt (averaging Cij): 

A = (C11+C22+C33)/3, B = (C23+C13+C12)/3, C = (C44+C55+C66)/3



BVoigt = (A+2B)/3   e.g. for cubic (C11+2C12)/3

GVoigt = (A-B+3C)/5   e.g. for cubic (C11-C12+3C44)/5

Reuss (averaging Sij = Cij
-1):

A' = (S11+S22+S33)/3, B' = (S23+S13+S12)/3, C' = (S44+S55+S66)/3



BReuss = 1/(3[A'+2B']) e.g. for cubic (C11+2C12)/3

GReuss = 5/(4[A'-B']+3C') e.g. for cubic 5/(4/[C11-C12]+3/C44)
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A = (C11+C22+C33)/3, B = (C23+C13+C12)/3, C = (C44+C55+C66)/3

A' = (S11+S22+S33)/3, B' = (S23+S13+S12)/3, C' = (S44+S55+S66)/3

Formulas include 9 (not all 21) comp. Cij a Sij. Even less of them 

are independent (cubic 3, trigonal & hexagonal 5, tetragonal 6)

Tetragonal with 6  7 components Cij: difference in the comp.    

C16 which is not explicitly included in formulas on previous slide 

 the same formulas for Voigt limits as functions of Cij

 the same formulas for Reuss limits as functions of Sij

Trigonal with 6  7 components Cij (and hexagonal): difference in 

C15 (and C14) which is not on previous slide  same formulas

Orthorhombic, monoclinic and triclinic: all 9 components Cij 

from previous slide are independent  same formulas

Relation of [C] and elastic moduli
simplification due to symmetries of some crystal systems
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Tetragonal with 6  7 components Cij

Trigonal with 6  7 components Cij (and hexagonal) 

Orthorhombic, monoclinic and triclinic

 the same formulas for Voigt limits as functions of Cij

 the same formulas for Reuss limits as functions of Sij

Although some components of Cij, e.g. C14 for trigonal, are not in 

Voigt formulas, they are hidden in the calculation of Sij = Cij
-1

 different formulas for Reuss limits as functions of Cij,                  

differences between aforementioned crystals start to play role

(see two following slides for some of them)

Relation of [C] and elastic moduli
simplification due to symmetries of some crystal systems
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BVoigt =

(C11+2C12)/3 [cubic]

(2C11+2C12+C33+4C13)/9 [hexagonal, trigonal, tetragonal]

BReuss =

(C11+2C12)/3 [cubic]

c2/M [hexagonal, trigonal, tetragonal]

where c2 = (C11+C12)C33-2C13
2 a M = C11+C12+2C33-4C13

(in some sources c instead of c2)

Relation of [C] and elastic moduli
user format (for selected crystal systems)
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GVoigt =

(C11-C12+3C44)/5 [cubic]

(M+12C44+12C66)/30 [hexagonal, trigonal] where C66 = (C11-C12)/2

(7C11-5C12-4C13+2C33+12C44)/30 [hexagonal, trigonal] after subst. for M and C66

(M+3C11-3C12+12C44+6C66)/30 [tetragonal]

GReuss = 

5/(4/[C11-C12]+3/C44) [cubic]

5c2C44C66/                 (6BVoigtC44C66                         +2c2[C44+C66]) [hexagonal]

5c2(C44C66-C14
2)/       (6BVoigt[C44C66-C14

2]       +2c2[C44+C66]) [trigonal 6]

5c2(C44C66-C14
2-C15

2)/ (6BVoigt[C44C66-C14
2-C15

2] +2c2[C44+C66]) [trigonal 7]

5/(6BVoigt/c
2+2/[C11-C12]+2/C44+1/C66) [tetragonal 6]

5/(6BVoigt/c
2+2/[C11-C12]+2/C44+[{C11-C12}

2+4C16
2]/[{C11-C12}

2C66-2{C11-C12}C16
2]) [tet. 7]

Relation of [C] and elastic moduli
user format (for selected crystal systems)
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Relation of B and mater. deformation

Assume change of materials volume (compression) at fixed 

ratios of lengths of lattice vectors and angles between them 

Let's calculate ground state energy (i.e. wavefunction 

optimization) for several volumes V (example for TiN) ... 

... and fit proper curve E(V)
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Definition B = [d2(E/V0)/d(V/V0)
2]V0

= V0[d2E/dV2]V0

 Parabolic fir seems natural E = E0 + ½ B (V-V0)
2/V0

B = 277 GPa

V0 = 100.42 % of first assumption

a0 = 4.255 Å

Parabolic fir is not exact, because B is pressure dependent:      

B = B0 + B'P , where 

- B0 is the value of B for preferred volume V0 (zero pressure)

- B' is derivative of B by pressure P (typically around 4 [-])

Relation of B and mater. deformation
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B = 277 GPa

V0 = 100.42 % of first assumption

a0 = 4.255 Å

B' = 0 (assumption)

Better fit can be obtained e.g. by Birch equation of state

E = E0 + 9/8 B0V0([V0/V]2/3-1)2 + 9/16 B0(B'-4)V0([V0/V]2/3-1)3

B0 = 272 GPa

V0 = 99.92 % of first assumption

a0 = 4.248 Å

B' = 4.2

Despite "similar" curves, differences in B0 & a0 are measurable

Relation of B and mater. deformation
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Better fit can be obtained e.g. by Birch equation of state

E = E0 + 9/8 B0V0([V0/V]2/3-1)2 + 9/16 B0(B'-4)V0([V0/V]2/3-1)3

  B0 = 272 GPa

  V0 = 99.92 % of first assumption

  a0 = 4.248 Å

  B' = 4.2

Values of B' 

- often B'  4

- sometimes B' < 0 (pressure induced softening in some range), 

 associated with negative thermal expansion coefficient

 (chapter 3)

Relation of B and mater. deformation
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Better fit can be obtained e.g. by Birch equation of state

E = E0 + 9/8 B0V0([V0/V]2/3-1)2 + 9/16 B0(B'-4)V0([V0/V]2/3-1)3

Los Alamos 1945: Jens Birch took a leave at Harvard, and           

- as a Lieutenant Commander of US Navy - works on the bomb 

Little Boy of Hiroshima (on the right Norman Ramsey, NC 1989).

Relation of B and mater. deformation
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There are more equations of state

Relation of B and mater. deformation
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Relation of Cij and mater. deformation

Again, express energy as a function of deformation (more 

generally, not isotropic deformation 1 = 2 = 3 =  used above)

E/V0 = ij½Cijij (see above), 

and apply as many deformation tensors, as many

independent components of Cij are we looking for

Diagonal terms (C11, C22, etc.) can be calculated by single def. 

Non-diagonal terms (C12, C13, etc.) from system of equations.

It is welcomed when a deformation [] preserves 

- fixed volume

- crystal symmetry
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How to calculate [C] - cubic system

3 independent components C11, C12, C44  3 def. tensors          

(one of them can be that one which is anyway used for                               

- usually preceding - calculation of B and a0)

E/V0 = ij½Cijij =                                                      

½C11(1
2+2

2+3
2) + C12(12+23+31) + ½C44(4+5

2+6
2)

There is an important possibility to decrease the error to O[4] 

by averaging energies calculated for  and -

[ ] E/V0 note

1 1 = 2 = 3 =  3/2(C11+2C12) 

2 

cross-check from the definition of B:

½(V/V0)
2B = ½(3 )2B = 9/2 

2B

see calc. of B: for cubic 

system B = (C11+2C12)/3

2 1 = , 2 = -, 

3 = 

2/(1- 

2)

(C11-C12) 

2 + O[ 

3] volume conserving

3 3 = 

2/(4- 

2)

6 (212) = 

½C44 

2 + O[ 

3] volume conserving
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6 independent comp. C11=C22, C12, C13=C23, C33, C44=C55, C66      

 6 deformation tensors (again: or 5 + 1 used for B0, a0)

[] E/V0 note

1 1 = 2 =  (C11+C12) 

2 + O[ 

3]

2 1 = 2 = ,

3 = - (2+ )/(1+ )2

(C11+C12+2C33-4C13) 

2 + O[ 

3]

3 3 =  ½C33 

2 + O[ 

3]

4 1 = [(1+)/(1-)]0.5 - 1,

2 = [(1-)/(1+)]0.5 - 1

(C11-C12) 

2 + O[ 

4]

5 3 = 

2/4

4 (223) = 5 (213) = 

C44 

2 + O[ 

4] example of aforementioned 

efforts to preserve symmetry 

(non-zero 4 and 5, although  

only 4 or 5 would be enough)

6 1 = 2 = (1+ 

2/4)0.5 - 1,

6 (212) = 

½C66 

2 + O[ 

4]

How to calculate [C] - tetragonal sys.

There is an important possibility to decrease the error to O[4] 

by averaging energies calculated for  and -



prof. Jiří Houška (KFY FAV ZČU)

5 independent comp. C11=C22, C12, C13=C23, C33, C44=C55

 5 deformation tensors (again: or 4 + 1 used for B0, a0)

Deformations can be the same as used or tetragonal system     

(i.e. let's omit another table); 5 deformations is enough because 

here C66 = ½[C11-C12]

How to calculate [C] - hexagonal sys.
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Important "peculiarity": consider deformation tensor 4 = 

- for perpendicular vectors,  is the change of angle (in rad.) 

|a 0 0 |    |1 0    0   |     |a 0      0    |

|0 b 0 |  |0 1    /2 | =  |0 b      b/2 |

|0 0 c |    |0 /2 1   |     |0 c/2 c     |

i.e. cos =  (scalar product of 2nd and 3rd vector)   = 90°-

- in the case of hexagonal system we get
|a 0        0 |    | 1 0    0   |    | a 0        0        |

| -a/2 3a/2  0 |  | 0 1    /2 | = | -a/2 3a/2 3a/4 |

| 0       0      c |    | 0 /2 1   |    | 0      c/2   c        |

i.e. cos  = 3/2   = 90° - 3/2   

If the construction of deformed hexagonal cell included   

incorrect angle change of  and not of 3/2, we would get

E/V = ½C44right
(2/3)2 = ½C44wrong

2 , i.e. C44right
= 3/4 C44wrong

How to calculate [C] - hexagonal sys.

the order of multiplication is valid for row lattice vectors

for column lattice vectors

(also frequent convention) the order has to be opposite



prof. Jiří Houška (KFY FAV ZČU)

Cubic CrN, the above deformation 3 =2/(4-2), 6 (212) = 

with the aim to find C44 (= C55 = C66): E/V0 = ½C442

Similarly like for B and a0: the fit has to be VERY good for  

exact Cij (correlation 0.9995 for the present range and  

number of points therein; e.g. 0.99 is catastrophically low) 

How to calculate [C] - example
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Born stability criteria

Relationships which have to hold in order to allow material's 

existence (in stable or metastable state). In general

ij½Cijij > 0 for any deformation []

Cubic system: 

C11+2C12 > 0

C11-C12 > 0

C44 > 0

Hexagonal and tetragonal system

(C11+C12)C33-2C13
2 > 0

C11-C12 > 0

C44 > 0

C66 > 0 (for hexagonal guaranteed by C66 = ½[C11-C12])
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Uniqueness of calculated results
(contrary to "differently well" performed experiments)
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Agreement of theory and experiment

▪ Calculation for TiN 
[from elastic tensor -

J. Houska et al., J. Phys.: Condens. 

Matter 21, 285302 (2009) ]

B = 274 GPa (bulk modulus)

G = 191 GPa (shear modulus)

E = 464 GPa (Young's modulus)

▪ Experiment for TiN
[surf. Brillouin scattering, vibrating 

reed - S. Veprek et al., J. Phys. 

Chem. Solids 71, 1175 (2010) ]

B = 295  25 GPa

G = 190  15 GPa

E = 445  15 GPa

▪ It is necessary to measure the moduli correctly (e.g. by more 

demanding - but more reliable - techniques than indentation)

▪ It is necessary to measure "correct material" (without 

impurities, defects, content of amorphous phase, etc.)
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Hardness

Contrary to elastic moduli, this is not a physical quantity !

So it is not exactly part of solid state physics (but is should be 

part of a lecture about mechanical properties) ... so only briefly



Dependence on the way of processing the loading-unloading 

curves. Stormy debates.

one of few exclamation marks in the presentation
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dr. Fischer-Cripps: "using our new technique of processing 

the Veprek's loading-unloading curves, 

we get hardness of his nc-TiN/Si3N4 of 

55 GPa, not his claim of 100 GPa"

prof. Veprek: "I explained to you years ago that hardness   

of diamond measured using your technique is 

55 GPa as well, so we prepared materials as 

hard as diamond anyway ... and furthermore, 

your technique leads to less correct value of 

Young's modulus of superhard materials"

Contrary to elastic moduli, this is not a physical quantity !

So it is not exactly part of solid state physics (but is should be 

part of a lecture about mechanical properties) ... so only briefly



Dependence on the way of processing the loading-unloading 

curves. Stormy debates, for illustration:

Hardness
one of few exclamation marks in the presentation
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Contrary to elastic moduli, this is not a physical quantity !

So it is not exactly part of solid state physics (but is should be 

part of a lecture about mechanical properties) ... so only briefly



Dependence on maximum load used for the indentation.

Fortunately, indentation yields also the Young's modulus, which 

is - contrary to hardness - physical quantity and as such can be 

independently checked by other techniques and calculations.
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Example for SiBCN (7.2 m thick) 
[figure from thesis of J.H.]

Hardness
one of few exclamation marks in the presentation
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Which elastic modulus best correlates with hardness?

For a long time, bulk modulus B was a candidate                            

( and candidate for hard-as-diamond material [B = 443 GPa] 

was/is -C3N4 [predicted - Liu and Cohen - B = 427 GPa] )

Counterexample: metals with high-density of valence electrons 

(right part of the table) have high B (dense cloud of electrons is 

difficult to compress), but low hardness. E.g. Os has B = 395-

462 GPa (like diamond), but H = 4 GPa (diamond 100 GPa).

Better correlation with hardness exhibits shear modulus G.     

No surprise - shear is what we perform when indenting                    

a tip into material.

Hardness
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Which elastic modulus best correlates with hardness?

For a long time, bulk modulus B

was a candidate                             

Better correlation with hardness 

exhibits shear modulus G

More ambitious empirical formulas 

exist as well, e.g. in the cited paper 

H = 2(G3/B2)0.585-3

Hardness
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Hardness

The topic is even more complicated when it does not inlcude 

only small deformations of ideal crystals. Again, for illustration:

1953 A.H. Cottrell: 

Work hardening was the first problem to be attempted by 

dislocation theory and may be the last to be solved 

2003 U.F. Kocks & H. Mecking: 

Work hardening is as hopeless as ever

2009 L. Kubin: 

There is presently no generally accepted theory explaining 

how and why organized dislocation microstructures emerge 

during plastic flow

[presentation of K. Davoudi 2015]
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Other mechanical properties

What is the difference between ductility and toughness? 
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What is the difference between ductility and toughness? 

Ductility says how high deformation (geometrically -

regardless the deformation energy) can be absorbed by the 

material (x-coordinate of the end of curve)

Toughness says how high deformation 

energy can be absorbed by the material 

(area below the curve)

Thus, the quantities are not proportional -

for high toughness we need not only high

ductility, but also high strength

Other mechanical properties
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How long fiber of various materials (for now alphabetically) 

tears due to its own weight in the Earth's gravity field?

Material

Ag

Al

Au

Cu

Fe

kevlar fiber

nylon fiber

steel

(strongest found)

spider fiber

(example)

Pb

glass

Ti

carbon fiber

(really produced)

W

Other mechanical properties
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Material

Ultimate tensile 

strength (MPa)

Density 

(gcm-3)

Maximal 

length (km)

Pb 12 11.35 0.11

Au 100 19.32 0.53

sklo 33 2.53 1.3

Ag 170 10.5 1.7

Al 50 2.7 1.9

Cu 220 8.92 2.5

Fe 350 7.87 4.5

W 1510 19.25 8.0

Ti 370 4.54 8.3

steel 

(strongest found) 2693 8 34

spider fiber

(example) 1000 1.3 78

nylon fiber 900 1.13 81

kevlar fiber 3757 1.44 266

carbon fiber

(really produced) 6370 1.8 361

How long fiber of various materials (for now alphabetically) 

tears due to its own weight in the Earth's gravity field?

dmax = max/(.g)

Other mechanical properties
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▪ Ratio B/G : ~ductility

▪ Cauchy pressure, for cubic system C12-C44 :                    

also ~ductility (sometimes directly  

limit C12-C44 > 0  ductile)

- thus, these quantities are also

mutually proportional

- for similar materials both of them

increase with valence el. density

▪ Ratio H/E : officially ~elastic strain to failure                         

(e.g. Leyland a Mathews 2000)

▪ Ratio H3/E2 : officially ~resistance to plastic deformation 

(e.g. Tsui 1995; overlaps with definition of H)

[ Petrman et al., J. Mater. Sci. 48, 7642 (2013) ]

Other mechanical properties



prof. Jiří Houška (KFY FAV ZČU)

Achievable mechanical properties 

B/G



remark about cork ( = 0) at the beginning of the chapter
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Relationship of ductility and structure

Deformation (of ductile materials) most easily takes place  

along slip planes - planes with high atomic density,                     

ideally close packed

Slip plane + slip direction in the slip plane                                     

= slip system

Von Mises criterion for ductile material:

at least 5 different slip systems. Why this number? 
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Deformation (of ductile materials) most easily takes place  

along slip planes - planes with high atomic density,                     

ideally close packed

Slip plane + slip direction in the slip plane                                     

= slip system

Von Mises criterion for ductile material:

at least 5 different slip systems. Why this number? 

Deformation tensor has 6 components ij (see above). Fixed 

volume (we are interested in deformation changing only shape) 

 5 independent components. Thus, 5 different slip systems 

are necessary in order to easily realize any small deformation 

(by each crystal in polycrystalline material) without cracking. 

Relationship of ductility and structure
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Von Mises criterion for ductile material: 5 different slip systems. 

Structure hcp: 1 slip plane (close packed)

 3 slip directions = 3 slip 

systems  brittle

Structure fcc: 4 slip planes (close packed {111})

 3 slip directions = 12 slip 

systems  ductile 

(e.g. g-Fe, austenite)

Structure bcc: 48 slips systems, but (i) too many - they interfere 

and (ii) slip planes are not close packed 

compared to fcc relatively brittle (e.g -Fe, ferrite)

Relationship of ductility and structure
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The aforementioned criterion is consistent e.g. with Poisson's 

ratio . In the table for selected transition metals, including 

- four with the highest  (Au, Nb, Pd, Pt) 

(easily deform)

 predominantly fcc

- four with the lowest  (Zn, Os, Y, Cr) 

(do not deform, rather crack)

 predominantly hcp

symbol  structure

Au 0.44 fcc

Nb 0.4 bcc

Pd 0.39 fcc

Pt 0.38 fcc

... ... ...

Ag 0.37 fcc

... ... ...

Cu 0.34 fcc

... ... ...

Fe 0.29 bcc

... ... ...

Zn 0.25 hcp

Os 0.25 hcp

Y 0.24 hcp

Cr 0.21 bcc

Relationship of ductility and structure



prof. Jiří Houška (KFY FAV ZČU)

Au, Ag, Cu combine non-reactivity (note the full d-orbital)           

with deformability (fcc structure, and weak covalent bonds                 

- again note the full d-orbital), therefore good for craftsmen

Relatively harder iron is used differently
symbol  structure

Au 0.44 fcc

Nb 0.4 bcc

Pd 0.39 fcc

Pt 0.38 fcc

... ... ...

Ag 0.37 fcc

... ... ...

Cu 0.34 fcc

... ... ...

Fe 0.29 bcc

... ... ...

Zn 0.25 hcp

Os 0.25 hcp

Y 0.24 hcp

Cr 0.21 bcc

Gold is for the mistress, silver for the maid,

Copper for the craftsman cunning at his trade.

"Good!" said the Baron, sitting in his hall,

"But Iron, Cold Iron, is master of them all."

Stříbro je pro děvčátko, zlato je pro paní,

měď, ta je pro umělce, jenž zná se v tepání

"Dobrá," řekl si baron, v své tvrzi zakopán,

"ale železo, chladné železo, je všeho světa pán."

Relationship of ductility and poetry
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Let's start with derivation of Newton's formula (developed for 

gas; see the next slide for solids - but the principle is the same)

Pressure wave passes through the

cube in figure for dt = dx/v, for this

time the forces acting on the front

and the back face are different.

Resulting force is dF = -dPdydz,

mass of cube is dm = dxdydz



acceleration is dv = dF.dt/dm = -dP/(v)

Continuity equation v = konst.   dv + vd = 0  dv = -vd/



v2 = dP/d

Speed of sound
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In the case of gas (and liquid) the stress (pressure P) is 

isotropic. The resulting deformation (stress-strain relationship) 

is therefore described by the bulk modulus B = -V.dP/dV 

(complementary to the aforementioned definition B via dE). 

Liquid has some B, in the case of isothermic gas B = P.

P (gas) = B (liquid) = -V.dP/dV 

 utilize .V = konst.  V/dV = /d

P (gas) = B (liquid) = .dP/d

 substitute to v2 = dP/d (previous slide) 

v2 = B/

In the case of solid, the isotropic pressure P is replaced by 

anisotropic stress  (stress tensor ), and the bulk modulus B

is replaced in the formula by another elastic modulus M:

v2 = M/

Speed of sound (more specifically)
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v2 = B/

In the case of solid, the isotropic pressure P is replaced by 

anisotropic stress  (stress tensor ), and the bulk modulus B

is replaced in the formula by another elastic modulus M:

v2 = M/

Shear wave: M = G

Longitudinal wave in 1D case: M = E

Longitudinal wave in 3D case: M = 1/1 for 2-6 = 0  

(see next slide)

Important for elastic moduli measurements (not by indentation)

Speed of sound (more specifically)



prof. Jiří Houška (KFY FAV ZČU)

Longitudinal wave in 3D case (1/1 = ? for 2-6 = 0)

From Hooke's law applied to isotropic materials, or basically 

from definition of E and 

(1-2-3)/E = 1

(-1+2-3)/E = 2 = 0 

(-1-2+3)/E = 3 = 0

 (solution is quick due to obvious symmetry 2=3)

2 = 3 = 1/(1-)

 (after substituting to the first equation)

1/1 = E(1-)/(1--22) (or E in the 1D case - thin rod -

where  has no role)

 (using relationships between elastic moduli above)

1/1 = B+4/3G (usually in this form: 

so called longitudinal modulus) 

Speed of sound (more specifically)
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Starting point v2 = dP/d = M/

Isothermal gas: 

PV = const.  PdV = -VdP  v2 = dP/d = P/

Adiabatic gas (Laplace's correction of Newton): 

PV = const.  PdV = -VdP  v2 = dP/d = P/

Solids, longitudinal wave in 1D rod (thinner than wavelength):

v2 = E/

Solids, longitudinal wave in 3D:

v2 = (B+4/3G)/

Solids, shear wave 

v2 = G/

Liquid 

v2 = B/ see isotherm. gas (where P = B) or solid with G = 0

Speed of sound (summary)



prof. Jiří Houška (KFY FAV ZČU)

Adiabatic gas (Laplace's correction of Newton): 

 PV = const.   PdV = -VdP  v2 = dP/d =  P/

Crosscheck against the expectation based on thermodynamics:

equipartition theorem

3kBT/2 = mv2/2 (per atom)  3RT/2 = Mv2/2 (per mole)

in parallel, there is the equation of state

PV = nRT  PM = RT



v2 = 3RT/M = 3P/

As expected, the speed of sound                                                        

is on the same order as the speed of molecules

Speed of sound
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Water: B = 2.2 GPa,  = 1000 kg/m3  v = (B) = 1500 ms-1

Value which a hero - young physicist - of a movie Explosion at 

5 pm tried to check by throwing calcium carbide to water      

(CaC2 + 2H2O → Ca(OH)2 + C2H2)

Speed of sound (exp.)

screenshots from the movie Explosion at 5 pm  

(by the book Explosion at 6 pm ...                 

so the camera had enough light)

"We exaggerated the load a bit.                     

But I am not chemist, I am physicist"

Lost in translation
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Solids, longitudinal wave (p-wave)

v2 = (B+4/3G)/

Solids, shear wave (s-wave)

v2 = G/

Liquid 

v2 = B/

In addition to surface waves (which do most of destruction),     

p- and s-waves travel from the epicenter through the Earth:

- dead angles (shadow zone)  Earth core dimensions

- region where we register longitudinal waves only

(shear wave cannot travel in a liquid with G = 0) 

 outer part of the core is liquid

Earthquake
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Although the Earth core is mostly of Fe and Ni, it cannot 

constitute a permanent magnet (T>TC, Ohmic decay)

However, it can constitute a self-consistent dynamo: 

- liquid state of outer core allows flows of conductive material

- inner core is a source of energy or them (e.g. latent heat)

- Earth rotation arranges all flows in the same direction

Why is it good that the outer part of 

the Earth core is liquid: Geodynamo

conductive disc rotates in 

mag. field B0  separation       

of + and - charge

regions of + and - charge can be 

connected by conductor  current 

creates mag. field B replacing B0

the movable conductive medium in the 

Earth is not metal disc, but elements of 

molten metal outer core
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As shown above, only longitudinal waves can transmit through a 

liquid, transmission of transverse waves is prevented by G = 0.

All of that is valid for a bulk of the liquid. Surface waves           

(also called gravitational waves) are a different topic. 

Surface waves



prof. Jiří Houška (KFY FAV ZČU)

10) Optical properties

Atomic structure

1) Introduction, crystal structure

2) Bonding in solid materials

3) Vibrations and thermal properties

4) Classical calculations

Electronic structure

5) Role of free electrons

6) Band structure

7) Semiconductors

8) Quantum calculations

Functional properties

9) Mechanical properties

10) Optical properties

11) Photoinduced properties

12) Other functional properties

Special fields

13) Thermodynamics and solid solutions

14) Magnetism

15) Superconductivity

16) Amorphous materials
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Interaction of light with matter depends on polarization 



Thus, the stuff below is valid for fully polarized light

(superposition of two linearly polarized components                   

with fixed phase shift)

Introduce plane of incidence: plane

(perpendicular to surface) which contains

both the incident and the reflected beam

How to express the light polarization?

Ratio of amplitudes and phase shift of 

- 'p' component (in plane of incidence) and 

- 's' component (perpendicular to plane of incidence)

Polarized light
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Which kinds of polarization exist?

(1) linear

(phase shift 0° independently     

of the ratio of amplitudes)

(2) circular

(phase shift 90° and the same 

amplitudes)

(3) elliptic

(general case; therefore the term 

ellipsometry)

Polarized light
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Relevant quantities for the interaction of light with boundary  

(all of them are dimensionless) :

either complex relative permittivity  = 1 + i2
(the word 'relative' if often omitted in this context)

or complex refractive index n = n + ik

where  = 1 + i2 = n2 = (n+ik)2

real refractive index n and extinction coefficient k are called      

optical constants (but depend on the wavelength)

Optical constants
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Optical constants
dependence on wavelength

for E<Eg (band gap) ideally                   

k=0 and n monotonically                                               

decreases with 

therefore, value for a single

wavelength (often =550 nm)

has a high information content
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for E<Eg (band gap) ideally           generally it does not

k=0 and n monotonically                                               

decreases with 

therefore, value for a single      generally it has not: for 

wavelength (often =550 nm)          example, 550 nm can be     

has a high information content        close to the band gap edge

Optical constants
dependence on wavelength
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for metals E>Eg=0 everywhere

 the dependencies are 

unpredictable without                    

a more detailed calculation  

Optical constants
dependence on wavelength
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not all optical constants  

are in the databases 

correctly ...

Optical constants
dependence on wavelength
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For low  (1015 Hz; E<Eg)                  

electronic excitation take place          

(crucial for us; previous slides)

For higher  (1012 Hz)                        

bond vibrations take place                             

(details in chapter 3)

For very high  (106 Hz) polarization 

of whole material (not only that of 

electron cloud) takes place if it is 

possible: ionic and dipole relaxation

Increasing  leads to increasing 

absorption by free charge carriers,      

if they are present (chapter 5,        

further details below)

Optical constants
dependence on wavelength in wider range
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similar dependence like that 

given for n of wide band gap 

materials is valid also for     

n of atmosphere (before 

corrections due to T, water 

vapour, etc.)



green light refracts more 

than red and yellow, and       

in the moment of sunrise / 

sunset it is the only one 

which makes it above the 

horizon (green flash)

Optical constants
dependence on wavelength - green flash
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Well known phenomenon, 

from engravings in                  

Jules Verne books 

(Le rayon vert, 1882) ...

... to photos from wikipedia

Optical constants
dependence on wavelength - green flash
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Lost in translation

Optical constants
dependence on wavelength - green flash
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Optical constants
physical meaning and possible values

Real refractive index n

- phase velocity of light in a material vf = c/n

- it is possible n< 1  vf > c (theory of relativity is ok with that: 

the speed of information transfer is not phase velocity (k)/k,       

but group velocity [velocity of wave packets] d(k)/dk )

- it is possible n< 0 (metamaterials with a periodic structure 

 [shorter period than the wavelength])

Extinction coefficient k

- absorption by layer of a thickness d is given by factor e-d

where absorption coefficient  = 4k/ (i.e. for given k

 the absorption does not depend on thickness, 

 but on a ratio of thickness and wavelength)
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Optical constants
physical meaning and possible values

The cause of slowering the light (vf = c/n), and in turn refractive 

index, is the atomic polarizability (recall meaning of permittivity). 

At a given number of electrons, the polarizability increases with 

the size of atom (ion).

The transition of electrons from

metallic cations to oxygen anions

in ionic metal oxides increases the

polarizability of O2- and vice versa. 

However, highly polarizable cations

(Ba2+, Pb2+) exist as well.

[ S. Karlsson et al., Opt. Mater. Express 6, 1198 (2016) ]
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Surface plasmon resonance

As mentioned above, 1 + i2 = (n+ik)2

Real part of the permittivity 1 = n2-k2 can be negative

Possible consequence is a surface plasmon:                                 

electromagnetic wave (collectively oscillating surface electrons) 

travelling along boundary of materials with 1 < 0 and 1 > 0 

(boundary between some metals and dielectric or air)

Collective excitation of electrons, similar to a collective 

exciation of atoms, i.e. phonon (chapter 3)

Surface plasmon resonance: 

maximum absorption of p-polarized light - its energy                 

is obtained by this wave, at a resonance condition 

1_metal() = -1_dielectric(), and for proper angle of incidence   

(always such which corresponds to total internal reflection)
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Localised surface plasmon resonance

Surface plasmon resonance: 

maximum absorption of p-polarized light - its energy                 

is obtained by this wave, at a resonance condition 

1_metal() = -1_dielectric(), and for proper angle of incidence   

(always such which corresponds to total internal reflection)

Localized surface plasmon resonance:                              

metal nanoparticles instead of a flat metal surface,                 

in the small particle limit d <<  the resonance takes place for

(1_metal() + 21_dielectric())2 + 2_metal()2 = 0, i.e. for

1_metal() = -21_dielectric() and as low 2_metal as possible

More general for of the first condition

1_metal() = -([m+1]/m)1_dielectric()

where m = 1 for dipole resonance, 2 for quadrupole, etc.
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Localised surface plasmon resonance

Lycurgus cup (year 300)

Glass + nanoparticles of silver (330 ppm) and gold (40 ppm)

Size of nanoparticles 70 nm

color in transmissioncolor in reflection
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Extinction coefficient is >0 

below 1100 nm, but steeply 

increases below 400 nm

Optical constants
role of band gap



prof. Jiří Houška (KFY FAV ZČU)

Extinction coefficient is >0 

below 1100 nm, but steeply 

increases below 400 nm

due to increasing probability      

of transitions - no change of 

momentum (phonon) required

(details in chapter 6)

Optical constants
role of band gap
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Dependence on the concentration of free charge carriers:                   

decrease transmittance for long wavelengths (low energies)

details / equations in chapter 5

(2 = 2nk [at almost constant n]  ħ3dc/02E3)

Optical constants
dependence on doping
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Dependence not only on composition and crystal system,                      

but also on size of crystals

Optical constants
dependence on crystallinity
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for given composition of a material,

the dependence of refractive index

on density is almost linear

in the transparent (E<Eg) range

quantification: Lorentz-Lorenz

(Clausius-Mossotti) relationship

(-1)/(+2) = 4N/3

- N is density of polarizable particles

-  is their polarizability (dipole moment p = E)

-  is for historical reasons often given in m3 (the product N, 

polarizability per volume, is then really dimensionless), 

in SI it is necessary to divide the right side by 40.

Optical constants
dependence on density
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for given composition of a material,

the dependence of refractive index

on density is almost linear

in the transparent (E<Eg) range

quantification: Lorentz-Lorenz

(Clausius-Mossotti) relationship

(-1)/(+2) = 4N/3

 = n2 (k = 0 - note "in the transparent range") and                   

n = n0+x where x<<n0 

(-1)/(+2) = (n2-1)/(n2+2)  (n0
2-1)/(n0

2+2) + 6n0x/(n0
2+2)2

(mentioned & shown linear dependence)

Optical constants
dependence on density
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for given composition of a material,

the dependence of refractive index

on density is almost linear

in the transparent (E<Eg) range

higher density and refractive index

also correspond to narrower band gap

(examples instead of equations)

Example 1: SiO2 (density and n in the figure)

quartz      Eg = 10.1 eV

stishovite Eg = 8.9 eV

Example 2: TiO2

rutile      4.2 gcm-3, n = 2.71, Eg = 3.0 eV

anatase 3.9 gcm-3, n = 2.52, Eg = 3.2 eV

Optical constants
dependence on density
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for given composition of a material,

the dependence of refractive index

on density is almost linear

in the transparent (E<Eg) range

higher density and refractive index

also correspond to narrower band gap

so much about different phases of

the same material (local E minima), 

in a case of compressing a single phase

the dependence of Eg (figure) and n on

density in non-monotonic

Optical constants
dependence on density
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Polarization catastrophe

3-4 slides above there is the equation (-1)/(+2) = 4N/3

The right side can smoothly change (most naturally: due to 

the dependence of N on temperature) ... what if it equals 1?               

Nobody cares that this leads to infinite permittivity              

( non-zero polarization at zero external field)?



prof. Jiří Houška (KFY FAV ZČU)

Random ionic displacement leads to  

high electrostatic forces (higher than   

the elastic forces trying to restore the 

equilibrium position), consequently       

the displacement becomes permanent  

(new equilibrium position is found)       

and the material changes its permanent 

dipole moment (characterizing its 

ferroelectricity)  phase transition.

Polarization catastrophe

3-4 slides above there is the equation (-1)/(+2) = 4N/3

The right side can smoothly change (most naturally: due to 

the dependence of N on temperature) ... what if it equals 1?               

Yes, this leads to infinite permittivity. In praxis (higher order 

corrections, temperature fluctuations) "only" extremely high.

KxNa1−xNbO3
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Polarization catastrophe

3-4 slides above there is the equation (-1)/(+2) = 4N/3

The right side can smoothly change (most naturally: due to    

the dependence of N on temperature) ... what if it equals 1?               

Yes, this leads to infinite permittivity. In praxis (higher order 

corrections, temperature fluctuations) "only" extremely high.

Note also the parallel between ferro- electricity and magnetism 

infinite rel. permittivity during ferroelectric transformation 



infinite susceptibility during ferromagnetic transformation

 ~ 1/(T-TC) for T > TC



 ~ 1/(T-TC) for T > TC (Curie-Weiss law)

the term Curie temperature, TC, is also used in both cases
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Interaction of light with boundary

Fresnel coefficients for the amplitude of reflected light

rp: (complex) Fresnel reflection coefficient for p-component

rs: (complex) Fresnel reflection coefficient for s-component

for intensity (instead of amplitude): Rp, Rs

Fresnel equations

rp = (n1cos2 - n2cos1) / (n1cos2 + n2cos1)

rs = (n1cos1 - n2cos2) / (n1cos1 + n2cos2)

  where 1 is angle of incidence and n1sin1 = n2sin2

Where are they coming from?
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Where are the Fresnel eq. coming from

n1 n2

1

1 2

amplitudes

rp and rs

amplitudes

tp and ts

amplitude -1

(cancels out the incident wave)

Charge oscillations at the boundary are responsible for three 

new beams (normal to the direction of oscillations): two really 

newly observed, and one which cancels out the incident beam



prof. Jiří Houška (KFY FAV ZČU)

rs / ts = rp / [tp.cos(1+2)]

Only part of oscillations in the

incident plane which caused

the transmitting beam cause also

the reflected beam ( cos). Oscillations normal to the incident 

plane do not have this problem - they are normal to all beams.

ts = tp.cos(1-2)

Same reason for cos (except that now the transmitting beam is 

projected to the direction of the incident one, not reflected one).

rs
2 + ts

2 = 1   a   rp
2 + tp

2 = 1

Law of energy conservation

 4 equations for 4 variables rs, ts, rp, tp

(including Snell law 5 equations for 5 variables including 2)

Where are the Fresnel eq. coming from



prof. Jiří Houška (KFY FAV ZČU)

Did we capture also total reflection?

Fresnel equations

rp = (n1cos2 - n2cos1) / (n1cos2 + n2cos1)

rs = (n1cos1 - n2cos2) / (n1cos1 + n2cos2)

Snell law

sin2 = (n1/n2)sin1 can be > 1

(or even complex for complex n1,2, making the transfer matrix 

formalism - see the second half of this chapter - more practical)
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Did we capture also total reflection?

Fresnel equations

rp = (n1cos2 - n2cos1) / (n1cos2 + n2cos1)

rs = (n1cos1 - n2cos2) / (n1cos1 + n2cos2)

Snell law

sin2 = (n1/n2)sin1 can be > 1

No problem 

the F. equations do not include 2 but cos2, which is still  

calculable, only imaginary: cos2 = √[1 - sin22] = i√[sin22 - 1] 

Fresnel equations

rp = (-n2cos1 + in1√[sin22 - 1]) / (n2cos1 + in1√[sin22 - 1])

rs = ( n1cos1 - in2√[sin22 - 1]) / (n1cos1 + in2√[sin22 - 1])

indeed, for real refractive indices |rp| = |rs| = 1
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Fresnel coefficients for the amplitude of reflected light

rp: (complex) Fresnel reflection coefficient for p-component

rs: (complex) Fresnel reflection coefficient for s-component

for intensity (instead of amplitude): Rp, Rs

Fresnel equations

rp = (n1cos2 - n2cos1) / (n1cos2 + n2cos1)

rs = (n1cos1 - n2cos2) / (n1cos1 + n2cos2)

where 1 is angle of incidence and n1sin1 = n2sin2

How to express the change of polarization after reflection?

using quantities  and :  = rp / rs = tan . ei

Interaction of light with boundary
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Why are metals shiny                              
( why do they have high reflectance)

Without knowledge of Fresnel equations:

free charge carriers do not let EM field inside material 

(Faraday's cage) 



EM field has to approach zero at the surface



incident and reflected wave must cancel out



reflected wave must have the same amplitude (and opposite 

phase) as the incident one



reflectance R = |r|2 equals (in praxis is close to) 1
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Agreement with Fresnel equations

rp = (n1cos2 - n2cos1) / (n1cos2 + n2cos1)

rs = (n1cos1 - n2cos2) / (n1cos1 + n2cos2)

Very low real part n2 (e.g. silver - see the figure)  numerator 

and denomitator differ especially in the sign of the imaginary 

part  their absolute values almost do not differ at all

Extremal ( simple) case 

n1 = 1, n2 = 0+ik, 1=2=0



rp = rs = (1-ik) / (1+ik)



Rp = |rp|
2 = Rs = |rs|

2 = 1

Why are metals shiny                              
( why do they have high reflectance)
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Metals like silver exhibit the same 

reflectance of all wavelengths 

(because all of them are close to 1),        

these metals are therefore white.

It looks like most people are not 

interested because of physics ... 

let alone searching for "white metal" "women"

Why are metals shiny                              
( why do they have high reflectance)
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Why is gold golden

Because here k>>n is valid only 

in a part of visible (between green 

and red, i.e. around yellow)

In the rest of visible spectrum k>n 

holds (plasma frequency is in UV), 

but only just 
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Construction of ellipsometer
example for J.A. Woollam VASE

Reminder: it measures change of polarization in terms of                     

 and :  = rp / rs = tan . ei

Monochromator → Polarizer → Autoretarder (changes phase 

shift of the p and s component) → Sample → Analyzer → Detector
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Processing of raw data
bulk material

How to convert  = rp / rs to n and k for bulk material?

in an ideal case (no roughness, no surface oxidation),                 

it can be done directly, by inverting the Fresnel equations:

rp (n1=1, n2=n, 1), rs (n1=1, n2=n, 1) 



 = n2 = (n+ik)2 = sin21 [1 + tan21 (1-)/(1+)]
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How to convert  = rp / rs to n and k for (multi)layers?

choice of optical model (number and character of layers) 

followed by iterative process minimizing the difference between

(1) () and () measured and

(2) () and () calculated from Fresnel equations for 

parameters estimated for each layer of the optical model: 

n(), k(), thickness, etc.

Processing of raw data
thin films
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How to convert  = rp / rs to n and k for (multi)layers?

choice of optical model (number and character of layers) 

followed by iterative process

Processing of raw data
thin films
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Processing of raw data
example (Si oxidation)
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Processing of raw data
example (Si oxidation)

SiO2    200 nm

Si         0.38 mm
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Processing of raw data
example (Si oxidation)

SiO2    200 nm

Si         0.38 mm

SiO2    224.2 nm

Si         0.38 mm
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Processing of raw data
example (Si oxidation)

SiO2    224.2 nm

Si         0.38 mm

SiO2    224.2 nm

SiO2    200 nm

Si         0.38 mm

SiO2    224.2 nm

Si         0.38 mm
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"uniqueness fit" : dependence of the difference between 

measured and fitted data on the SiO2 thickness 

SiO2    224.2 nm

Si         0.38 mm

SiO2    224.2 nm

Processing of raw data
example (Si oxidation)
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Dispersion relations
motivation

Problem (measurement at N wavelengths, transparent mat.):

2N+1 variables for each layer: Nn, Nk, thickness 

... but only ...

2N equations for each incident angle: N, N

Solution 1: measure at more incident angles                                    

(3 angles  6N equations, still 2N+1 variables)

It helps and people do that, but it is not that simple:

- data for different angles are not really independent (similarity 

of the equations increases the role of exactness / noise)               

- sensitivity is high mainly around the Brewster angle (rp = 0)

- there are more variables than 2N+1 for multilayers
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Problem (measurement at N wavelengths, transparent mat.):

2N+1 variables for each layer: Nn, Nk, thickness 

 ... but only ...

2N equations for each incident angle: N, N

Solution 2: dispersion relations n() a k() 

  [or n(E) and k(E) or 1,2() or 1,2(E)] 

This really helps:

- replacement of 2N variables by few param. of these relations   

- parameters can have interesting physical meaning              

- noise in the raw data does not affect fitted data

Dispersion relations
motivation
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Cauchy (transparent materials - wide band gap)

n = An + B/2 + C/4

k = Ake
Bk(E-Eg) (Urbach tail, only Ak and Bk are fitted: Eg is not independent)

Lorentz (metals)

 = ABEn / (En
2 - E2 - iBE)

Drude (free charge carriers)

 = AB / (      - E2 - iBE)

Drude (equivalent form which contains resistivity)

 = -ħ2/[0(E2+iħE)] where  = m*/nq2 = 1/qn

Dispersion relations
selected examples
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Tauc - Lorentz (materials with band gap)

2 = ABEnE
-1 (E-Eg)

2 / [(E2 - En
2)2 + B2E2] E  Eg

2 = 0 (but why not to include Urbach tail, see Cody-Lorentz) E < Eg

Cody - Lorentz (materials with band gap)

2 = ABEnE/[(E2 - En
2)2 + B2E2] (E-Eg)

2/[(E-Eg)
2 +Ep

2] E  Eg+Et
Lorentz term, L(E)                               Cody term, G(E)

2 = L(Eg+Et) G(Eg+Et) (Eg+Et)/E exp[(E-Eg-Et)/Eu] E < Eg+Et
(Urbach tail)

Gaussian (bond vibrations in IR [alternative to Lorentz])

2 = A exp[-(E/-En/)2] - A exp[-(E/+En/)2]

why only 2: in all case 1 from the Kramers-Kronig relations

(see below)

Dispersion relations
selected examples
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Dispersion relations
Cody-Lorentz in more detail

Tauc - Lorentz (materials with band gap)

2 = ABEnE
-1 (E-Eg)

2 / [(E2 - En
2)2 + B2E2] E  Eg

2 = 0 (but why not to include Urbach tail, see Cody-Lorentz) E < Eg

Cody - Lorentz (materials with band gap)

2 = ABEnE/[(E2 - En
2)2 + B2E2] (E-Eg)

2/[(E-Eg)
2 +Ep

2] E  Eg+Et
Lorentz term, L(E)                               Cody term, G(E)

2 = L(Eg+Et) G(Eg+Et) (Eg+Et)/E exp[(E-Eg-Et)/Eu] E < Eg+Et
(Urbach tail)

0                     Eg Eg+Et Eg+Ep

Urbach tail                        Band-to-band transitions

defect states     Cody regime       Lorentz oscillator
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Gaussian (bond vibrations in IR, i.e. Atomic/ionic absorption in the 

 figure from start of this chapter [alternative to Lorentz])

2 = A exp[-(E/-En/)2] - A exp[-(E/+En/)2]

Dispersion relations
selected examples
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K.-K. relations allow to calculate (except integration constant)

real part of a function from its imaginary part and vice versa

Mathematician: there are conditions for the validity of these 

relations (function is analytical in upper/lower half-plane, in 

approaches zero like 1/|| or faster), fulfilled by all dispersion 

relations above except Cauchy (which work in praxis anyway)

Physicist: it can be shown that validity of the relations is required 

by causality (no interaction with EM field before we turn it on, ...)

Integration constant is permittivity in  (far from the frequency 

where the Lorentz, Cody-Lorentz, etc. oscillator is centered) 

Dispersion relations
Kramers-Kronig relations for permittivity

P: Cauchy principal value (limit of 

integral for its limits going to )
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Dispersion relations
where coming from, boundaries of parameters (Lorentz)

Imagine electrons, reacting to EM field E by vibrations      

similarly to damped harmonic oscillators in a macroworld

Solution: oscillations

with an amplitude proportional to induced polarization and in turn 

permittivity  Lorentz oscillator  = ABEn / (En
2 - E2 - iBE) 

(damping factor  in frequency units, B in energy units)

Amplitude of oscillations ( absolute value of ) is maximum 

for E2 = En
2 - B2/2, this maximum exists for B  En√2

Stronger damping B > En√2 is not in itself unphysical, but does 

not correspond to the regime assumed by the Lorentz oscillator                 

(and by corresponding software), possibility of strange results
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Dispersion relations
in praxis we often combine more of them

Example for VO2: 1 Cody-Lorentz + 2 Lorentz oscillators

e1 offset or "pole oscillator" as its equivalent:         

the aforementioned integration constant
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Combination (in order to improve the fit) unphysically high 

number of oscillators (overfitting) is not desirable

Freeman Dyson: "I asked Fermi whether he was not impressed 

by the agreement between our calculated numbers and his 

measured numbers. He replied, "How many arbitrary parameters 

did you use for your calculations?" "Four." He said, "I remember 

my friend Johnny von Neumann used to say, with four 

parameters I can fit an elephant, and with five I can make him 

wiggle his trunk." With that, the conversation was over."

Dispersion relations
in praxis we often combine more of them
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Freeman Dyson: "...  with four parameters I can fit an elephant, 

and with five I can make him wiggle his trunk."

It is really possible (if the parameters are complex numbers) 

→



Dispersion relations
in praxis we often combine more of them
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Freeman Dyson: "...  with four parameters I can fit an elephant, 

and with five I can make him wiggle his trunk."

OK, one more quote of F. Dyson (when he got, as 15 years old, 

Piaggio textbook of higher mathematics as a Christmas present)

"My idea of a joyful Christmas vacation was different. I arrived at 

the cottage on the coast with my precious Piaggio and did not 

intend to be parted from him. ... I worked my way through the 

problems. I started at six in the morning and stopped at ten in the 

evening, with short breaks for meals. I averaged fourteen hours 

a day. Never have I enjoyed a vacation more."

Dispersion relations
in praxis we often combine more of them
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Inhomogeneous materials

Mixture of several components with different optical constants 

can be described by effective medium approximation

One possible implementation: Bruggemann equation

fi.[i-]/[+Li.(i-)] = 0   (and of course fi = 1)

Depolarization factor Li

▪ columnar structure / 1D inclusions: L = 0;  = fi.i

▪ multilayered structure / 2D inclusions : L = 1; 1/ = fi/i

▪ randomly or. ellipsoids: L1+L2+L3= 1 (3 addends, weight 1/3)

▪ isotropic material / spherical incl.: L = 1/3; fi.[i-]/[i+2] = 0

(so frequent assumption that sometimes this simplified form   

is given as the Bruggemann equation)
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Maxwell-Garnett equation constitutes and alternative (leads to 

the same result for extremal values L = 0 or 1, not in general)

Bruggemann equation for L = 1/3

fi.[i-]/[i+2] = 0

preferable when all components have similar roles

Maxwell-Garnett equation for L = 1/3

fi.[i-m]/[i+2m] = [-m]/[+2m]

preferable when the components have different roles -

one constitutes continuous matrix (m), other inclusions (i)

Inhomogeneous materials
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Permittivity of an inhomogeneous material is also related to its 

(average) polarizability, so it is not surprising that the equations 

resemble the Clausius-Mossoti relationship

Bruggemann equation for L = 1/3

  fi.[i- ]/[i+2] = 0 

Maxwell-Garnett equation for L = 1/3

  fi.[i-m]/[i+2m] = [-m]/[+2m] 

Clausius-Mossoti 37 slides above

 [ -1]/[ +2] = 4N /3

Inhomogeneous materials
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Bruggemann equation

preferable when all components have similar roles

Maxwell-Garnett equation

preferable when the components have different roles -

one constitutes continuous matrix, other inclusions

Example: 50% n=1.500+0.000i + 50% n=2.000+0.200i

▪ L=1/3 (isotropic) : n = 1.745+0.096i  (Bruggemann)

  n = 1.742+0.090i  (Maxwell-Garnett)

▪ L=0   (columnar) : n = 1.766+0.113i

▪ L=1   (multilayer) : n = 1.703+0.061i

So not "naive"  n = 1.750+0.100i

Inhomogeneous materials
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Hardcore description
Jones matrix, Muller matrix

Above we assumed that

(1) the light is fully polarized, so it can be described by       

Jones vector of length 2 (p- and s- polarized component)

(2) p-polarized light reflects as p-polarized, and                          

s-polarized light reflects as s-polarized

If the first assumption is valid, but second invalid: Jones matrix 

22, which defines the relationship between Jones vector of the 

incident and reflected light, is not diagonal (in the case of 

polarizing optical elements we do not even want it to be)

the second assumption above:

rps = rsp = 0
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Hardcore description
Jones matrix, Muller matrix

Above we assumed that

(1) the light is fully polarized, so it can be described by       

Jones vector of length 2 (p- and s- polarized component)

(2) p-polarized light reflects as p-polarized, and                          

s-polarized light reflects as s-polarized

If the first assumption is also invalid: the light is described by 

Stokes vector of length 4, and its interaction with material / 

optical element is described by Muller matrix 44

(M11 gives ratio of intensities, not polarization  ellipsometry 

can provide the remaining 15 components assuming M11=1)
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Parameters of optical model
- layer thicknesses

- roughness (microscopic) 

- thickness nonuniformity (macroscopic) 

- ratio of components which constitute an inhomogeneous layer

Dispersion relations n() and k()

Parameters of dispersion relations
- band gap

- concentration / mobility of free charge carriers 

Special measurements, e.g. anisotropic materials

Ellipsometry - measurable properties
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Ellipsometry and other optical meas.
which non-idealities to take into account

[ fig. from the WVASE software manual]
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50% SiBCN + 50% void (surface roughness)           7 nm

SiBCN (Cody-Lorentz oscillator)           3775 nm

Si                                                         0.38 mm

Example 1 - oxidation of SiBCN

Sample before oxidation

amplitude does not change very much in transparent range                

(interference on a single layer)
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oxidized SiBCN (Cody-Lorentz oscillator) 1890 nm

non-oxidized SiBCN (Cody-Lorentz oscillator) 2340 nm

SiC                                                       0.25 mm

Sample after oxidation (1700 °C)

variable amplitude                               

(interference on a multilayer)

Example 1 - oxidation of SiBCN
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(Nearly) Ideal Defect-rich

Cody - Lorentz

2 = ABEnE/[(E2 - En
2)2 + B2E2] (E-Eg)

2/[(E-Eg)
2 +Ep

2]  E  Eg+Et

2 = L(Eg+Et) G(Eg+Et) (Eg+Et)/E exp[(E-Eg-Et)/Eu]      E < Eg+Et

Example 2 - band gap of Ta2O5
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(Nearly) Ideal Defect-rich

Example 2 - band gap of Ta2O5
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(Nearly) Ideal Defect-rich

Example 2 - band gap of Ta2O5
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Example 3 - relationship of oscillator 

broadening and resistivity of TaON 

O-rich TaON compositions with wide band gap:

high B  defects etc.  more free charge carriers
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X-ray diffraction                   Ellipsometry (550 nm)

in the surface plane:

nx = 2.184

normal to the surface plane:

nz = 2.157

in the surface plane:

nx = 2.077

normal to the surface plane:

nz = 2.072

Example 4 - anisotropy of ZrO2
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First a reminder of Fresnel equations

 rp = (n1cos2 - n2cos1) / (n1cos2 + n2cos1)

 rs = (n1cos1 - n2cos2) / (n1cos1 + n2cos2)

 where 1 is angle of incidence and n1sin1 = n2sin2

For normal beam (1= 2 = 0; typical case when measuring 

transmittance) there is no plane of incidence, and indeed rp = rs

Reflection of normal beam
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First a reminder of Fresnel equations

 rp = (n1cos2 - n2cos1) / (n1cos2 + n2cos1)

 rs = (n1cos1 - n2cos2) / (n1cos1 + n2cos2)

If we are interested in amplitude (general case)

r = (n1-n2)/(n1+n2) 

If we are interested in amplitude (transparent media  k1,2 = 0)

 r = (n1-n2)/(n1+n2)  reflection from optically denser matter

(n2 > n1) changes phase of 180°

If we are interested in amplitude (transparent layer in air)

 r = (1-n)/(1+n)

If we are interested in intensity (transparent layer in air)

 R = r2 = (1-n)2/(1+n)2

Reflection of normal beam
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It is necessary to sum beams reflected 

from the layer frontside + beams 1, 2, 

3, ... reflected from the layer backside

Below: for simplicity, again a normal 

beam on transparent layer in air

First a layer where interference does not take place

(e.g. clean substrate). Why we do not observe the interference?

R and T
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First a layer where interference does not take place 

(e.g. clean substrate). Why we do not observe the interference?

We would observe it for exact wavelengths . But in praxis the 

beam is characterized by   . If the difference between 

optical paths (2 thickness) is comparable with the coherence 

length L ≅ 2/ (Gaussian spectrum: LG = (2ln2/n) . 2/ ) 

we lose the coherence and consequently also the interference. 

 = 550 nm,  = 8 nm, n = 1.5  LG = 20 m

R and T

It is necessary to sum beams reflected 

from the layer frontside + beams 1, 2, 

3, ... reflected from the layer backside

Below: for simplicity, again a normal 

beam on transparent layer in air



prof. Jiří Houška (KFY FAV ZČU)

Layer where interference does not take place 

(so thick that the finite bandwidth of the beam is important)

 we sum intensities

Rone_reflection = r2 = (1-n)2/(1+n)2 (see above)

Rtotal = r2 + (1-r2) r2 (1-r2) + (1-r2) r2 r2 r2 (1-r2) + ... 

= 2 r2/(1+r2) = (n-1)2/(n2+1) = 8% pro soda lime glass

              (n550 = 1.52)

Ttotal = 1-Rtotal = 2n/(n2+1)

R and T

It is necessary to sum beams reflected 

from the layer frontside + beams 1, 2, 

3, ... reflected from the layer backside

Below: for simplicity, again a normal 

beam on transparent layer in air
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R and T

Thin film where interference does take place

 we sum amplitudes

|rone_reflection| = |(1-n)/(1+n)| (see above)

- first reflection (arrival from air) is from optically denser matter 

( phase changes of 180°)

- other reflections (efforts to leave the film into the air) are from 

optically thinner matter ( phase does not change)

  

if all beams except the first one (reflected from the film 

 frontside) interfere mutually constructively, they have opposite 

phase than the first one (and interfere destructively with it)
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Thin film where interference does take place

 we sum amplitudes

|rone_reflection| = |(1-n)/(1+n)| (see above)

if all beams except the first one (reflected from the film 

 frontside) interfere mutually constructively, they have opposite 

phase than the first one (and interfere destructively with it)

Let's calculate both envelopes of the interference curve

rmax = r + (1-r2) r (1-r2) - (1-r2) r r r (1-r2) + ... 

= r + r(1-r2)/(1+r2) = (n2-1)/(n2+1)

rmin = r - (1-r2) r (1-r2) - (1-r2) r r r (1-r2) - ... 

 = r - r(1-r2)/(1-r2) = 0

Rmax = rmax
2 = (n2-1)2/(n2+1)2, Tmin = 1-Rmax = 4n2/(n2+1)2

Rmin = rmin
2 = 0, Tmax = 1-Rmin = 1

R and T
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Thin film where interference does take place

What if the beam is not normal? How do we change thickness in 

order to preserve positions of interf. minima and maxima?

Beam reflected from the bottom boundary 

is delayed of 2.d.n2/cos2 

Beam reflected from the top boundary                        

is due to the lateral shift 2.d.tg2

delayed of 2.d.n1.tg2.sin1 

= (see the Snell law) 2.d.n2.tg2.sin2 

The total phase shift (let alone 180° in a case of one reflection 

from optically denser medium) is 2.d.n2/cos2 - 2.d.n2.tg2.sin2 

= (2.d.n2/cos2).(1-sin22) = (2.d.n2/cos2).cos22 = 2.d.n2.cos2

R and T

d

n1

n2

1

2
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The total phase shift (let alone 180° in a case of one reflection 

from optically denser medium) is 2.d.n2/cos2 - 2.d.n2.tg2.sin2 

= (2.d.n2/cos2).(1-sin22) = (2.d.n2/cos2).cos22 = 2.d.n2.cos2

▪ cos2 in denominator (only the first summand) 

 if we forgot to consider the lateral shift

▪ cos2 in numerator (both summands) after considering both 

shifts, i.e. positions of interference minima and maxima 

are preserved for increasing layer thickness with 

 increasing angle of incidence

R and T

d

n1

n2

1

2
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Thin film where interference does take place

 we sum amplitudes

Normal beam 3-4 slides above:

rmin = r - r(1-r2)/(1-r2) = 0 , Rmin = rmin
2 = 0

Relatively non-intuitive: if e.g. the first interaction includes 

reflection of 99% of the original energy (rone_reflection = 0.99)

- it does not guarantee Rmin  0.99

- it does not guarantee Rmin  0.99-0.01

 (destructive interference of intensities)

- it does not guarantee Rmin  (0.99-0.01)2

 (destructive interference of amplitudes)

- indeed, Rmin = 0

 

Minimum R
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Thin film where interference does take place

 we sum amplitudes

Almost tangential beam: lossy mode resonance                        

takes place: Rmin = 0 also here, but the minima are very sharp                 

(if all beams except the first one do not interfere exactly 

constructively, it becomes clear how weak they are) 

Minimum R - lossy mode resonance

1000 nm Si in the air

89.9° from normal

p-polarization (even sharper 

minima for s-polarization)



prof. Jiří Houška (KFY FAV ZČU)

General case (above layer n0, 

below layer n1, refractive index n

is complex): see e.g. formulas in 

the cited paper Manifacier et al.

R and T
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General case (above layer n0, 

below layer n1, refractive index n

is complex): see e.g. formulas in 

the cited paper Manifacier et al.

For k = 0 and n0 = n1 = 1 again 

Tmax = 1 and Tmin = 4n2/(n2+1)2

For zero thickness we obtain        

T = Tmax (Tmin never takes place)

It is possible to obtain Tmax < Tmin

(for n between n0 and n1 

antireflection layer): transmittance

without layer still equals Tmax, but 

here Tmax is the lower envelope 

and Tmin the upper envelope)

R and T
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Layer with n on substrate with n1,      

furthermore k=0 and n0=1 (air): 

when is it most antireflective?

Tmin = 1

16n1n
2 = (C1-C2)

2

16n1n
2 = (2n2+2n1)

2

4n1n
2 = n4+2n1n

2+n1
2

 0 = n4-2n1n
2+n1

2

 0 = (n2-n1)
2

 n = n1

Plus the interference condition,     

in order to be on the upper 

envelope represented by Tmin

(for the first order d = /4n)

R and T - antireflection layers



prof. Jiří Houška (KFY FAV ZČU)

That's very nice, but the analytical sum of infinite series (8-10 

slides above) is easy if there is a single homogeneous layer. 

But what if we want T(R) of a complex multilayer? We 

probably do not want to analytically sum an infinite series 

inside an infinite series inside an infinite series ... .

In parallel: we get sum of intensities (thick non-coherent layer) 

and sum of amplitudes (thin coherent layer). But what if there 

is a multilayer combining thin and thick layers?

R and T
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Transfer matrix formalism

Effective way how to calculate the transmittance of a multilayer

Consider EM waves going forward ('F') and back ('B'):

- amplitudes constitute (for each polarization) vector of length 2

- relationship between amplitudes in front of and behind         

the layer is described (for each polarization) by a 22 matrix

there are N-1 layers; 0 and N 

represent the surroundings of the 

multilayer (usually the air)
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Transfer matrix formalism

Effective way how to calculate the transmittance of a multilayer

Consider EM waves going forward ('F') and back ('B'):

Matrix describing transmission of EM wave trough a boundary

                                , i.e.

where for a normal beam rij = (ni-nj)/(ni+nj) a tij = 2ni/(ni+nj)

(see the Fresnel equations)
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Transfer matrix formalism

Effective way how to calculate the transmittance of a multilayer

Consider EM waves going forward ('F') and back ('B'):

Matrix describing transmission of EM wave trough a boundary

                                , i.e.

where for a normal beam rij = (ni-nj)/(ni+nj) a tij = 2ni/(ni+nj)

(see the Fresnel equations)

Matrix describing the transmission of EM wave though a layer

where for a normal beam i = 2nidi/

(can be also found with minus: depending on the direction of 'x')
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Matrix describing transmission of EM wave trough a boundary

                                

Matrix describing the transmission of EM wave though a layer

Not to be confused with Jones matrix (which tells us how the 

intensity of only-reflected or only-transmitted beam is divided 

between both polarizations, now we divide the intensity between 

reflected and transmitting beam). Yes, the idea to represent the 

optical elements / layers by a product of matrices is similar. 

Transfer matrix formalism
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Matrix describing transmission of EM wave trough a boundary

                                

Matrix describing the transmission of EM wave though a layer

Matrix describing the transmission through whole multilayer

where

Transfer matrix formalism
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Matrix describing the transmission through whole multilayer

where

The transmittance and reflectance of the multilayer is given by

Transfer matrix formalism
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Matrix describing the transmission through whole multilayer

where

If some of the layers is thick  non-coherent, e.g. layer N-1 is a  

glass substrate: we calculate the amplitudes for different phase 

shifts resulting from the transmission through the non-coherent 

layer (e.g.. 0°, 10°, ..., 350°) and average the corresponding 

intensities (squares of amplitudes)

Transfer matrix formalism
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Example of usefulness:                      

fast optimization of 

thermochromic multilayers in       

a wide range of thicknesses        

of individual layers

Point-by-point (with a software 

calculating transmittance): 

1 day for each figure like          

the present one

After writing a specilaized 

programme utilizing the 

transfer matrix formalism:         

1 minute

Transfer matrix formalism

Tlum = luminous transmittance

Tsol = strength of the thermochromic effect

[ J. Houska et al., Sol. Energy Mater. 

Sol. Cells 191, 365 (2019) ]
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Direct band gap (direct  indirect: see above)

ħ ~ (ħ - Eg)
1/2, or (ħ)2 ~ ħ - Eg (Tauc plot)

Indirect band gap and amorphous materials

ħ ~ (ħ - Eg)
2, or (ħ)1/2 ~ ħ - Eg (Tauc plot)

Optical band gap (also Tauc gap) is the intersect of tangent           

to the linear part of this dependence and x-axis

(More precisely Eg-Ep: small correction because of phonons)

How to get the band gap from T
(from the absorption coefficient )

[V. Petrman et al., Acta 

Mater. 59, 2341 (2011) ]

SiBCN
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Trivial - but not always respected - fact:                                  

quantity which characterizes the material (independently of  

the thickness of layer of this material which we just deposited) 

is extinction or absorption coefficient, not transmitance

Relationship of T and bulk properties

Due to the interference,  

T is not even  

proportional to thickness

VO2 thickness of 50 nm:      

T in the visible range          

< 40%

VO2 thickness of 100 nm: 

T in the visible range          

up to > 60%

VO2
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Interference  non-monotonic dependence of T and R on d. 

Minima of T correspond to maxima of R and vice versa.

Absorption, A = 1-T-R, is less affected by interference (not at   

all for layer without substrate)  monotonic dependence on d.

Derivation for normal beam on a layer in air         

(like 19-21 slides above, but now for non-zero k)

Rone_reflection = R' = |n+ik-1|2/|n+ik+1|2

Aone_passage = A' = (1-e-4kd/)

A = (1-R')[A' + R'(1-A')A' + R'2(1-A')2A' + ...] 

= (1-R')A'/(1-R'+R'A') (approaching A' for low k) 

Thus, k can be evaluated not only from ellipsometry but also 

spectrophotometry: not from T but A = 1-T-R. T and R have to 

be measured under the same angle, but not necessarily zero.

Relationship of A and bulk properties
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Interference  non-monotonic dependence of T and R on d. 

Minima of T correspond to maxima of R and vice versa.

Absorption, A = 1-T-R, is less affected by interference (not at 

all for layer without substrate)  monotonic dependence on d.

Thus, k can be evaluated not only from ellipsometry but also 

spectrophotometry: not from T but A = 1-T-R. T and R have to 

be measured under the same angle, but not necessarily zero.

[ R. Vernhes et al., Optics Express 23, 28501 (2015) ]

10°  interference strongly 

affects T and R  d, n

65° close to Brewster angle 

 interference affects A

even less than in other 

cases  exact k

Relationship of A and bulk properties
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This slide is valid independently of the source of the raw data: 

IR ellipsometry or IR transmitance/reflectance (FTIR) 

In order to obtain () = n2(), it is enough to fit sum

of Gauss or Lorentz oscillators (see above)

However, it is also possible to fit product containing 

frequencies of longitudinal and transverse waves L, T

() = ()j=1-N(Lj
2-2-iBLj)/(Tj

2-2-iBTj)

Therefore dc = (0) = ()j=1-N(Lj
2/Tj

2)

(Lyddane-Sachs-Teller relationship)

Relation of optical properties (in IR)    

and static dielectric constant dc
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White color = high reflectance of all 

wavelengths. As expected, we find it      

e.g. on the surface of firemen suits 

(coated by a thin layer of Al).

So why do bedouins on hot desert dress 

in black? Aren't they unnecessarily hot? 

Do they have physical reason for that?

Relation of reflectance and fashion
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So why do bedouins on hot desert dress 

in black? Aren't they unnecessarily hot? 

Do they have physical reason for that?

They do. Black textile heats more (of up 

to 6°C), but the loose robe does not 

transfer this heat to the body, but to the 

layer of air between the robe and the 

body. Warm air moves up faster (chimney 

effect for a proper design) and the 

resulting air flow cools the body, 

facilitates sweating.

Bedouins are not stupid

Relation of reflectance and fashion
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Popularized by server prozeny.cz :-)

Lost in translation
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Crystal is optically isotropic (does not have optical axis) 

characterized by a single refractive index n (see above)

Crystal has optical axis  characterized by two ref. indices

- no (ordinary) for beam polarized perpendicularly to the axis

- ne (extraordinary) for beam polarized in parallel to the axis

Beam coming from general direction with general polarization:

- one component is polarized perpendicularly to the axis 

controlled by the index no (ordinary beam / ray)

- the other component is polarized in some general direction 

controlled by index between no and ne (extraordinary beam)

Consequently, the ordinary and extraordinary beam are shifted 

from each other, even for a normal incidence

Optics of monocrystals, birefringence
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- one component is polarized perpendicularly to the axis 

controlled by the index no (ordinary beam / ray)

- the other component is polarized in some general direction 

controlled by index between no and ne (extraordinary beam)

Consequently, the ordinary and extraordinary beam are shifted, 

even for a normal incidence

Light arriving in parallel to the optical axis is an exception: fully 

polarized perpendicularly to the axis, i.e. only ordinary beam

calcite

Optics of monocrystals, birefringence
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- one component is polarized perpendicularly to the axis  

 controlled by the index no (ordinary beam / ray)

- the other component is polarized in some general direction 

controlled by index between no and ne (extraordinary beam)

Cubic system (only this one, but contains many materials): 

 optically isotropic

Hexagonal, tetragonal, trigonal system:                           

 uniaxial (one optical axis)

Orthorhombic, monoclinic, triclinic system:                       

 biaxial (two optical axes  both beams can be extraordinary)

Optics of monocrystals, birefringence
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Examples of uniaxial materials - table from wikipedia

For some materials n0 > ne, for other materials n0 < ne

that's why calcite is on 

the photo 2 slides above

Optics of monocrystals, birefringence
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Waveplate: plate of uniaxial material, with optical axis parallel to 

the surface which the light is arriving on

Component polarized in parallel to the ordinary axis

(normal to optical axis) feels ordinary refractive index n0

Component polarized in parallel to the extraordinary axis

(parallel to optical axis) feels extraordinary ref. index ne

Out of these two axes, that which corresponds to lower 

refractive index (out of the pair n0, ne) is called fast axis

Components which feel different 

refractive indices travel through 

the plate with different velocities, 

i.e. their phase shift changes 

(in the figure of /2)

Utilization of birefringence - waveplate
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Components which feel different ref. indices travel through          

the plate with different velocities, i.e. their phase shift changes

Two frequent cases:

- shift of /4 (quarter-wave plate):                                           

e.g. liner polarization 45° from

 the fast axis changes to circular

- shift of /2 (half-wave plate):                                           

 e.g. liner polarization 45° from

 the fast axis rotates of 90°

Application e.g. when constructing

ellipsometers (first half of this chapter):

setting polarization of incident light and

measuring polarization of reflected light

45°

45°

90°

Utilization of birefringence - waveplate
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Jones matrix, defined in the first half of this 

chapter, is used also for description of 

optical elements interacting with normal 

beam: there is no plane of incidence, but    

a convention horizontal = p, vertical = s

Jones matrix

Horizontal polarizer                  Vertical polarizer

Right circular polarizer              Left circular polarizer
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Jones matrix

Quarter-wave plate (+i for horizontal, -i from vertical fast axis)

Half-wave plate (fast axis tilted of  from horizontal)

Jones matrix, defined in the first half of this 

chapter, is used also for description of 

optical elements interacting with normal 

beam: there is no plane of incidence, but    

a convention horizontal = p, vertical = s
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At least one example of reflection and refraction

for the angle of incidence  90°

Why do we see the (primary) bow under the angle of 42°

from the direction of Sun rays?

Rainbow
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First order rainbow: when the ray goes through a spherical 

drop of water with a refractive index n, it changes its 

direction of 180°-2. The rainbow is seen in the direction 

which the rays arriving to the eye are coming from, i.e. under 

the angle 2 from the point hit by the ray without the rain.

Snell law in a general form n1sin1 = n2sin2



sin(2β-) = nsinβ



 = 2β - arcsin(nsinβ)

Rainbow
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sin(2β-) = nsinβ   = 2β - arcsin(nsinβ)

The directions of output rays depend on the incidence angle  

 on the distance of the trajectory from the drop center         

(ray going through the center does not change direction at all), 

but many of them are close to that corresponding to zero 

derivative (β) (similar  in a wide range of β)

'(β) = 0



sin2(βmax) = (4-n2)/3n2



(for water refr. index) 2max = 42°

The value 42° is called "rainbow angle" 

(already Roger Bacon 1214-1294)

Rainbow
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The argument above explains why the strip around 42° is 

brighter. Due to the decreasing n() it is also colorful.

Red end of the spectrum (nH2O=1.332): 2max = 42.2°

Violet end of the spectrum (nH2O=1.344): 2max = 40.5°

What the angle 42° tells us:

- the rainbow can be seen from

the ground only if the Sun is 

at most 42° above the horizon

- whole rainbow circle can be seen

from plane which has horizon at 

least (for horizon Sun) 42° below it

Rainbow
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Rainbow 1st order 2nd order 3rd order ...

nsinβ = sin(2β-) sin(3β-90°+) sin(4β-180°+) ...

|2max| 42° 51° 138° ...

(upper and lower half of the drop lead to opposite signs of )

Rainbow
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Intensity decreases with increasing rainbow order, because

- only decreasing part of the original ray contributes to it

- nsinβmax is gradually approaching 1, i.e. 2max happens for 

almost tangent rays, and drop has low cross-section for them

Rainbow
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Rainbow

Intensity decreases with increasing rainbow order, because

- only decreasing part of the original ray contributes to it

- nsinβmax is gradually approaching 1, i.e. 2max happens for 

almost tangent rays, and drop has low cross-section for them
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Combination with other phenomena
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From the individual atom's point of view, the scattering always 

takes place, each atom scatters part of the light, in all directions 

including forward (Rayleigh: cross section ~-4).

But what matters is in which way do the waves scattered        

by individual atoms interfere

Light scattering

coherent not coherent

same path lengths random path lengths          
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Homogeneous material:

Wave scattered by individual atoms forward and backward 

interfere constructively, the light intensity does not change. 

However, the scattering atoms do not oscillate in phase with the 

EM field, therefore n>1 for transparent materials. 

Wave scattered by individual atoms in other directions interfere 

destructively (there is always another atoms corresponding to a 

path difference /2), i.e. scattering to sides is in a good approx. 

zero (increasingly exactly with increasing atomic density)

Light scattering
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Heterogeneous material:

In other directions than forward and backward the waves        

do not interfere fully destructively, and the scattering in usual / 

macroscopic sense takes place

Scattering in solids (see below

for the air) is important at the

presence of crystals which are

comparable to the wavelength

Annealing led to crystal formation 

- Ta2O5 ( 1m 

drop in the transmittance)

- ZrO2 (order of mag. smaller 

effectively homogeneous medium)

Light scattering
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Slides on spectrophotometry silently assume               

Transmittance + Reflectance + Absorption = 1

In reality

Transmittance + Reflectance + Absorption + Scattering = 1

or from the point of view of individual atoms

Scattering forward + Scattering backward + Absorption + 

Scattering to sides = 1

Light scattering
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Owing to the aforementioned Rayleigh relationship (cross 

section for scattering ~-4) the blue light scatters most 

The more red color remains in the weakly scattered light from 

the direction close to the Sun, especially for horizon Sun when 

the light has to travel longer distance through the atmosphere

Why is sky blue and clouds white
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Owing to the aforementioned Rayleigh relationship (cross 

section for scattering ~-4) the blue light scatters most 

But what does light scatter on, where are the inhomogeneities 

comparable to ? Molecules are too small. Dust has limited 

content, and only close to surface (sky is blue also from plane) 

Why is sky blue and clouds white
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Owing to the aforementioned Rayleigh relationship (cross 

section for scattering ~-4) the blue light scatters most 

But what does light scatter on, where are the inhomogeneities 

comparable to ? Molecules are too small. Dust has limited 

content, and only close to surface (sky from plane is also blue)

The scattering is a consequence of density fluctuations (this is 

the difference of gas and solid, that's why scattering in air and 

not in glass), happens on random local density maxima/minima. 

It is a matter of viewpoint if this is scattering on individual 

molecules followed by interference, or scattering on whole         

local density maxima and minima, the result is the same.

Why is sky blue and clouds white
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Clouds contain drops orders of magnitude larger than ,               

 scatter (refract) all wavelengths similarly  are white 

The storm clouds contain even more water and almost no light 

can go through them, which is why they look grey/black.    

When looking on their top from a plane ( reflectance,              

not transmittance) they are white like all other clouds.

Why is sky blue and clouds white
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The scattered light is partially polarized, in a direction tangent to 

a circle around the Sun (light originally polarized in a plane 'xy' 

and scattered in the direction y is polarized in the direction x), 

the same hold if we take it as reflected (note the different 

Fresnel equations for the reflection of p- a s-polarized light) 

Birefringence allows us to find the direction of polarization of 

light coming from various sky points, and the intersect of the 

corresponding normals is the direction to the hidden Sun

Already Vikings (Sólarsteinn - probably  

the aforementioned Iceland spar=calcite)

Navigation

"Hustě sněžilo, jak Sigurd (Sigurdor, Siegfried) předpověděl. Král

povolal Raudúlfurovy syny, Sigurda a Dagura. Král je vyzval, aby se

podívali ven, na celé obloze nebylo možno vidět jasné nebe. Pak se

král zeptal Sigurda. Odpověděl jasně. Poté se král chopil slunečního

kamene a držel ho směrem vzhůru. Viděl, kam směřoval paprsek

světla z kamene, a byl to přesně tentýž směr, který určil Sigurd."

Lost in translation
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Birefringence allows us to find the 

direction of polarization of light coming 

from various sky points, and the intersect 

of the corresponding normals is the 

direction to the hidden Sun

Navigation
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11) Photoinduced properties

Atomic structure

1) Introduction, crystal structure

2) Bonding in solid materials

3) Vibrations and thermal properties

4) Classical calculations

Electronic structure

5) Role of free electrons

6) Band structure

7) Semiconductors

8) Quantum calculations

Functional properties

9) Mechanical properties

10) Optical properties

11) Photoinduced properties

12) Other functional properties

Special fields

13) Thermodynamics and solid solutions

14) Magnetism

15) Superconductivity

16) Amorphous materials
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Utilization of light (usually sunlight)

When a material absorbs photon, it converts its energy                  

to potential energy (creates a pair electron+hole )

Proper band gap width is needed: narrower than photon energy 

(no excitation otherwise - electron does not get absorbed), but 

non-zero (excitation or hole do not make sense for metals)

The point is to utilize the aforementioned potential energy                         

(in a more useful way than for radiation of new phonon)
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The point is to utilize the aforementioned potential energy                         

(in a more useful way than for radiation of new phonon)

Four options are discussed below:

i) oxidation (decomposition) of organics

ii) water splitting

iii) hydrophobicity and hydrophilicity

iv) solar cells

Utilization of light (usually sunlight)
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Oxidation and reduction reactions
(reminder of the terms)

Oxidation reaction (oxidation of the matter of interest):                             

different meaning in different contexts

- gain of O

- loss of H

- loss of electron

Reduction reaction (reduction of the matter of interest):                             

different meaning in different contexts

- loss of O

- gain of H

- gain of electron
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Ox. of organics (self-cleaning effect)

1) incident photon (with energy higher than the band gap, Eg) 

creates pair electron+hole

catalyst (e.g. TiO2) + h>Eg → h+ + e-

2a) hole reacts with water to highly reactive radical OH

H2O + h+ → •OH (oxidation reaction)

2b) electron reacts with oxygen to highly reactive radical O2
-

O2 + e- → •O2
- (reduction reaction)

3) biologist/chemist: these highly reactive radicals then react 

with organic molecules and decompose them (details are not 

a topic for solid state physics - what we want are materials 

which guarantee that points 1 a 2 take place)

physicist: there is a potential energy in the form of radicals   

in the system, eventually it will get invested into something ...        

in this case into breaking of bonds in the organic dirt
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3) these highly reactive radicals then react with organic 

molecules and decompose them

Ox. of organics (self-cleaning effect)
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1) catalyst (e.g. TiO2) + h>Eg → h+ + e-

2a) H2O + h+ → •OH (oxidation reaction)

2b) O2 + e- → •O2
- (reduction reaction)

Energy levels where the reactions take place must be inside 

the band gap (otherwise there is no energetical motivation).

ad 2a) potential level of donor (H2O) must be above 

the valence band (due to point 1, there is a hole 

ready and willing to move up)

ad 2b) potential level of acceptor (O2) must be above 

the conduction band (due to point 1, there is an electron 

ready and willing to move down)

Ox. of organics (self-cleaning effect)
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1) catalyst (e.g. TiO2) + h>Eg → h+ + e-

2a) H2O + h+ → •OH (oxidation reaction)

2b) O2 + e- → •O2
- (reduction reaction)

Energy levels where the reactions take place must be inside 

the band gap (otherwise there is no energetical motivation).

[ R. Vinu et al.,     

J. Indian Inst. Sci. 

90, 193 (2010) ]

Ox. of organics (self-cleaning effect)
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Water splitting (production of H2 fuel)

1) incident photon (with energy higher than the band gap, Eg) 

creates pair electron+hole

catalyst + h>Eg → h+ + e-

2a) hole reacts with water to oxygen and hydrogen ions

H2O + 2h+ → ½O2 + 2H+ (oxidation reaction)

2b) electron complements hydrogen ions to hydrogen

2H+ + 2e- → H2 (reduction reaction)

3) so we get, for free (non-consumed catalyst + water + Sun), 

hydrogen fuel
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3) so we get, for free (non-consumed catalyst + water + Sun), 

hydrogen fuel

Water splitting (production of H2 fuel)
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1) catalyst + h>Eg → h+ + e-

2a) H2O + 2h+ → ½O2 + 2H+ (oxidation reaction)

2b) 2H+ + 2e- → H2 (reduction reaction)

Energy levels where the reactions take place must be inside 

the band gap (otherwise there is no energetical motivation), like 

in the case of oxidation or organics (but the levels are different).

denoted          

sometimes H2/H2O, 

sometimes H+/H2

Water splitting (production of H2 fuel)



prof. Jiří Houška (KFY FAV ZČU)

Levels in the figure are

1.23 eV from each other

Cross-check against

the energy balance:

- formation energy of H2O from H2 + O2 is 2.46 eV (237 kJ/mol)

- that of the aforementioned reactions which is endothermic         

(H2O + 2h+ → ½O2 + 2H+) includes 2 holes, so each has to 

contribute 2.46 / 2 = 1.23 eV  agrees with the above value

In praxis we want band gap of at least several tenths eV wider 

(additional energy to overcome reaction barriers  reactions 

are faster)

Water splitting (production of H2 fuel)
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In addition to 

1) proper band gap width and

2) energy levels inside the gap (see above)

there are also other conditions:

3) electrons and hole should not recombine with each other 

before they react with water, and

4) H2 and O2 - created next to each other - should not 

recombine to water before they leave to the atmosphere 

(where hydrogen is collected).

Solution (hopefully at least partial ... ): metallic nanoclusters    

at the surface of semiconductive catalytic material. Electrons 

move to them and produce H2 there, holes stay in the 

semiconductor and produce O2 far from H2.

Water splitting (production of H2 fuel)
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Effective utilization of Sun spectrum

Wider band gap (Eg) increases the probability that the 

aforementioned energy levels will be inside the gap

Narrower Eg increases the usable part of the Sun spectrum              

( part of phonons which can excite electrons to cond. band)

These trend go against each other, making the topic interesting
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Hydrophobicity a hydrophilicity

Reminder: contact angleC > 90°  hydrophobic

C < 90°  hydrophilic

Contact angle of a water droplet is given by the ratio

- material's surface energy (gSG),

- water surface energy (gLG) and 

- energy of the boundary material-water (gSL)

gSG = gSL + gLGcosC

(Young equation)



prof. Jiří Houška (KFY FAV ZČU)

How to affect the energies: e.g. by

electronegativity of the elements 

used. For metal oxides and nitrides:

- metal has lower electroneg.  does not form coordination   

bonds to water O so much  surface is more hydrophobic

- nitride instead of oxide  electrons are less localized on 

nitrogen (lower electroneg., only one lonepair)  weaker 

hydrogen bonds to water H  surface is more hydrophobic

gSG = gSL + gLGcosC

(Young equation)

Hydrophobicity a hydrophilicity
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gSG = gSL + gLGcosC

(Young equation)

So much for ideally flat surface. Rough surface: 

introduce r = real surface area / apparent square area



For contact angles on flat (C) and slightly rough (C
*) surface   

it holds cosC
* = r.cosC (Wenzel equation)

r > 1  increases |cosC
*|  moves C away from 90° 

roughness makes - hydrophobic surface more hydrophobic

- hydrophilic surface more hydrophilic

Hydrophobicity a hydrophilicity
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1) incident photon (again h>Eg) creates pair electron+hole

catalyst (e.g. TiO2) + h>Eg → h+ + e-

2a) electron reduces Ti4+ to Ti3+

Ti4+ + e- → Ti3+  there are too many O atoms around

2b) holes use the excess O ions to produce free O2

4h + 2O2- → O2  O vacancies appear in the material

3) groups OH bond to free places (aforementioned vacancies)



change of the network of hydrogen and coordination 

covalent bonds (previously from water O and H to surface    

Ti and O, now from water O to surface H)



change of the surface energy in the formula for contact angle 

 hydrophilicity instead of hydrophobicity

Photoinduced hydrophilicity
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2a) Ti4+ + e- → Ti3+

2b) 4h + 2O2- → O2

3) groups OH bond to free places  change of the network of 

surface bonds  hydrophilicity instead of hydrophobicity

Photoinduced hydrophilicity
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2a) Ti4+ + e- → Ti3+

2b) 4h + 2O2- → O2

3) groups OH bond to free places  change of the network of 

surface bonds  hydrophilicity instead of hydrophobicity

in light

in dark

[ figure from J. Bogdan et al., 

Nanoscale Res. Lett. 10, 57 (2015) ]

Photoinduced hydrophilicity
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Photovoltaic effect (solar cells)

Principle in general

1) incident photon (with energy higher than the band gap, Eg) 

creates pair electron+hole:  Si + h>Eg → h+ + e-

2) electrons and holes randomly diffuse through the solar cell, 

the cell contains a membrane which allows passage of 

electrons only in one and holes only in the opposite direction



opposite charges cumulate on opposite ends 

of the solar cell, giving rise to a voltage

3) equilibrium is restored by connecting ends of the cell 

through a load which utilizes the electrical power, charge 

carriers return through the load to their original location

Principle more specifically: the "membrane" is PN junction
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PN junction (reminder)

at a junction of p- and n-doped semiconductor, diffusion           

of majority charge carriers leads to their recombination



only immobile ions (of the same sign which have majority 

charge carries in the other semiconductor) remain there



majority charge carriers

from the other semiconductor

are repulsed by these ions, 

i.e. the junction is 

impassable for them 

(PN junction is passable

for minority carriers)

Photovoltaic effect (solar cells)
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The same in graphical form. Electrons and holes must (i) diffuse 

to the depleted region (without free charge carriers) around PN 

junction, and (ii) make it through it, which is energ. preferable for 

minority carriers - they do not have to rely on diffusion anymore

See also the remark about 

importance of minority 

carriers in chapter 7: solar

cell functionality is given by 

their concentration (due to

illumination) & diffuse length

Photovoltaic effect (solar cells)
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The same in graphical form. Electrons and holes must (i) diffuse 

to the depleted region (without free charge carriers) around PN 

junction, and (ii) make it through it, which is energ. preferable for 

minority carriers - they do not have to rely on diffusion anymore

See also the remark about 

importance of minority 

carriers in chapter 7: solar

cell functionality is given by 

their concentration (due to

illumination) & diffuse length

Higher doping level is good 

for the difference between 

p- and n- doped Si (source of

voltage), but bad for diffusion length
[ figure from www.pveducation.org ]

Photovoltaic effect (solar cells)
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Photovoltaic effect (solar cells)
Shockley-Queisser limit

In the real Sun spectrum, there are not only photons with        

the ideal energy corresponding to the band gap width Eg

Some photons have unnecessarily

high energy - we can utilize only

that part corresponding to Eg

Some photons have energy lower

than Eg - these cannot be used at all

Other losses are due to e.g. 

recombination (photons created by it; clearly cannot be avoided 

because at non-zero temperature, solar cell must radiate)

The consequence is Skockley-Queisser limit for the efficiency 

of solar cell with single PN junction: 33.7% (for Eg = 1.34 eV) 
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Photovoltaic effect (solar cells)
construction

Transparent conductive oxides - see above - as electrodes      

(at least the upper one)

Efficiency can be enhanced by multilayers of different semicond.

(Shockley-Queisser limit is 33.7% for 

one PN junction, 42% for two PN 

junctions, 49% for three PN junctions, ...) 
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Photovoltaic effect (solar cells)
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Speaking about energy sources

[ see ourworldindata.org for references]                                                                [US Department of Energy]                                                                      
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12) Other functional properties

Atomic structure

1) Introduction, crystal structure

2) Bonding in solid materials

3) Vibrations and thermal properties

4) Classical calculations

Electronic structure

5) Role of free electrons

6) Band structure

7) Semiconductors

8) Quantum calculations

Functional properties

9) Mechanical properties

10) Optical properties

11) Photoinduced properties

12) Other functional properties

Special fields

13) Thermodynamics and solid solutions

14) Magnetism

15) Superconductivity

16) Amorphous materials

Relatively heterogeneous chapter

i) Thermochromic and electrochromic effect

ii) Thermoelectric effects

iii) Galvanic cells

iv) Carbon structures, especially nanotubes

v) Thermal diffusivity a effusivity

vi) Colorimetry
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Many materials have temperature-dependent atomic structure

Thermochromic effect

Optical properties may be 

independent of that (e.g. 

high Eg in both cases)

Either change "only" 

between two opaque 

colors,

The transition can take 

place at some 

uninteresting temperature

It may qualitatively affect 

optical properties      

(thermochromic mat.)

... or a qualitative change 

between transparent and non-

transparent state (for some ) 

... or at a temperature which 

makes the effect useful   

(e.g. desired room 

temperature)
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Thermochromic effect - VO2

Low temperature (monoclinic structure):

band gap

transparent

low electrical and thermal conductivity

High temperature (rutile structure):

closing on band gap

more opaque in IR

high electrical and thermal conductivity
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Low temperature:

▪ band gap Eg2  0.6 eV

▪ transparent

▪ low conductivity
 

High temperature:

▪ closing of Eg2 (the band Vd is not split anymore)  

decreasing transmittance in IR, high conductivity (but not       

so high to prevent transmittance in the visible on its own)

▪ still open band Eg1  2 eV, crucial for preserved transmittance 

in the visible in parallel to the modulation in IR

Thermochromic effect - VO2
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Mirage

In parallel to the "true" 

thermochromic effect 

(structure changes), optical 

properties depend on T due 

to density changes (even 

for the same structure).

First example: Si

Second example: 

air (warmer air 

has lower density, 

therefore lower n)

 mirage
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Electrochromic effect

Change of optical properties ( el. structure) after 

- addition of an electron (cathodic coloration)

oxides W (WO3; most used), Mo, Ta, Nb, V, ...

- removal of an electron (anodic coloration)

oxides Cr, Mn, Fe, Co, Ni, again V, ...

In order to preserve neutrality, the electron must be followed 

by ion (H+, Li+) waiting until then at an opposite electrode 

(design of the device - e.g. electrochromic windows - has to 

include it). So this is not only about changing atomic 

coordinates (like in the case of thermochromic effect),                   

but about changing the set of present atoms in itself.
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Change of optical properties ( el. structure) after 

- addition of an electron (cathodic coloration)

oxides W (WO3; most used), Mo, Ta, Nb, V, ...

- removal of an electron (anodic coloration)

oxides Cr, Mn, Fe, Co, Ni, again V, ...

In order to preserve neutrality, the electron must be followed     

by ion (H+, Li+) waiting until then at an opposite electrode.    

More exact mechanism have been proposed. What do 

thermochromic oxides have in common are six-coordinated   

metal atoms (building blocks are MO6 octahedrons).

Works also for amorphous materials.

Contrary to thermoch. effect, this one needs external voltage. 

But the energy is delivered only once, coloration is permanent.

Electrochromic effect
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Thermoelectric effect

Seebeck coefficient S

Opposite ends of a material are at different temperatures



Diffusion of warmer charge carriers is faster, so in a stationary 

state the charge carriers cumulate at the cold end and we get 

the voltage 

U = -ST

Positive charge carriers

 S > 0

Negative charge carriers

 S < 0



prof. Jiří Houška (KFY FAV ZČU)

Seebeck effect (more practical setup)

Now, ends of two materials with different Seebeck coefficients 

have different temperatures. 



Thanks to that, we can anywhere (not only between the 

warmest and coldest point like in the previous side) interrupt 

the loop and get the voltage

U = ST, 

or

U = S(T)dT

if S depends on temperature

Thermoelectric effect
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Seebeck effect (more practical setup)

Now, ends of two materials with different Seebeck coefficients 

have different temperatures. 



Thanks to that, we can anywhere (not only between the 

warmest and coldest point like in the previous side) interrupt 

the loop and get the voltage

U = ST

Not only source of energy, but also possibility to measure the 

temperature difference which gave rise to the voltage - see the 

thermocouples in any our laboratory

Thermoelectric effect
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Jules Verne

Twenty Thous. Leagues Under the Sea

Lost in translation
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As a small boy, I did not 

understand the book (1870) 

Now I know that author 

means thermochromic 

effect (Seebeck, 1821).

Qualitatively, it may work (especially in 

tropic see - higher T)

Detailed checking (acceleration in the shell during the trip 

to Moon, karst formations in granite [and parallel occurrence of creatures of 

all continents, from seals to porcupine] on the Mysterious Island, description 

of the production and properties of steel and cast iron in the Steel city or 

before the trip to Moon, ...)

of Verne is not good idea.

Jules Verne

Twenty Thous. Leagues Under the Sea
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Speaking about this: as captain Nemo did not want to rely on 

thermoelectric effect, how did he obtain electrical power?

...

I see: Bunsen cell with Na instead of Zn

Lost in translation

Jules Verne

Twenty Thous. Leagues Under the Sea
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first the simpler Volta cell (1799, 1.1 eV)

Zn (anode) + Cu (cathode) in H2SO4 (electrolyte)

Zn easier oxidizes (Zn → Zn2+ + 2e-) 

ions Zn2+ leave anode for the electrolyte 

(reaction Zn + H2SO4 → ZnSO4 + H2) 

negative charge stays on the Zn electrode.

Cu (noble metal) dissolves in the electrolyte

less, the charge on Cu electrode is less 

negative  potential difference.

Original version (Galvani): brass hook

instead of Zn, iron rail (or iron knife) 

instead of Cu, frog legs as an 

electrolyte and voltmeter at once

Galvanic cells
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Volta cell (1799, 1.1 eV)

Zn (anode) + Cu cathode) in H2SO4 (electrolyte)

Zn + H2SO4 → ZnSO4 + H2 (g)

Bunsen cell (1841, 1.9 eV) 

Zn (anode) in H2SO4 (electrolyte) + C (cathode)

in HNO3 (oxidant, also called depolarizer),

separated by a membrane

Zn + H2SO4 + 2HNO3 → ZnSO4 + 2H2O + 2NO2 (g)

or also H2CrO4 or H2Cr2O7 (both leads to ions Cr2O7
2- )  

instead of HNO3: not so much because of slightly higher 

voltage, but to avoid gas (H2, NO2) formation during reaction

Galvanic cells
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Zinc-carbon cell (1.5 eV, dry - electrolyte as a paste)

Zn (anode) in NH4Cl (electrolyte) + C (cathode) in MnO2 (oxidant)

Zn + 2NH4Cl + 2MnO2 → Mn2O3 + Zn(NH3)2Cl2 + H2O

Zinc-chloride cell (1.5 eV, "heavy duty") 

Zn (anode) in ZnCl2 (electrolyte) + C (cathode) v MnO2 (oxidant)

Zn + ZnCl2 + 2MnO2 + 2H2O → 2MnO(OH) + 2Zn(OH)Cl

yet drier: H2O is on the left-hand side, i.e. is consumed

most frequent version of Lithium cell (3.3 V)

Li (anode) in LiClO4 (electrolyte) + C (cathode) v MnO2 (oxidant)

(here, MnO2 is often not called oxidant or depolarizer but directly 

cathode, while C/metal is called current collector)

Li + MnO2 → LiMnO2

Galvanic cells
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Bunsen cell (version with H2Cr2O7): 

Zn → Zn2+ + 2e- 0.76 V 

Cr2O7
2- + 14H+ + 6e- → 2Cr3+ +7H2O 1.33 V

total 2.09 V

Verne-Nemo cell:

Na → Na+ + e- 2.71 V 

Cr2O7
2- + 14H+ + 6e- → 2Cr3+ +7H2O 1.33 V

total 4.04 V

Indeed twice as high, Verne is right about this                                

(but the experiment - throwing of sodium into sulfuric acid -

has to be made far from me)

Jules Verne

Twenty Thous. Leagues Under the Sea
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Thermoelectric effect

Peltier effect

Opposite of Seebeck (where a difference of temperatures leads 

to voltage): the same circuit as 3-4 slides above, but switch input 

and output - voltage is a source of temperature difference

dQ/dt = (A-B).I (details below)

For the voltage polarity in the 

figure, charge carriers in both 

materials move down and carry 

heat down

Used e.g. for cooling of CCD 

chips (e.g. in detectors of our 

Raman spectroscope)
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Peltier effect and the electronic structure

When leaving metal for 'n' semiconductor 

(top part of fig.), electrons have to jump up

from the Fermi level to the conduction band,

cool their surroundings of the energy used

When leaving 'n' semicond. (bottom part of fig.), electrons fall 

back to the Fermi level, heat surroundings by the excess energy

When leaving metal for 'p' semiconductor (bottom part of fig.), 

electrons from Fermi level anihilate with holes in valence band 

below the Fermi level, heat surroundings by the excess energy

When leaving 'p' semiconductor (top part of fig., where holes are 

created) electrons have to jump up from valence band to the 

Fermi level (leaving hole), cool surroundings of the energy used

Thermoelectric effect
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Thomson effect

Absorption or release of heat by a conductor which conducts 

current, if there is a temperature gradient along the conductor

This is not the power I.U = I.R2, but "extra" heat (even at R = 0)

Mathematician: "2nd order correction" resulting from (possible) 

temperature-dependence of Seebeck ( Peltier) coefficient 

Physicist: continuous version of Peltier effect described above: 

if the temperature-dependent Seebeck ( Peltier) coefficient 

changes along a conductor (because of T gradient), each point 

is a "junction of two different materials" where - depending on I

direction - heat is absorbed or released (Peltier effect)

dQ/dt = K.I.T.dx (details below)

Thermoelectric effect
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Thermoelectric effect - formulas 

Contact voltage

- voltage VC creates barrier for diffusion of charge carriers    

(conc. nA, nB), making their flux (without external voltage) zero:

nA.e-eVC/kBT = nB, so VC = (kBT/e).ln(nA/nB)

Peltier effect: 

- released or absorbed heat at the junction is equal to the 

product of current and accelerating/decelerating voltage:

dQ/dt = VC.I (energy conservation law) 

- sign depends on a convention; minus can be found as well 

(similarly for Thomson effect, i.e. continuous version of Peltier),           

in any case it changes with the direction of current 

- using the definition 3 slides above dQ/dt = (A-B).I

we get  = (kBT/e).ln(n)
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Contact voltage

VC = (kBT/e).ln(nA/nB)

Peltier effect

dQ/dt = .I where  = VC

Seebeck effect

- along a loop of two materials we measure a difference of both 

contact voltages: VC = (kB/e).ln(nA/nB).T

- using the definition 13 slides above U = ST we get              

S = (kB/e).ln(nA/nB)

- thus the relationship with Peltier coefficient S = /T, S = /T

Thermoelectric effect - formulas 
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Contact voltage

VC = (kBT/e).ln(nA/nB)

Peltier effect

dQ/dt = .I where  = VC

Seebeck effect

U = ST where S = (kB/e).ln(nA/nB) = /T

Thomson effect

- continuous version of Peltier effect, where dQ/dt = VC.I = S.T.I

- therefore dQ/dt = (dS/dx).T.I.dx = (dS/dT).(dT/dx).T.I.dx = 

(dS/dT).T.T.I.dx

- using the definition 3 slides above dQ/dt = K.I.T.dx

we get K = T.(dS/dT)

Thermoelectric effect - formulas 
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3D graphite

2D graphene (from purely geometrical point of view - not in 

reality - precursor of the other 3, see the figure)

1D nanotubes

0D fullerenes

Carbon (nano)structures
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3D graphite: see chapter 2. Metallic, because

val. and cond. band touch in a single point

2D graphene: popular, but not more interesting than graphite 

from the present point of view. Extremal properties are given

- high electrical and thermal conductivity: the reason is 

purity, not new physics. (Single layer is easier to prepare 

without defects, and there is higher motivation for that -

graphite in pencils includes impurities intentionally.)

- transparency: the reason is low thickness (absorbs 2.3% 

per monolayer, but there is only one), not new physics.

1D nanotubes: details below

0D fullerenes: organic chemistry, experiments with 

superconductivity

Carbon (nano)structures
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Carbon nanotubes

While terms graphite or graphene represent single material, 

there is infinite number of qualitatively different nanotubes.

They are characterized by the direction of bending (followed  

by a perpendicular cut), the chiral vector (and chiral angle).

zigzag         armchair       chiral       
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While terms graphite or graphene represent single material, 

there is infinite number of qualitatively different nanotubes.

They are characterized by the direction of bending (followed  

by a perpendicular cut), the chiral vector (and chiral angle).

chiral angle

0° : zigzag; some CC 

bonds along the 

nanotube direction 

30°: armchair; some CC 

bonds normal to the 

nanotube direction          

(i.e. along chiral vector)

0 to 30° : general case

Carbon nanotubes
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chiral vector (n,m)

(n,m=0): zigzag 

(n,m=n): armchair

(n,0<m<n): general case

Carbon nanotubes

While terms graphite or graphene represent single material, 

there is infinite number of qualitatively different nanotubes.

They are characterized by the direction of bending (followed  

by a perpendicular cut), the chiral vector (and chiral angle).



prof. Jiří Houška (KFY FAV ZČU)

Reminder: graphite & graphene have metallic properties due to 

the touch of valence and conduction band in a single point

So it is not surprising, that small deformation of electronic 

structure (using graphene to make nanotube) can open a band 

gap, and metallic material becomes semiconductive

decided by chiral vector 

n-m divisible by 3 (e.g. all 

armchair: n-m = 0)

 metal

n-m not divisible by 3 

 semiconductor

Carbon nanotubes
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Chiral vector C = nR1 + mR2 brings new symmetry, which the 

wavefunction has to respect (while in graphene plane it can 

differ of phase, i.e. factor eikC - see Bloch theorem). Thus, out 

of graphene electronic states, only those with wave vector k

which fulfils k.C = 2N (integer N) are allowed

n-m divisible by 3  metal

n-m not divisible by 3  semiconductor

Why in this way?

In the first Brillouin zone of graphene, 

valence and conduction bad touch in 

corners of the hexagon, i.e. points         

(K1-K2)/3, (K1+2K2)/3 and (2K1+K2)/3

Carbon nanotubes
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Chiral vector C = nR1 + mR2 brings new symmetry, which the 

wavefunction has to respect  k.C = 2N (integer N)

In the first Brillouin zone of graphene, 

valence and conduction bad touch in 

corners of the hexagon, i.e. points         

(K1-K2)/3, (K1+2K2)/3 and (2K1+K2)/3

After substituting to k.C = k.(nR1 + mR2) = 2N

(remembering KiRj = 2ij):

k = (K1-K2)/3    is allowed for (2n-2m)/3 = 2N

k = (K1+2K2)/3 is allowed for (2n+4m)/3 = 2N

k = (2K1+K2)/3 is allowed for (4n+2m)/3 = 2N

All equations yield the same condition (n-m) = 3N

Carbon nanotubes
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Effective mass in graphene plane

Above we derived 1/m* = 1/ħ2.d2E(k)/dk2

But what if the dependence E(k) around EF

is linear? m* is then infinite (while the exp.

value is, on the contrary, almost 0).

Let's try to derive m* a bit differently than in chapter 7:                   

- m* does not replace m in the eq. of motion, but in relation for p

- for simplicity, assume that bands do not touch in K (k0) 

but in  (k=0) (i.e. transformation k' = k-K)

p = m*vg (new assumption)

p = ħk (also used previously)

vg = d(k)/dk = 1/ħ . dE(k)/dk (also used previously)

 (substitute for vg in m*vg = ħk)

1/m* = 1/(ħ2k).dE(k)/dk

for free electron (E = ħ2.k2/2m) also here m* = m
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Above we derived 1/m* = 1/ħ2.d2E(k)/dk2

But what if the dependence E(k) around EF

is linear? m* is then infinite (while the exp.

value is, on the contrary, almost 0).

Alternative formula 1/m* = 1/(ħ2k).dE(k)/dk was derived

- good thing (agrees with exp. for graphene) is m*→0 for k→0

- bad thing is division by zero for k=0

Understanding the division by zero, i.e. zero m*: massless 

particles are known to move by the speed of light  consider 

equations known from special relativity. The real velocity of 

"massless" electrons has the role of "speed of light".

- in general: E2 = (pc)2 + (m0c
2)2

- m0 = 0: E = pc = ħkc = ħkvg : observed linear dependence

Effective mass in graphene plane
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Understanding the division by zero, i.e. zero m* : 

- in general: E2 = (pc)2 + (m0c
2)2

(electron and hole are in this interpretation antiparticles)

- m0 = 0: E = pc = ħkc = ħkvg : observed linear dependence

(owing to the possibility of pseudorelativistic description, 

people really talk about relativistic electrons and holes, 

or Dirac fermions)

Effective mass in graphene plane
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- in general: E2 = (pc)2 + (m0c
2)2

(electron and hole are in this interpretation antiparticles)

- m0 = 0: E = pc = ħkc = ħkvg : observed linear dependence

(owing to the possibility of pseudorelativistic description, 

people really talk about relativistic electrons and holes, 

or Dirac fermions)

The aforementioned almost-zero effective mass is consistent 

with the high achieved mobility in a pure graphene layer

- graphene: up to      200 000 cm2/V.s

- TCO: often around           40 cm2/V.s

 (see e.g. the figure Steinhauser et al. in chapter 7):

Effective mass in graphene plane
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Thermal diffusivity and effusivity 

Quantities which need no introduction:

- thermal conductivity,  (or k or )

- heat capacity per unit of mass, c

- heat capacity per unit of volume, cvol = c

What is their relationship with 

- thermal diffusivity, 

- thermal effusivity, e ?
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Quantities which need no introduction:

- thermal conductivity,  (or k or )

- heat capacity per unit of mass, c

- heat capacity per unit of volume, cvol = c

Thermal diffusivity 

 = /c = /cvol

means the rate of equilibration of temperature differences 

Example: rate of cooling after local melting (after an energetic 

particle impact)

Thermal diffusivity and effusivity 
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Thermal diffusivity 

 = /c = /cvol

means the rate of equilibration of temperature differences 

Example: rate of cooling after local melting (after an energetic 

particle impact)

Thermal diffusivity and effusivity 
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Quantities which need no introduction:

- thermal conductivity,  (or k or )

- heat capacity per unit of mass, c

- heat capacity per unit of volume, cvol = c

Thermal effusivity

e = (c) = (cvol)

means material's resistance against temperature changes

Example 1: temperature on a boundary of two materials is 

approximately given by the ratio of their thermal effusivities.

Example 2: if a material is exposed to oscillating ambient 

temperature, amplitude of oscillations of its own (surface) 

temperature is given by its thermal effusivity

Thermal diffusivity and effusivity 



prof. Jiří Houška (KFY FAV ZČU)

Quantities which need no introduction:

- thermal conductivity,  (or k or )

- heat capacity per unit of mass, c

- heat capacity per unit of volume, cvol = c

Thermal effusivity

e = (c) = (cvol)

means material's resistance against temperature changes

Thermal diffusivity and effusivity characterize the thermal 

inertia (in the broad sense which denotes whole field).

Sometimes the term thermal intertia (in the narrow sense 

which denotes a quantity) is used for thermal effusivity.

Thermal diffusivity and effusivity 
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Colorimetry

Motivation:

we have (for given angle of rays) 

dependence of reflectance (R)

or transmitance (T) on 

- either experimental

- or predicted using n and k

We want to convert this information

to visual impression (several

numbers like RGB, CMYK, ...)

Organization behind the norms below:

Commission internationale de l'éclairage

(abbreviation CIE used below)
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Color space (CIE 1931)

In eye there are 3 kinds of 

corresponding cone cells               

(Short, Middle, Long wavelength;       

see figure for spectral sensitivity).      

The color space is therefore             

three-dimensional. 

It is possible to separate 

- chromaticity: 

two dimensions in the figure

('x' and 'y' is defined below)

- brightness: 

the third (vertical) dimension

E.g. white, grey and black have same 

chromaticity, but different brightness
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Figure shows (for max. brightness) all visible colors

Colors at the bow are spectral (wavelength 380 - 700 nm)

Colors on horseshoe base (line of purples) are non-spectral

Colors on the edge (bow + base) are saturated

Mixtures of two colors are 

along lines connecting them

Complementary colors are on 

opposite ends of lines going 

through white

Color space (CIE 1931)
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Brightness-independent: chromaticity, also chromacity

Brightness-related:

brightness: rather subjective impression than physical quantity

luminance, also luminosity (here - not always - synonyms): 

quantifies brightness, Y in the norm XYZ below

relative luminance: Y/Yn where Yn is the maximum (of given 

display, etc.), i.e. from 0 to 1 (the corresponding 

factor can be found already in formulas for X,Y,Z)

lightness: another way how to quantify brightness, L & L*

in the norms Lab & L*a*b* below, from 0 to 100

Dominant component of the color:

hue: which saturated color (i.e. point on the edge of the figure 

above - end of line starting in white) corresponds to it  

Color space (CIE 1931)
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starting figure:    chromacity for saturated colors    hue, i.e. saturated

3D color space max. brightness: 2D after subtracting with maximum

white/grey: 2D brightness: 1D

brightness: 1D response of 'S' response of 'M' response of 'L' 

cells (blue car cells (yellow wall cells (car on the right

is brighter) is brighter) has brighter light)

Color space (CIE 1931)
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Color space
(mathematical descriptions)

There are 3 kinds of cone cells in eye  color space is 3D. 

Mathematician: so any color can be obtained as a linear 

combination of any 3 "linearly independent" base colors.             

For CIE RGB: red 700 nm, green 546.1 nm, blue 435.8 nm 

Physicist: but there are no such base colors leading to non-

negative coefficients in all these linear combinations

For spectral colors , coefficients in the linear combinations are 

called color matching functions and denoted r, g, b                         

(for CIE RGB see figure). 

For non-spectral colors I(), coefficients

are labelled by the same letters R, G, B

as colors themselves. By integration 

R = I()r()d (similarly for G and B).
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There are 3 kinds of cone cells in eye  color space is 3D. 

Mathematician: so any color can be obtained as a linear 

combination of any 3 "linearly independent" base colors.             

For CIE RGB: red 700 nm, green 546.1 nm, blue 435.8 nm 

Physicist: but there are no such base colors leading to non-

negative coefficients in all these linear combinations

Because we want/have to avoid negative coefficients in 

experimental color mixing, we can in fact utilize only               

the triangle defined by the 

chosen base colors (gamut)

Color space
(mathematical descriptions)
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Because we want/have to avoid negative coefficients in 

experimental color mixing, we can in fact utilize only               

the triangle defined by the chosen base colors (gamut)

Color space
(mathematical descriptions)
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So which color spaces (triads of coordinate axes) do exist?

1) device-dependent (best known, but not scientific) - depends 

on device producer, capture only part of colors (limited gamut)

- RGB (color model) with many versions (color spaces):       

sRGB (standard: Microsoft, HP), Adobe RGB, Apple RGB,         

ProPhoto RGB, etc. Used in devices working with 

emitted light (computer screens).

- CMY (and CMYK - the fourth black color is not necessary 

from physics point of view, but in real devices it is simpler 

and cheaper to add it than to produce it by mixing C+M+Y). 

Used in devices working with reflected light (printers) -

reason for complementary colors.

- and others

Color space
(mathematical descriptions)
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2) device-independent, capture all colors                            

(at the cost of the fact that the mixed colors are not real)

- CIE 1931 XYZ (starting point for all later):

instead of real (even monochromatic) colors and 

(sometimes negative) coefficients R, G, B we have

fictitious "colors" and (non-negative) coefficients X, Y, Z.

Color space
(mathematical descriptions)



prof. Jiří Houška (KFY FAV ZČU)

2) device-independent, capture all colors                            

(at the cost of the fact that the mixed colors are not real)

- CIE 1931 XYZ (starting point for all later):

for light I() it holds X = I()x()d (similarly for Y and Z)

where x, y, z are newly 

introduced, contrary to 

r, g, b non-negative, 

color matching functions.

They are arbitrary anyway,

so they were chosen in that

way that Y is brightness

(y is sensitivity of eye).

Color space
(mathematical descriptions)
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2) device-independent, capture all colors                            

(at the cost of the fact that the mixed colors are not real)

- CIE 1931 XYZ (starting point for all later):

for light I() it holds X = I()x()d (similarly for Y and Z)

- CIE xyY: normalization x = X / (X+Y+Z), y = Y / (X+Y+Z)

(coordinates 'x' and 'y' from the figure above), brightness 

can be expressed using the original Y

The triangle [1,0], [0,1] and [0,0] indeed

includes all visible colors, at the cost of

the aforementioned fact that its corners

do not correspond to real visible colors..

Color space
(mathematical descriptions)
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2) device-independent, capture all colors                            

(at the cost of the fact that the mixed colors are not real)

- CIE 1931 XYZ (starting point for all later):

for light I() it holds X = I()x()d (similarly for Y and Z)

- CIE xyY: normalization x = X / (X+Y+Z), y = Y / (X+Y+Z)

(coordinates 'x' and 'y' from the figure above), brightness 

can be expressed using the original Y

- Lab (Hunter Lab) & L*a*b* (CIE Lab): transformation of XYZ                          

L (0 to 100) expresses brightness ( function of Y)

'a' and 'b' (convention -128 to 128) express chromacity

advantage compared to XYZ is perceptual uniformity, i.e. 

difference of (L)2 + (a)2 + (b)2 = difference for observer

- and others

Color space
(mathematical descriptions)
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Transformation RGB → XYZ

Example for CIE RGB, other versions of RGB lead to other 

matrices. Scaling factor can vary (1, 1/255, etc.), provided for 

R,G,B 0 to 1 and the white point 1/0.17697 = 5.6508 cd/m2

Contribution of R,G,B to brightness: 0.17697 : 0.81240 : 0.01063

(least square fit of r, g, b to spectral sensitivity y)
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Transformation XYZ → L*a*b*

f(X/Xn) = (X/Xn) / 3(6/29)2 + 4/29 for X/Xn = 0 to (6/29)3

(X/Xn)
1/3 for X/Xn = (6/29)3 to 1

similarly for f(Y/Yn), f(Z/Zn)

L* = 116 f(Y/Yn) - 16

strongly nonlinear: for middle grey - lightness 50 (%) - we need 

only relative luminance of 18.4 %

a* = 500 [ f(X/Xn) - f(Y/Yn) ]

b* = 200 [ f(Y/Yn) - f(Z/Zn) ]

factors 500 and 200 well guarantee the aforementioned 

perceptual uniformity
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Colorimetry
role of illuminant (CIE standard illuminants)

bulbs: illuminant A (incandescent 2856 K), B, C

Sun: illuminant D65 (noon Sun ~6500 K)

illuminant D50 (horizon Sun ~5000 K), D55, D75

others: illuminant F1-F12 (fluorescent lamps)
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Colorimetry
role of observer (CIE standard observers)

Density of cone cells is different in different points of retina 

(highest: yellow spot  lowest: blind spot)

Fitted color matching functions therefore depend on the 

observation angle (which the test persons were asked to focus 

on): standards for 2° (older, probably still prevailing) and 10°.
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Colorimetry - summary

  =

R or T           illuminant     observer      =  XYZ, Lab, ...
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Colorimetry - example 1

  =

R of gold  illuminant D65  1931 CIE observer = L*a*b* 90 4 36  
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Colorimetry - example 2

Colors obtained by substituting I() in the equations above      

by spectrum of black body of various temperatures       

(Planckian Locus)


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Colorimetry - example 2

Colors obtained by substituting I() in the equations above      

by spectrum of black body of various temperatures 

Green color also corresponds to some T (.T = 0.002897 mK       

 e.g. 5267 K for the spectral maximum at 550 nm). So why   

the curve goes around the green area? Why, in agreement with 

the curve, do exist red/yellow/blue stars but no green stars?
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Colorimetry - example 2

Colors obtained by substituting I() in the equations above      

by spectrum of black body of various temperatures 

Green color also corresponds to some T (.T = 0.002897 mK       

 e.g. 5267 K for the spectral maximum at 550 nm). So why   

the curve goes around the green area? Why, in agreement with 

the curve, do exist red/yellow/blue stars but no green stars?

Because green is in the middle of visible,

i.e. many green photons also mean many

photons of other wavelengths which 

collectively lead to whiter color
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There is not only trichromatism

The fact that there are 3 kinds of cells in eye (trichromacy) and 

that the human color space is therefore 3D is not automatic,          

it has nothing to do with the 3-dimensionality of the real space

Monochromatic: water and night mammals (which cannot utilize 

color vision) - whale, dolphin, raccoon, some night monkeys

Dichromatic: most mammals - dog, cat, horse, many New World 

monkeys

Trichromatic: human (previous slides), Old World monkeys 

including primates, marsupials, many fish

Tetrachromatic: many birds and insects, some ornamental fish, 

polar reindeer (Sun low over the horizon  increasing benefit 

from the sensitivity on UV light which refracts more)

Pentachromatic: exceptional birds (pigeon) and insects (some 

butterflies)
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European Starling
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Human genetic deviation 

can not only be the source 

of mono- or dichromatism 

( color blindness), but 

also of tetrachromatism

There is not only trichromatism
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Even dichromatism can be an advantage: greater sensitivity to 

contrast  revealing a camouflage against trichrom. observers

There is not only trichromatism
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Metamerism

Each color (numbers L*a*b*, RGB, etc.) corresponds                 

to infinitely many radiation spectra

Thus, objects can have (for given

illuminant) the same color, even though

their spectral power distributions differ

Difference is revealed by another illuminant

Utilization of metamerism (in praxis often in a broad sense,               

including IR spectrum): one kind of security elements on 

banknotes, documents, etc.
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Each color (numbers L*a*b*, RGB, etc.) corresponds                 

to infinitely many radiation spectra

Thus, objects can have (for given

illuminant) the same color, even though

their spectral power distributions differ

Another example: gold  brass (Cu+Zn)

Note also the ancient legend about 

Phrygian king Midas ("everything he touched

became gold"): while the countries around, 

like Greece, mined only Cu and Sn 

"orange" bronze, Phrygia mined

also Zn  "yellow" brass

Metamerism

gold

brass
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13) Thermodynamics and s. solutions

Atomic structure

1) Introduction, crystal structure

2) Bonding in solid materials

3) Vibrations and thermal properties

4) Classical calculations

Electronic structure

5) Role of free electrons

6) Band structure

7) Semiconductors

8) Quantum calculations

Functional properties

9) Mechanical properties

10) Optical properties

11) Photoinduced properties

12) Other functional properties

Special fields

13) Thermodynamics and solid solutions

14) Magnetism

15) Superconductivity

16) Amorphous materials
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Basic thermodynamics of gases

G = H - TS = U + PV - TS

dG = Vdp -SdT

G minimized at a given pressure and temperature

Frequent minimization of free enthalpy
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Basic thermodynamics of gases

dG = Vdp -SdT

Thermodynamics of condensed matter

dG = Vdp 

Negligible for condensed phase

Frequent minimization of free enthalpy
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Basic thermodynamics of gases

dG = Vdp -SdT

Thermodynamics of condensed matter

dG = Vdp -SdT 

Negligible for condensed phase

Configuration entropy 6-12 slidel below

Frequent minimization of free enthalpy
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Basic thermodynamics of gases

dG = Vdp -SdT

Thermodynamics of condensed matter

dG = Vdp -SdT +dN 

Negligible for condensed phase

Configuration entropy 6-12 slidel below

Comparison for correct N 2-3 slides below

Frequent minimization of free enthalpy
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Basic thermodynamics of gases

dG = Vdp -SdT

Thermodynamics of condensed matter

dG = Vdp -SdT +dN -VMdB0 

Negligible for condensed phase

Configuration entropy 6-12 slidel below

Comparison for correct N 2-3 slides below

Inserting of materials into external magnetic field B0 (see 

magnetism in chapter 14). It can be found also +VB0dM,      

which holds when the minimization of G does not take place at 

fixed B0, and the total energy includes also energy of EM field.

Frequent minimization of free enthalpy
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Basic thermodynamics of gases

dG = Vdp -SdT

Thermodynamics of condensed matter

dG = Vdp -SdT +dN -VMdB0 -VPdE0

Negligible for condensed phase

Configuration entropy 6-12 slidel below

Comparison for correct N 2-3 slides below

Inserting of materials into external magnetic field B0 (see 

magnetism in chapter 14). It can be found also +VB0dM,      

which holds when the minimization of G does not take place at 

fixed B0, and the total energy includes also energy of EM field.

Inserting of material into external electric field E0 (dtto)

Frequent minimization of free enthalpy
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Basic thermodynamics of gases

dG = Vdp -SdT

Thermodynamics of condensed matter

dG = Vdp -SdT +dN -VMdB0 -VPdE0 +g.dA 

Negligible for condensed phase

Configuration entropy 6-12 slidel below

Comparison for correct N 2-3 slides below

Inserting of materials into external magnetic field B0 (see 

magnetism in chapter 14). It can be found also +VB0dM,      

which holds when the minimization of G does not take place at 

fixed B0, and the total energy includes also energy of EM field.

Inserting of material into external electric field E0 (dtto)

Surface energy (see hydrophobicity/hydrophilicity in chapter 11)

Frequent minimization of free enthalpy
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Formation energy - calculation

Often we want to compare not only energies or enthalpies or 

free enthalpies (the rules below hold for all these quantities)

of homogeneous phases of the same composition, but also 

energy of solid solution with sum of energies of its components

Examples:

ETi0.5Al0.5N - 1/2ETiN - 1/2EAlN

ETi0.5Si0.5N - 1/2ETiN - 1/6ESi3N4
+ 1/12EN2

ETiB0.5N0.5
- 1/2ETiN - 1/4ETiB2

- 1/4ETi

In each case, we must compare energies of such "competing" 

configurations which have the same elemental composition

(e.g. in the second eq. it was necessary not to forget 1/12EN2
)
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Two simple - but surprisingly often ignored - rules

1) Compare energies per the same number of atoms

Example: who will more oxidize in O2, Zr or Ta

- comparing Ef per one O atom is OK

- comparing Ef per one mole of O atoms is OK

- comparing Ef per one mole of structural units ZrO2

and Ta2O5 is most convenient (this is how Ef is often 

provided in experimental databases), but wrong -

ratio of these Ef values differs 2.5 from the above ratios

Physical conclusion should not depend on human convention.                        

Whether the structural unit is ZrO2 or e.g. Zr2O4

(with doubled Ef) is a human convention.

Formation energy - utilization
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Two simple - but surprisingly often ignored - rules

2) Compare energies per the same number of atoms

present in both competing reactions

Example 1 : who will more oxidize in O2, Zr or Ta                  

(see also above)

 compare Ef per one atom / mole O 

Example 2 : will Zr in O2+N2 more oxidize (to ZrO2) or more 

nitride (to ZrN)

 compare Ef per one atom / mole Zr

Ratio of Ef values per one gas atom (blind following of 

Example 1) would again differ from the correct one (2).

Formation energy - utilization
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Formation energy - ab initio calc.

Formation energy can be effectively predicted (methodology 

indicated in chapter 8) for a wide range of materials

Example:

out of materials M1
0.5M

2
0.5N (M1,2 z IVB-VB), 

- Ta0.5Ti0.5N is most stable

- V0.5Zr0.5N is least stable

[ V. Petrman and J. Houska,       

J. Mater. Sci. 48, 7642 (2013) ]
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Calculated energy Ti4BCN2 -892.3196 eV/at.

Calculated energy TiN -930.5927 eV/at.

Calculated energy TiC -871.8798 eV/at.

Calculated energy TiB2 -586.1533 eV/at.

Calculated energy Ti -1587.0457 eV/at.



2TiN + TiC + 0.5TiB2 + 0.5Ti -892.3604 eV/at.

Difference in fifth - sixth 0.0408 eV/at.

significant digit

Solid sol. Ti4BCN2 has higher energy than TiN+TiC+TiB2+Ti 

at zero temperature (non-zero T below) is metastable

Example of necessary exactness 
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For solids at low temperatures, they are almost synonyms:       

E (U)  H  G (or it is often silently assumed). Reminder 

for situations where we want to distinguish them (non-negligible 

difference between H and G=H-TS at high T):

Change of enthalpy H says how much is the reaction 

(decomposition of solid solution, etc.) exo / endothermic

Change of free enthalpy (= Gibbs energy) G says how much   

is the reaction spontaneous (which is if the main interest,          

but in many cases we know only the experimental value of H)

Ab-initio calculations often for T=0  again H = G

Energy  enthalpy  free enthalpy
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For simplicity equimolar binary material A0.5B0.5

A.R. Miedema (1970's)

H ~ -P(*)2 + Q(nWS
1/3)2  where

▪ * is Miedema electronegativity, strongly correlating with 

work function (even more than with Pauling electroneg.) 

 Note the minus sign: the elements want to mix if they are 

different in this way, if they exhibit a charge transfer 

 (albeit less significant than e.g. during oxidation)

▪ nWS is electorn density at the edge of Wigner-Seitz cell

▪ Q/P = 9.4

What does the enthalpy depend on
(if we do not want to take it as purely empirical)
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For simplicity equimolar binary material A0.5B0.5

A.R. Miedema (1970's)

H ~ -P(*)2 + Q(nWS
1/3)2

More recent and ambitious formulae:                                                     

e.g. considering also different atomic sizes

Today online interfaces (e.g. micid.top/modelbase/miedema) 

and downloadable codes (např. micid.top/software/miedema)

Fast estimation (but not explanation) of H also via 

calculation using universal force fields (building on chapter 4)

What does the enthalpy depend on
(if we do not want to take it as purely empirical)
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Example of summary of 

miscible and immiscible 

metals

▪ important in itself

▪ 95% agreement           

with Miedema

[ R.F. Zhang et al., Sci. Rep. 7, 9577 (2017) ]

What does the enthalpy depend on
(if we do not want to take it as purely empirical)
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If we are interested in stability of solid solution at a specific 

temperature, it is desirable to distinguish

- H (ab-initio results 2-3 slides above) and 

- G = H - TS

Configurational entropy (Boltzmann formula)

- S = kB lnW where W is number of configurations

- S = -kB pi lnpi where pi are probabilities of configurations

if there are W states with equal probabilities

pi = 1/W, the second formula converts to the first one

- S = -kB ci lnci where ci are contents of components  

- S = -R ci lnci if S is not per atom but per mole

Configuration entropy
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Configurational entropy

- S = kB lnW where W is number of configurations

photo from Wiener Zentralfriedhof

(log really means logarithm                

with a base of 'e', not 10)

Configuration entropy
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Configurational entropy

- S = kB lnW where W is number of configurations

update after visiting                   

Vienna personally :-)

Configuration entropy
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H (ab-initio calculation T = 0 K)

at low temperatures, this solid solution is metastable

Configuration entropy
example for TixHf1-xN
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G = H + ½ kBT ci lnci = H + ½kBT [x lnx + (1-x) ln(1-x)]

thus, at high temperatures the solid solution can become stable

Configuration entropy
example for TixHf1-xN
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G = H + ½ kBT ci lnci = H + ½kBT [x lnx + (1-x) ln(1-x)]

Why the factor of ½?

It was not in the original formula S = -kB ci lnci .

Configuration entropy
example for TixHf1-xN
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G = H + ½ kBT ci lnci = H + ½kBT [x lnx + (1-x) ln(1-x)]

Why the factor of ½? 

Because configurational entropy of the solid solution TixHf1-xN 

is related to only half of the material, specifically the metal 

sublattice TixHf1-x . However, G per atom (or mole) means per 

any atom (or per mole of structural units containing all atoms).

Configuration entropy
example for TixHf1-xN
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Consider a dependence on solid solution composition Gform(x)      

1) Gform is convex in the whole range

  solid solution is stable

2) Gform is concave in the whole range

  solid solution is metastable 

 (fast spinodal decomposition)

3) Complicated dependence 

 - in the concave part (between

 inflexion points) spinodal dec.

 - in the rest of the part between

 local minima (more precisely:

 between the points of contact of ranges 

 around local minima with their joint tangent)

 slow binodal decomposition (precipitation)

Binodal  spinodal decomposition

spinodalbinodal binodal



prof. Jiří Houška (KFY FAV ZČU)

Gibbs energy for solid solution of mater. A and B at zero temp.:

G = (1-xB)GA + xBGB + AB(1-xB)xB

At non-zero temperature (see the configurational entropy above)

G = (1-xB)GA + xBGB + AB(1-xB)xB + kBT[(1-xB)ln(1-xB) + xB lnxB]

(xB refers to phase 'B', while kB is Boltzmann constant)

What is, for simplicity, not considered in the equations

- possibility that only part of atoms take part in the mixing 

(discussed 2 slides above)

- dependence of GA, GB, AB on T

- energy of boundary between both phases (and its temperature  

dependence) in the case when solid solution does not form

Binodal  spinodal decomposition
introduction of parameter AB
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At non-zero temperature (neglected T-dep. of GA, GB, AB):

G = (1-xB)GA + xBGB + AB(1-xB)xB + kBT[(1-xB)ln(1-xB) + xB lnxB]

AB is constant positive: AB depends on composition:

at zero temperature

When does spinodal decomp. take place (at least for some xB)?

in general : 2G/xB
2 < 0  T < 2AB(1-xB)xB/kB

constant positive AB : 2G/xB
2 < 0  T < TC = AB/2kB

spinodal
binodal binodal

Binodal  spinodal decomposition
for which comp. and T does spinodal decomp. take place?
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Option 1: various regular distributions                                  

(some of them allow small size of 

simulation cells, i.e. fast calculations)

Option 2: random distribution (requires large simulations cells), 

in praxis, owing to the periodical boundaries, pseudorandom: 

special quasirandom structure, SQS

SQS leads to correlation functions (another viewpoint: 

elemental composition of the set of nearest neighbours of      

an atom, composition of the set of second nearest neighbours, 

etc., as close to the truly random composition as possible

SQS leads to energy close to the middle of interval of possible 

values, rather than to a minimum energy. That is, it leads to 

kinetically rather than thermodynamically preferred structure.

Distribution of atoms in solid solution
(important for their theoretical description)
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SQS leads to energy close to the middle of interval of possible 

values, rather than to a minimum energy. That is, it leads to 

kinetically rather than thermodynamically preferred structure.

Trends of energies & lattice constants & mechanical properties

(sometimes even the quantitative values) obtained using 

regular and pseudorandom distribution are often similar

C#2: SQS

[P.H. Mayrhofer et al., J. Appl. Phys. 100, 094906 (2006)]

Distribution of atoms in solid solution
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SQS leads to energy close to the middle of interval of possible 

values, rather than to a minimum energy. That is, it leads to 

kinetically rather than thermodynamically preferred structure.

The termodynamically preferred distribution may be different 

(including different versions of the regular one) for different 

solid solutions (in the figure HfYN, HfTaN, HfMoN)

[M. Matas et al., Acta Mater. 206, 116628 (2021)]

Distribution of atoms in solid solution
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Electroneutral substitution (instead of 1:1 substitution):     

preserved charge (given by number of val. el. without lonepairs)

Example 1: when replacing aluminium (3 el.) by silicon (4 el.) in 

AlSiN, 4 atoms Al (12 el.) are replaced by 3 atoms Si (12 el.) 

and one vacancy (figure: m next to    = number of vacancies)

Much better agreement with exp. than for 1:1 substitution (  )

Electroneutral substitution                      
in (some) solid solutions
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Electroneutral substitution (instead of 1:1 substitution):     

preserved charge (given by number of val. el. without lonepairs)

Example 2: when replacing nitrogen (formal charge -3e) by 

oxygen (-2e) in TiAlON, VAlON, etc, electroneutrality is 

preserved by interstitial anions, or (more likely) cation vacancies

Much better agreement with exp. than for 1:1 substitution

Electroneutral substitution                      
in (some) solid solutions
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First a high-school figure (phase diagram of H2O).

There is a supercritical fluid above the critical point (possibility to 

bypass critical point and change phase without phase transition)

Phase transitions

triple 

point

critical 

point

Boundary solid-liquid is 

slightly tilted to the left 

due to the water 

anomaly (chapter 2) 

Many phases of ice                

("our" ice is Ih)

M, E, V =                        

Mars, Earth, Venus
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Boundary solid-liquid is tilted to the left due to the water anomaly

It becomes more visible with non-linear axis

The same boundary for CO2 (no H bonds) is tilted to the right 

Phase transitions
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Clausius-Clapeyron equation: in an equilibrium of phases      

1 and 2 (i.e. along solid lines representing phase transitions): 

dG1 = V1dp - S1dT = dG2 = V2dp - S2dT

dp/dT = (S2 - S1)/(V2 - V1)

dp/dT = L/T(V2-V1) where L is latent heat,

therefore the sign of the slope depends on the sign of (V2-V1)

Phase transitions
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Classification from practical point of view

- transition between slid/liquid/gas (previous slide; part of 

physics of condensed state but let's focus on solids) 

- change of number of phases (homogeneity): e.g. spinodal 

and binodal decomposition of solid solution 9-11 slides above

- change of atomic (crystallographic) structure: phases of ice       

3 slides above, ferrite  austenite for Fe, etc., etc., etc.

- change of electronic structure at (almost) preserved atomic 

structure: change of ordering of spins due to a transition to 

another magnetic state, transition to superconducting state, ...

Phase transitions
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Classification from thermodynamical point of view:                                     

n-th order transition leads to a discontinuity of n-th derivative of 

free energy F (fixed volume) / free enthalpy G (fixed pressure) 

by some state quantity (such as temperature or intensity of 

external magnetic field)

In praxis mainly n = 1 or 2

- 1st order transitions: already the 1st der. G/T is discontinuous 

- 2nd order transitions: only the 2nd der. 2G/T2 is discontinuous

Phase transitions
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- 1st order transitions: already the 1st der. G/T is discontinuous

- 2nd order transitions: only the 2nd der. 2G/T2 is discontinuous

no transition

1st order transition

2nd order transition

Phase transitions
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Transitions of 1st order

already the 1st derivative is discontinuous:



There is non-zero latent heat H

Whole change can take place at a single temperature, but not 

immediately: the rate of heat transfer is finite, therefore both 

phases exist next to each other during phase transition

The transition does not have to take place (metastable phases)

Heat capacity diverges (transfer of H at fixed T)

E.g. transitions between solid/liquid/gas state,                              

but also other phase transitions 

1

1

(G)
0

(T) CP

H
S

T

  
 = = −  
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only the 2nd derivative is discontinuous:



Latent heat is zero

The changes with temperature are smooth  ("continuous phase 

transitions"), but immediate at each of these temperatures.

The is not anything like metastable phase

Heat capacity changes abruptly (Cp0), but remains finite

E.g. change of magnetization (details in the next chapter 14): 

magnetization in itself is continuous, but susceptibility                      

 = M/H = (-1/oV).2F(H,T)/H2 is discontinuous

2
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Transitions of 2nd order



prof. Jiří Houška (KFY FAV ZČU)

Transition of boiling water in snow

Boiling water thrown into dry air quickly evaporates, and at 

sufficiently low temperature ( -25 °C) it becomes snow before 

falling on the ground (many videos on Youtube)
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14) Magnetism

Atomic structure

1) Introduction, crystal structure

2) Bonding in solid materials

3) Vibrations and thermal properties

4) Classical calculations

Electronic structure

5) Role of free electrons

6) Band structure

7) Semiconductors

8) Quantum calculations

Functional properties

9) Mechanical properties

10) Optical properties

11) Photoinduced properties

12) Other functional properties

Special fields

13) Thermodynamics and solid solutions

14) Magnetism

15) Superconductivity

16) Amorphous materials
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Reminder of quantities

Magnesia district in Greece:

home of the tribe of Magnetes,          

source of magnetic rocks, birthplace of 

mythological (~900 BC) Magnes the 

shepherd who allegedly discoveded them 
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The force between two infinite parallel conductors with charges 

1,2 per unit length is in vacuum equal to                    per unit 

length (integration of Coulomb law) 

There are not any magnetic charges in the conductors. There are

▪ static protons, the proton charge in the rest frame connected to 

protons is  
+ per unit length

▪ electrons moving with the velocity u, the electronic charge in 

the frame connected to electrons is  
- (< 0) per unit length

In the laboratory rest frame (= frame connected to protons),       

the electrons are subject to length contraction, leading to 

electronic charge of  
-/(1-u2/c2) = g 

- per unit length

The conductor is neutral in this frame, i.e.  
++g 

- = 0               

(the length contraction exactly compensates the increasing 

distance between electrons during their acceleration)

r
F 21

0

S
2

1 


=

Moving charges lead to magnetism
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The force between two infinite parallel conductors with charges 

1,2 per unit length is in vacuum equal to                    per unit 

length (integration of Coulomb law) 

In the laboratory rest frame (= frame connected to protons),       

the electrons are subject to length contraction, leading to 

electronic charge of  
-/(1-u2/c2) = g 

- per unit length

The conductor is neutral in this frame, i.e.  
++g 

- = 0 

In the frame connected to electrons, the protons are subject to 

length contraction, leading to proton charge of  
+/(1-u2/c2) = g 

+ 

per unit length. The conductor becomes slightly charged in this 

frame, with a total charge g 
++ 

- =  [1-g 
2] 

- per unit length.

Moving charges lead to magnetism

r
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In the frame connected to electrons, the conductor becomes 

slightly charged, with a charge g 
++ 

- =  [1-g 
2] 

- per unit length

Electrons in one conductor are attracted to the slightly charged 

other conductor by the aforementioned electrostatic force 

the electric current, represented in the rest frame by electrons 

with a charge density g 
- per unit length, is equal to I = g 

-u

substitute 0c
2 = 1/0 and get the Ampere's force law
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Moving charges lead to magnetism
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As shown above, magnetic force can be understood as an 

electrostatic force between charges respecting theory of relativity. 

The older empirical findings (Ampere's force law, Biot-Savart law, 

second summand of Lorentz's force as a change of the first one 

after in a different frame, ...) can be derived using STR.

This is not questioning the concept of magnetic field, nor the 

equality of E and B in the equations describing the EM waves  

(e.g. through vacuum which does not even contain any charges).        

The quantities E.B and E2-c2B2 are relativistic invariants,               

i.e. there does not necessarily exist a frame where B = 0.

The magnetism is weak for non-relativistic velocities: the ratio of 

magnetic and electrostatic force between charges with velocities 

v1,v2 (generalization of parallel currents on previous slides)                        

is proportional to v1.v2/c
2 ( B~E/c2  second-order correction).              

However, it is important when it constitutes the only force.

Moving charges lead to magnetism
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Reminder of quantities

In general B = oH + oM

B magnetic induction [T],

o permeability of vacuum [H/m]

H intensity of magnetic field [A/m]

M magnetization [A/m] 

For weak fields we expect linear magnetics

 M is parallel to H, M = H where  is not tensor but scalar

 B = H = orH =o(1+)H

  = M/H, or also  = M/H or  = oM/B0

(equivalents for low  , be careful about ferromagnetics)

 permeability of the environment [H/m]

r relative permeability of the environment [-]

 susceptibility [-] external field B0 = oH

(does not matter for the aforementioned low : /[1+]  )



prof. Jiří Houška (KFY FAV ZČU)

Reminder of Maxwell equations

Consequence of Maxwell equations:                                                       

- assuming the absence of magnetic monopoles and 

- in a fixed electric field 

the only source of magnetic field (magnetic moments) is 

- electrical current, i.e. movement of electrical charges
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Why the letters E, B, D, H, ... ?

Reminder of Maxwell equations
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Why the letters E, B, D, H, ... ?

Maxwell denoted the necessary quantities alphabetically

Vector potential A

Magnetic induction B

Total electric current C

Electric displacement D

Electromotive force E

Mechanical force F

Velocity at a point G

Magnetic force H

(in the meantime C and G abandoned, 

and some quantities renamed)

Reminder of Maxwell equations
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Magnetic moment

There are magnetic moments m associated with individual 

electrons & atoms, magnetization is given by their density:         

M = dm / dV

Mechanical moment of a pair of forces Mmech (do not confuse  

with M) in external field B0 (do not confuse with inside field B)

Mmech = mB0

The resulting energy (after integration over angle)

E = -m.B0

For a current loop we can derive 

m = I.S 

(sometimes directly given as a definition of m)

m
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Magnetic moment

There are magnetic moments m associated with individual 

electrons & atoms, magnetization is given by their density:         

M = dm / dV

Mechanical moment of a pair of forces Mmech (do not confuse  

with M) in external field B0 (do not confuse with inside field B)

Mmech = mB0

The resulting energy (after integration over angle)

E = -m.B0

for whole material E = -V.M.B0 = -V.M.o.H,

to formulas 5 slides above ( = M/H, etc.) we can add 

 = (-1/oV).2E(H)/H2, or even better (at finite temperature)

 = (-1/oV).2F(H,T)/H2



prof. Jiří Houška (KFY FAV ZČU)

Magnetism of solid materials                       

is of quantum origin

Bohr-van Leeuwen theorem:

Magnetic field does not do work (vB perpendicular to v), change 

of external field therefore does not change the material state 

corresponding to the minimum energy  does not change the 

distribution of velocities in the material, etc.



If the total electric current ( magnetic moment) in                           

a (non-rotating) material is zero without external magnetic field,                       

it will stay zero also after switching the external field on ( = 0). 
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Bohr-van Leeuwen theorem:

From another point of view: electrons in magnetic field circulate             

with a frequency f, but

▪ internal currents ( diamag. moments, dm = -e.f.dS) 

are exactly cancelled out by 

▪ circumference current resulting from open orbits at the edge 

( paramagnetic moment with opposite orientation, m = e.f.S) 

therefore again  = 0

Magnetism of solid materials                       

is of quantum origin
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Source of magnetism in solid mater.

As pointed out 4 slides above: the source of magnetic     

moments is movement of electrical charges

The important motions of charges in the microworld are

▪ circulating of electrons around atom core

▪ rotation of electrons, i.e. spin

▪ rotation of atom core: neglected here

Circulating of electron around atom core (particle point of view):               

m = I.S = -e.f.r2 = -e.(v/2r).r2 = -(e/2me).(mevr) = -(e/2me).L

i.e. magnetic mom. and angular mom. are proportional

Typical value of angular momentum in the microworld is ħ,          

therefore typical value of magnetic moment is B = eħ/2me ,                            

so called Bohr magneton
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Exp. proofs of the direct proportion of 

magnetic mom. and angular mom.

Einstein - de Haas effect: 

consequence of angular momentum 

conservation: ferromagnetic cylinder starts           

to rotate after a change of its magnetization 

Barnett effect:

the opposite of the aforementioned effect,                                                

i.e. magnetization caused by rotation
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Orbital angular momentum L = ħl(l+1) leads to (derived above)

m = -e/2me.L

= gL.L where gyromagnetic ratio gL = -e/2me

= -Bl(l+1) 

= -gLBl(l+1) where gyromagnetic ratio gL = 1

Spin angular momentum S = ħs(s+1) leads to (no derivation)

m = -e/me.S

= gS.S where gyromagnetic ratio gS = -e/me

= -2Bs(s+1) 

= -gSBs(s+1) where gyromagnetic ratio gS = 2

Quantities g and g are both called gyromagnetic ratio (in the latter 

case also g-factor), g sometimes includes also the sign '-'

Relationship of magnetic momentum 

and angular momentum
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Orbital angular momentum L = ħl(l+1) leads to 

m = -gLBl(l+1) where gyromagnetic ratio gL = 1

Spin angular momentum S = ħs(s+1) leads to 

m = -gSBs(s+1) where gyromagnetic ratio gS = 2

Transition from electron (quantum numbers j,l,s) to atom                

(quantum numbers J,L,S, do not confuse with momenta J,L,S):

Total angular momentum J = L+S leads to

m = -gJBJ(J+1)

where gJ (Lande g-factor) is not surprisingly between gL and gS

gJ = 1 + [J2+S2-L2] / 2J2 = 1 + [J(J+1)+S(S+1)-L(L+1)] / 2J(J+1)

Relationship of magnetic momentum 

and angular momentum
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Transition from electron (quantum numbers j,l,s) to atom                

(quantum numbers J,L,S, do not confuse with momenta J,L,S):

Total angular momentum J = L+S leads to

m = -gJBJ(J+1)

where gJ (Lande g-factor) is not surprisingly between gL and gS

gJ = 1 + [J2+S2-L2] / 2J2 = 1 + [J(J+1)+S(S+1)-L(L+1)] / 2J(J+1)

Reminder of Hund rules:                                                                

1) maximization of S

2) maximization of L

3) J = |L-S| for lower than half occupation of the top shell,               

J = L+S for higher than half (for exactly half L = 0)

Relationship of magnetic momentum 

and angular momentum
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Total angular momentum J = L+S leads to

m = -gJBJ(J+1)

where gJ (Lande g-factor) is not surprisingly between gL and gS

gJ = 1 + [J2+S2-L2] / 2J2 = 1 + [J(J+1)+S(S+1)-L(L+1)] / 2J(J+1)

Sounds very theoretical, 

but even a student of KFY

may need it in his papers

Relationship of magnetic momentum 

and angular momentum

[ M. Matas et al., Comp. Mater. Sci. 230, 112537 (2023)]



prof. Jiří Houška (KFY FAV ZČU)

Orbital angular momentum L = ħl(l+1) leads to 

m = -gLBl(l+1) (amplitude)

mz= -gLBml (projection to the direction of B)

where ml = -l, (-l+1), ..., l

(specifics of quantum mechanics: projection of the angular 

momentum to any direction is lower than its value ... ok)

Similarly for the spin angular momentum 

(S, gS, mS [for electron 1/2, for atom more general])

Similarly for the total angular momentum 

(J, gJ, mJ)

Direction of magnetic momentum
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Diamagnetism: consequence of the effect of external field on 

trajectories of electrons (each electron contributes separately, 

even when total m = 0 for all electrons associated with an atom)

i.e. this phenomenon has strongly different mechanism from the 

following ones, but it is called similarly because it also affects 

Paramagnetism: consequence of the effect of external field on          

vectors on magnetic moments of atoms, if they are non-zero 

and do not interact with each other, and free electrons

Ferro-/antiferro-/ferrimagnetism: consequence of energetical 

preference to order magnetic moments of atoms, if they are 

non-zero and do interact with each other, without external field

Magnetic phenomena
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Diamagnetism: consequence of the effect of external field on 

trajectories of electrons (each electron contributes separately, 

even when total m = 0 for all electrons associated with an atom)

- contribution of localized electrons (Langevin+Larmor)

- contribution of free electrons (Landau)

Paramagnetism: consequence of the effect of external field on          

vectors on magnetic moments of atoms, if they are non-zero 

and do not interact with each other, and free electrons

- contribution of atoms (Langevin+Curie)

- contribution of free electrons (Pauli)

We are talking about magnetic moment after the atom is inserted 

into mag. field, i.e. after excitation caused by that (van Vleck)

Magnetic phenomena
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Magnetic phenomena
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Localized electrons, circulating around the atom cores                       

with a radius  (i.e. not metals)

First approach: switching the magnetic field on gives rise to            

a tangential electric field (Faraday law) E.2 = -d/dt (B.2) 

the moment of electric force acting on circulating electron is

-e.E. = e.2/2.dB/dt

moment of force = speed of change of angular momentum, so

dL/dt = e.2/2.dB/dt



L = e.2/2.B

7 slides above m = -e/2me.L, therefore

m = -e/2me.L = -e22B/4me

Langevin diamagnetism
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Localized electrons, circulating around the atom cores                       

with a radius  (i.e. not metals)

First approach (previous slide):

m = -e/2me.L = -e22B/4me

Second approach: insertion into magnetic field B

leads to a precession with angular velocity  = eB/2me

(Larmor formula, no derivation)



m = I.S = -e.eB/2me.1/2.2 = (again) -e22B/4me

Langevin diamagnetism
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Formula derived (two different approaches) above:

m = -e22B/4me

It is desirable to replace 2 = x2+y2 by a mean value:

m = -e22B/4me

For spherical atom it is desirable to replace distance from z-axis 

(2 = x2+y2) by distance from the middle of atom (r2 = x2+y2+z2):

m = -e22B/4me = -e2.2/3r2.B/4me = -e2r2B/6me

For whole material (atomic density N, Z electrons per atom):

M = -NZe2r2B/6me

 = -NZe2r20/6me

Langevin diamagnetism
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Formulas derived above:

m = -e22B/4me

M = -NZe2r2B/6me

 = -NZe2r20/6me

The derivation is valid for weak fields (contribution to the angular 

velocity of electron circulating around atom core is low compared 

to the angular velocity before switching B on, etc.) 

The derivations are classical, but specifically for Langevin 

diamagnetism the quantum derivations lead to the same formula

Langevin diamagnetism
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table from wikipedia

Rare case when material properties do not depend 

predominantly on valence electrons, but on all electrons                      

(Z in the formula  = -NZe2r20/6me)



It is not surprising, that the heaviest stable element,

bismuth, is at the same time most diamagnetic

(pyrolytic carbon, i.e. modified graphite, 

has higher  only perpendicularly to

graphitic planes, not isotropically)

Langevin diamagnetism
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Contribution of free electrons (metals, or also semimetals)

The effect is clearly proportional to the number of free electrons, 

i.e. the density of states (per E and V) at the Fermi level g(EF) 

After derivation of the constant of proportionality (skipped)

 = -B
20g(EF)/3

or alternative forms

 = -e20(2meEF)/122meħ

 = -e20kF/122me

Reminder of equations for electronic gas with a density N:

radius of Fermi sphere kF = (32n)1/3

Fermi level EF = ħ2kF
2/2me

density of states / V g() = 1/22. (2me/ħ
2)3/2.

Landau diamagnetism
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Diamagnetism - summary

▪ Weakens the magnetic field ( in inhomogeneous B

the force is towards the region of lower B): minus sign of 

▪ Effect exist always, all electrons of all atoms contribute to it

▪ Effect is weak (especially compared to ferromagnetism)

▪ Effect is dominant in materials where most electrons          

are paired, many shells completely filled
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Levitation

First possibility: levitating material is ferromagnetic (see the 

figure) or paramagnetic (e.g. videos with O2 between poles         

of a magnet). Stabilization in a space using a diamagnetic 

material (often bismuth mentioned above) is necessary.

Bi

Bi

from instructions at USA server: 

It can be obtained by taking bismuth shot from shotgun shells. They are a special kind that use 

bismuth shot instead of lead shot, to prevent lead poisoning to birds in hunting areas. ...          

For obvious reasons, be sure to remove the bismuth shot from the shells before trying to melt it. 
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Levitation

Second possibility: levitating material is diamagnetic, typically 

something containing predominantly diamagnetic H2O ...            

e.g. a frog (see the figure). Repelled by all walls of strong  

(e.g. 16 T) hollow magnet, i.e. no need for further stabilization.
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Langevin paramagnetism

Turning of magnetic moments of individual atoms (if they are 

non-zero, i.e. not in all materials) towards external field direction

Atom has non-zero magnetic moment m = -gJBJ(J+1)

Projection to B is mz = -gJBmJ where mJ = -J, (-J+1), ..., J

Before switching B on the positive and negative values of mJ

are equally probable  mz = 0

After switching B on the probability of individual states is 

proportional to exp(-E/kBT), where E = -m.B (above)  mz  0
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Projection to B is mz = -gJBmJ where mJ = -J, (-J+1), ..., J

After switching B on the probability of individual states is 

proportional to exp(-E/kBT), where E = -m.B (above)  mz  0

example for L=0 a S=J=0.5  gJ=gS=2, mJ=0.5 :

mz = [BeBB/kBT - Be-BB/kBT] / [eBB/kBT + e-BB/kBT] = B.tanh(BB/kBT)

T = 300 K: tanh is 0.5 for gigantic B = 250 T  we can assume 

weak fields  tanh(BB/kBT)  BB/kBT

M  N.B.(BB/kBT) = NB
2B/kBT

  NB
20/kBT

Langevin paramagnetism
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example for L=0 a S=J=0.5  gJ=gS=2, mJ=0.5 :

mz = [BeBB/kBT - Be-BB/kBT] / [eBB/kBT + e-BB/kBT] = B.tanh(BB/kBT)

  NB
20/kBT

general value of J :

mz = gJJB.{(2J+1)/2J.ctgh[(2J+1)/2J.x]-1/2J.ctgh(1/2J.x)}

again approximation for weak fields

(low x, i.e. low magnetic energy compared to thermal energy):

  NB
20gJ

2J(J+1)/3kBT (for J=0.5 and gJ=2 we get

the previous formula)

Brillouin function BJ(x) ; x = gJJBB/kBT

Langevin paramagnetism
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example for L=0 a S=J=0.5  gJ=gS=2, mJ=0.5 :

mz = [BeBB/kBT - Be-BB/kBT] / [eBB/kBT + e-BB/kBT] = B.tanh(BB/kBT)

  NB
20/kBT

general value of J :

mz = gJJB.{(2J+1)/2J.ctgh[(2J+1)/2J.x]-1/2J.ctgh(1/2J.x)}

  NB
20gJ

2J(J+1)/3kBT

classical limit

transition from sum to integral, or substitute J→

before the simplification which assumed low product J.B

mz = gJJB.{ctgh[x]-1/x}   where again   x = gJJBB/kBT

when x is low (despite high J), we get the previous formula

  NB
20gJ

2J2/3kBT   (J2 instead of J(J+1) is OK for J→)

Langevin paramagnetism
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From the aforementioned formula for mz (incl. mz~B !) we got                     

 = M0/B = Nmz0/B  NB
20gJ

2J(J+1)/3kBT



Curie law know in the form  = C/T

Curie law
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From the aforementioned formula for mz (incl. mz~B !) we got                     

 = M0/B = Nmz0/B  NB
20gJ

2J(J+1)/3kBT



Curie law know in the form  = C/T

If the atoms (their d-electrons) interact (non-zero exchange 

energy), the consequence is additional Weiss field M

(at low temperatures this fields leads to ordering of magnetic 

moments - details below, now we are talking about the 

paramagnetic state of the same materials at high temperatures)

Curie - Weiss law
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Curie law know in the form  = C/T

If the atoms (their d-electrons) interact (non-zero exchange 

energy), the consequence is additional Weiss field M



mz~B converts to mz~B+M

M0/B = C/T converts to M0/(B+M) = C/T

 = M0/B is however still valid, after combining both equations 

 = C/(T-C/0)



Curie - Weiss law

Curie - Weiss law



prof. Jiří Houška (KFY FAV ZČU)

 = C/(T-C/0)

Curie - Weiss law, depending on the sign of  known as

 =  C/(T-TC) (Curie temperature TC,

positive exchange E, ferromagnetics)

 =  C/(T+TN) (Neel temperature TC,

negative exchange E; antiferromagnetics)

TC(N) above which a material is paramagnetic and T from the 

formula for  are not exactly equal, therefore also  =  C/(T-)

Curie - Weiss law
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Curie law - orbital quenching

After quantifying  = NB
20gJ

2J(J+1)/3kBT = C/T we get

▪ good agreement for elements except transition metals

▪ bad agreement for transition metals and real L

▪ good agreement for transition metals and L=0

Reason: for d-electrons of transition metals the crystal field is 

more important than spin-orbit coupling  rules the 3. Hund rule 

(valid for isolated atom) out, sets Lz = 0

Example for ion Cu2+

valence configuration 3d9 , S = 0.5, L = 2, J = 2.5

gJJ(J+1) = 3.55

gSS(S+1) = 1.73

experiment :  1.83
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Pauli paramagnetism

Reorientation of magnetic moments ( spins)                           

of free electrons towards the direction of extremal field

Reminder of the aforementioned stuff: 

▪ free electron has mz = -gSBmS where gS = 2 a mS = 1/2

▪ with B the electronic energy changes of E = -m.B

(decreases for spins oriented like the field and vice versa)

Both orientations share the same Fermi level  with B the 

number of spins oriented like the field increases and vice versa

N = N/2.[1 + Bg(EF)B] 

N = N/2.[1 - Bg(EF)B]  

M = B(N - N) = B
2g(EF)B

 = B
20g(EF)



prof. Jiří Houška (KFY FAV ZČU)

Paramagnetism - summary

▪ Strengthens the magnetic field ( in inhomogeneous B    

the force is towards the region of higher B): minus sign of 

▪ Effect does not exist always, most importantly magnetic 

moment cannot follow the direction of B if they are zero

▪ If the (especially Langevin) paramagnetism takes place,      

it is at common temperatures stronger than diamagnetism

(therefore we call the materials - in sum - paramagnetic)

▪ for the (dominant) Langevin paramagnetism, sometimes -

under simplification - also for whole paramagnetism,  

holds Curie law  = C/T, 

or Curie-Weiss law  = C/(T-TC)



prof. Jiří Houška (KFY FAV ZČU)

Landau diamagnetism



Pauli paramagnetism

effect on trajectories of free electrons (regardless the spin):

Landau_diamagnetism = -B
20g(EF)/3 (15 slides above)

effect on change of spins of free electrons:

Pauli_paramagnetism =  B
20g(EF) (2 slides above)

i.e. Pauli_paramagnetism = -3Landau_diamagnetism

sum of both effects says that the electronic gas is paramagnetic
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i.e. Pauli_paramagnetism = -3Landau_diamagnetism

sum of both effects says that the electronic gas is paramagnetic

This is not to say that the presence of electronic gas (presence 

of Pauli paramagnetism, independently of that of Langevin) 

guarantees an overall paramagnetism of a conductive material. 

E.g. Cu, Ag, Au are excellent conductors, but diamagnetic:          

at the absence of Langevin, only conducting electrons 

contribute to paramagnetism (1 per atom), while all electrons 

contribute to diamagnetism (29, 47, 79 per atom Cu, Ag, Au)

Landau diamagnetism



Pauli paramagnetism
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Ferromagnetism
+ antiferromagnetism, ferrimagnetism

Possible ordering of neighbouring magnetic moments

- same direction: ferromagnetic

- opposite direction, equal moments in both sublattices: 

antiferromagnetic

- opposite directions, different moments in both sublattices: 

ferrimagnetic
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First a reminder of Langevin paramagnetism:

mz = gJJB.{(2J+1)/2J.ctgh[(2J+1)/2J.x]-1/2J.ctgh(1/2J.x)}, 

M/Msaturation = (2J+1)/2J.ctgh[(2J+1)/2J.x]-1/2J.ctgh(1/2J.x)

where x = gJJBB/kBT

Weiss model: as pointed out above, ferromagnet can be 

described as a paramagnet (Langevin) with additional internal 

field M, i.e. x = gJJB(B+M)/kBT

Brill. function and line constitute

2 equations for 2 variables M, x

Graphical solution for B = 0: 

at T <TC there is a solution 

with M  0 (decreases with T)

x

Ferromagnetism
+ antiferromagnetism, ferrimagnetism
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Feromagnetismus
+ antiferomagnetismus, ferimagnetismus

Graphical solution for B = 0: 

at T <TC there is a solution 

with M  0 (decreases with T)

The solution with M  0 not   

only exists, it also constitutes      

a minimum of free enthalpy 

(while the state with M = 0 is 

below TC metastable, contrary to 

first-order transitions there is not 

even a local minimum) 

x
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Ferromagnetism (when happens)

Previous slide shows that the ordering of magnetic moments 

can take place. It can exist below temperature which increases 

with increasing absolute value of (Weiss) exchange energy.

When is this value high? See chapter 2.

For lower line number the orbitals do not overlap that much 

interact weakly  electrons do not have to end up in the same 

covalent bonding orbital  can choose spin  magnetism.

figure from chapter 2

Cr, Mn, ... : antiferromagnetic

Fe, Co, Ni, ... : ferromagnetic
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Previous slide shows that the ordering of magnetic moments 

can take place. It can exist below temperature which increases 

with increasing absolute value of (Weiss) exchange energy.

Within the first line of transition metals: dependence of 

exchange energy on the ratio of interatomic distance (a)        

and radius of 3d orbital (r) gives Bethe-Slater curve (ferro / 

antiferromag. ordering for positive/negative exchange energy) 

Ferromagnetism (when happens)
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Within the first line of transition metals: dependence of 

exchange energy on the ratio of interatomic distance (a)        

and radius of 3d orbital (r) gives Bethe-Slater curve (ferro / 

antiferromag. ordering for positive/negative exchange energy)

Monotonic dependence of Curie temperature on E

TC = 1400 K
TC = 1043 K

TC = 627 K

TC = 292 K

Ferromagnetism (when happens)
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Sometimes it is not that simple

In some materials the 

magnetic ordering 

changes with temperature 

more than once.

Often 2 (AF-F-P),        

e.g. for NdMn2GeSi 

(middle composition           

in the figure) even           

4 (F2-F1-AF-F1-P)

NdMn2(Ge1-xSix)2

[ Y. Wang et al, J. Alloy. Compd. 257, 19 (1997) ]
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Domain structure

If the spontaneous ordering of magnetic moments begins at 

more places simultaneously, their orientation does not have to be 

everywhere the same. At least two opposite directions along the 

same "easy axis" (see below). Domain structure forms

- energetically non-preferred from the exchange int. point of view

- energetically preferred due to saving energy needed to form 

magnetic field outside the material (see figure)

Thus, there is a domain size which is energetically most 

preferred. The real domain size (depending on magnetic, 

mechanical, thermal history) can be different. 
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If the spontaneous ordering of magnetic moments begins at 

more places simultaneously, their orientation does not have 

to be everywhere the same. Domain structure forms. 

While individual domains have (below TC) non-zero  

miscroscopic magnetization shown 6 slides above,                     

the macroscopic magnetization can be zero. 

Domain structure
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If the spontaneous ordering of magnetic moments begins at 

more places simultaneously, their orientation does not have 

to be everywhere the same. Domain structure forms.

Various domain borders (e.g. depending on sample size):

Ising Bloch (bulk)

Neel (thin films) Ising-Neel (similarly Ising-Bloch)

Domain structure
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If the spontaneous ordering of magnetic moments begins at 

more places simultaneously, their orientation does not have 

to be everywhere the same. Domain structure forms.

If there is a small angle  (so small that cos  1-2/2)  

between two spins S, the exchange energy is proportional       

to S22. If the rotation of  is realized in N steps, the total 

exchange energy is lowered to S22/N (iron: N  300).

Bloch (bulk)

Domain structure
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Magnetization curve of monocrystal

Spin-orbit coupling (let alone other effects)  spin depends on

shape of orbitals  spin depends on its orientation in crystal 

magnetic properties of crystalline materials are anisotropic. 

Mag. is easy along easy axis, difficult along hard axis.

During magnetization the spins 

1) first order along such an easy axis which is relatively most 

parallel to the external field (growth of domains of this 

orientation and vice versa; weak external field is sufficient), 

2) after that, the spins (domains) rotate from the approximately 

correct to the exactly correct direction (strong field needed)

bcc Fe: easy axis [100], hard axis [111]

fcc Ni: easy axis [111], hard axis [100]

hcp Co: easy axis [0001], hard axis [10-10]
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bcc Fe: easy axis [100], hard axis [111] - see the figure

(-Fe, ferrite: up to 912 °C, incl. ferromagnet up to 770 °C )

▪ [100] (easy axis): magnetization caused by low external field 

almost corresponds to the final magnetization

▪ [110]: magnetization (to [100]) 

caused by low external field 

well corresponds to the final / 2

▪ [111]: magnetization (to [100]) 

caused by low external field 

well corresponds to the final / 3

Magnetization curve of monocrystal
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Mag. curve of real material

1) The first part of the curve (very weak fields) is linear and 

reversible (the domain borders stop at the first defect)

2) The middle faster-than-linear part (Rayleigh law M ~ H2) 

represents the growth of "approximately correctly" oriented 

domains. The material contains grain borders, dislocations, 

impurities, etc. The moving domain borders need energy to 

overcome them, therefore this is non-reversible.

3) The final slower-than-linear

part represents the turning 

of domains to the correct 

direction
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2) The middle faster-than-linear part (Rayleigh law M ~ H2) 

represents the growth of "approximately correctly" oriented 

domains. The material contains grain borders, dislocations, 

impurities, etc. The moving domain borders need energy to 

overcome them, therefore this is non-reversible.

Overcoming of individual 

defects means that this part 

actually happens in steps -

see the figure.

The overcoming of individual 

defects can be registered as 

cracking (Barkhausen effect).

B

Mag. curve of real material



prof. Jiří Houška (KFY FAV ZČU)

Hysteresis curve

Formation, movement and perishment of domain walls is 

differently difficult in different mater. This defines how easily the 

domain structure changes with the magnetic field. Quantities:

▪Br (remanent / residual 

magnetization after 

switching the external field 

off), or also ratio of Br and     

a saturation value Bm

▪Hc (coercitive field, needed 

to eliminate magnetization  

in the opposite direction),     

or also ratio of Hc and            

a saturation value Hm
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▪Soft (low HC):                      

e.g. transformer cores

▪Hard (high HC):                     

e.g. magnetic memories

Hysteresis curve

Formation, movement and perishment of domain walls is 

differently difficult in different mater. This defines how easily the 

domain structure changes. Ferromagnets can be divided to
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▪Soft (low HC):                      

e.g. transformer cores

▪Hard (high HC):                     

e.g. magnetic memories

Formation, movement and perishment of domain walls is 

differently difficult in different mater. This defines how easily the 

domain structure changes. Ferromagnets can be divided to

Hysteresis curve
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Ferromagnetism - summary

▪ Significantly (orders of mag.) strengthens the magnetic field

(e.g. for 99.8% Fe  = 5 000, for 99.95% Fe  = 200 000) 

▪ Can be described as paramagnetism with an additional 

internal Weiss field

▪ Exists up to Curie (ferro-, ferri-) or Neel (antiferro-) 

temperature, paramagnetism above it

▪ Domain structure (compromise between the energy of 

exchange interaction and energy needed to form field outside)

▪ Hysteresis curve (narrow/wide for soft/hard ferromagnets)
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A magnet does not only magnetize ferromagnetic (and to               

a lesser extent paramagnetic) materials around, it also attracts 

them. However, the force on charged particle (see also the 

reminder at the beginning of the chapter) F = q.(vB) changes 

only the direction of its velocity, not the size of its velocity.

So where does the ability of magnets to lift objects (change the 

size of velocity of systems of charged particles) come from?

Magnetic force
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So where does the ability of magnets to lift objects (change the 

size of velocity of systems of charged particles) come from? 

Magnetic force

The above holds for free particles and/or

particles in a homogeneous field. 

When lifting objects, 

▪ the particles inside are not free 

(to put it simple, they circulate                

around a fixed axis) and

▪ they are in inhomogeneous field. 

Thus, the total force acting on a current 

loop (see the figure, showing elements of 

the total force at two points) is non-zero.
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The entropy can be lowered 

(i) by lowering the temperature (at given external mag. field) or

(ii) by ordering the spins (at given temperature)

By combining izotermic magnetization followed by adiabatic 

demagnetization, we can (on a one-time basis) cool the material

< 1 mK (electronic paramagnet)

<1 nK (nuclear paramagnet)

Adiabatic demagnetization
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15) Superconductivity

Atomic structure

1) Introduction, crystal structure

2) Bonding in solid materials

3) Vibrations and thermal properties

4) Classical calculations

Electronic structure

5) Role of free electrons

6) Band structure

7) Semiconductors

8) Quantum calculations

Functional properties

9) Mechanical properties

10) Optical properties

11) Photoinduced properties

12) Other functional properties

Special fields

13) Thermodynamics and solid solutions

14) Magnetism

15) Superconductivity

16) Amorphous materials
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Superconductive state of some mat. below the critical temp. (TC)                    

 electrical resistivity drops to zero (not only towards zero)

checked with error <10-25 m  decay time >100 000 years

 relative permeability drops to zero 

(not only slightly below 1 like in normal diamagnetics), 

i.e. the material becomes an ideal diamagnetic,                        

expels the magnetic field 

(Meissner - Ochsenfeld effect)

What characterizes superconductivity
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Superconductive state of some mat. below the critical temp. (TC)                    

 electrical resistivity drops to zero

 relative permeability drops to zero 

Notes about the first of these effects

- Ohm law I = U/R = U/0 does not mean that the current through 

a superconductor can be infinite ( 1010A/m2), see also below 

- the zero dc resistivity does not change the fact that it takes  

non-zero time to accelerate electrons with non-zero mass,                     

i.e. superconductor still has non-zero kinetic inductance 

(e.g. for 1 kHz L 10-12Rnormal) 
Vac

L

R

What characterizes superconductivity
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Superconductive state of some mat. below the critical temp. (TC)                    

 electrical resistivity drops to zero

 relative permeability drops to zero 

Notes about the second of these effects

- do not confuse expulsion of mag. field from a superconductor 

with an EM induction (magnetic field induces currents,         

which give rise to a magnetic field with an opposite sign) 

- thus, for a supercond. state we need not only low temperature,          

but also sufficiently low magnetic field (so it can be expelled)

- there is a possibility to trap magnetic field inside material,              

if its surface cools down (becomes superconducting) first

What characterizes superconductivity
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Perfect conductor  

(flux conserving): 

final state does 

depend on the 

order of cooling 

and switching Bapp

Superconductor        

(flux expelling): 

final state does 

not depend on the 

order of cooling 

and switching Bapp

Superconductor  perfect conductor
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First of all a reminder of Maxwell equations

The field B inside a superconductor is zeroed by shielding 

currents circulating in a surface layer of low but non-zero 

thickness. Thus, B does not drop to zero, but smoothly 

approaches zero at a distance corresponding to this thickness.

Penetration depth of B
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usual equation of motion m.dv/dt = qE - mv/

converts to m.dv/dt = qE

in parallel, the flux density j = -nqv

so dj/dt = nq2/m.E

(first London eq. : both perfect conductor and superconductor)

and   rot dj/dt = nq2/m.rot E

third Maxwell equation rot E = -dB/dt

so rot dj/dt = -nq2/m.dB/dt

and rot j = -nq2/m.B

(second London eq. : only superconductor)

based on the experience with superconductors, we have chosen 

zero integration constant (the first L. equation says that the term 

rot j + nq2/m.B is constant, for superconductors it is zero)

Penetration depth of B
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third Maxwell equation rot E = -dB/dt

so rot dj/dt = -nq2/m.dB/dt

and rot j = -nq2/m.B

(second London eq. : only superconductor)

fourth Maxwell equation j =  1/0 . rot B (pro dE/dt = 0)

so 1/0 . rot rot B = -nq2/m.B

and 1/0 . (grad div B - B) = -nq2/m.B

second Maxwell equation div B = 0

so B = 0nq2/m.B = (1/2).B

solution in 1D B = Bappe
-(x/)

i.e. B penetrates to (decays within)  = (m/0nq2) = tens nm

Penetration depth of B
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John Bardeen, Leon Cooper a John Robert Schrieffer

Nobel prize 1972 (J.B. the only winner of two NCs for physics)

Principle: pairs of electrons (more pairs with decreasing temp.) 

create bonded Cooper pairs. Electrons (despite Coulombian 

repulsion) are bonded in that way that they share the same 

lattice vibration, same phonon). Another point of view: the first 

electron deforms the lattice of cations during its movement, 

locally increases their concentration, this attracts the other el. .

BCS theory of superconductivity
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First electron deforms the lattice

of cations during its movement, 

locally increases their concentration,

this attracts the other electron.

Figure is illustrative: in general, electrons do not have velocities 

parallel to the line connecting them, instead they orbit around 

each other shifted by half of the circle (opposite velocities).       

At the same time the circle center moves  electrical current.

BCS theory of superconductivity
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First electron deforms the lattice

of cations during its movement, 

locally increases their concentration,

this attracts the other electron.

Strong reaction to the electron  

passage (electron-phonon 

coupling) is necessary,

which harms normal conductivity



best conductors (Cu, Ag, Au, ...) 

do not exhibit superconductivity

BCS theory of superconductivity
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First electron deforms the lattice

of cations during its movement, 

locally increases their concentration,

this attracts the other electron.

Reaction to the el. passage 

must constitute the main 

deformation (not lost in

normal thermal vibrations) 

 low-temperature phenomenon

BCS theory of superconductivity
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First electron deforms the lattice

of cations during its movement, 

locally increases their concentration,

this attracts the other electron.

The lattice reacts in 2/D 10-13 s

Electron moves by velocity 106 ms-1

Distance of electrons bonded in this way is 10-7 m = 100 nm

(more than the distance to another conductive electron                  

not included in the Cooper pair, i.e. the pairs overlap)

BCS theory of superconductivity
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First electron deforms the lattice

of cations during its movement, 

locally increases their concentration,

this attracts the other electron.

Isotope effect: for given element

in given structure, lighter isotopes

exhibit stronger reaction to electron

passage  easier formation of

C. pair  higher TC. Agrees with 

BCS theory, contrary to efforts to 

explain supercond. electronically.

BCS theory of superconductivity
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Principle: pairs of electrons for bonded Cooper pairs

They are quasiparticles (not unprecedented - note e.g the holes 

in semiconductors and their effective mass) with integer spin      

0 or 1, usually 0 (electrons with opposite spins bond better)

Conductive electrons above TC: fermions, each in own state, 

scatter on lattice defects independently of each other

Cooper pairs below TC: bosons, condense in single shared 

ground state, scattering would have to happen to all of them          

at once (extremely unlikely) - therefore superconductivity

BCS theory of superconductivity
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Cooper pairs below TC: bosons 

More precisely quasibosons: 

- they remember that they are system of fermions, i.e. like any 

other system of any other number of fermions must have 

antisymmetric wavefunction with respect to exchange of 

electrons (not to be confused with exchange of whole C. pairs)

- contrary to other systems of fermions they are extremely 

delocalized (the aforementioned electronic distance on the 

order of hundreds nm), so in praxis they often behave like 

bosons in that way that they condense in a single state, 

i.e. ignore Pauli principle

BCS theory of superconductivity
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The Cooper pair is the last quasiparticle introduced here -                      

a good opportunity to sumarize all of them          

Quasiparticles in the narrow sense. Resemble real particles.

- electron (different dispersion rel. - chapter 7 - than free one)

- hole (not even exists as a free one)

- exciton (bound state of electron and hole, which do not conduct 

current but keep close to each other after the excitation)

- Cooper pair (bound state of two electrons)

Quanta of energy related to a collective excitation of many 

particles. Do not resemble real particles in the background. 

- phonon (correlated movement of atoms, chaper 2)

- plasmon (correlated movement of electrons, chapter 10)

- magnon (correlated movement of spin moments)

Quasiparticles
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After the transition to the superconductive state, band gap 

opens. Its width 2 corresponds to bonding energy of C. pair.

2(0K) = 3.53kBTC , for example

Al                  2 = 0.34 meV = 3.3kTC (TC = 1.2 K)

YBa2Cu3O7-x 2 =    30 meV = 4.0kTC (TC = 92 K, or >100 K)

2(T) = 2(0K).(1-[T/TC]2)

T > TC T < TC T = 0K

BCS theory of superconductivity
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After the transition to the superconductive state, band gap 

opens. Its width 2 corresponds to bonding energy of C. pair.

Measurement (in parallel to optical

methods) using the voltage which, 

due to the shift of Fermi level, 

leads to tunneling from metal 

to superconductor: NIS junction

BCS theory of superconductivity
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After the transition to the superconductive state, band gap 

opens. Its width 2 corresponds to bonding energy of C. pair.

Density of electrons in Cooper pairs is g(EF). where                      

g is the density of states, after the condensation their energy 

drops on the average of 0.5, i.e. the total energy of 1/2g(EF).2

Density of magnetic field energy is 1/2B2/0



BC = [0.g(EF)].

BCS theory of superconductivity
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Thus, the current through superconductor is limited not only 

because it is realized by finite number of electrons moving by 

finite velocity, but also for more fundamental reasons

Current I through a wire of diameter r induces mag. field on its 

surface HI= I/(2r). Superconductivity disappears for HI > Hc .



Ic = 2rHc = 2rBc/0

Values like 1010A/m2, but not infinity

Critical current
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Type I (straightforward case described by the BCS theory)

- typically pure metals

- first order phase transition (latent heat)

- uncompromising relationship to magnetic field:                              

can expel strong fields (ideal diamagnetic),             

but once it cannot the superconductivity disappears

Type II (even more useful - higher critical temp. and mag. field)

- typically alloys

- second order phase transition 

- smoother relationship to magnetic field :

only weak fields can be expelled from whole

volume, which is followed by a wide range

of fields expelled from part of the volume (so called vortices, 

parallel non-supercond. cylinders, appear), superconductivity 

between vortices disappears only for very strong fields

Types of superconductivity
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Type II

- only weak fields can be expelled from whole volume, wide 

range of fields expelled from part of the volume (vortices), 

supercond. between vortices disappears for very strong fields 

[ H.F. Hess et al., Phys. Rev. Lett. 62, 214 (1989) ]

hexagonal lattice of vortices

(STM; ordering disappears 

with increasing external field)

Types of superconductivity
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Type I

- can expel strong fields (ideal diamagnetic),             

but once it cannot the superconductivity disappears

Type II

- only weak fields can be expelled from whole volume, wide 

range of fields expelled from part of the volume (vortices), 

supercond. between vortices disappears for very strong fields 

Type I Type II

Types of superconductivity
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critical fields obviously 

depend on temperature,

for type I

HC = HC0(1-[T/TC]2)

Type I

- can expel strong fields (ideal diamagnetic),             

but once it cannot the superconductivity disappears

Type II

- only weak fields can be expelled from whole volume, wide 

range of fields expelled from part of the volume (vortices), 

supercond. between vortices disappears for very strong fields

Types of superconductivity
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Type II superconductivity

Principle is still the same: role of Cooper pairs

Details are more complicated:

- Cooper pairs rather formed by holes 

- role of antiferromagnetic ordering and magnetic interactions 

in general (movement of the first electron induces a wave of 

spin fluctuations, this attracts the other electron)
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Ginzburg-Landau theory

Penetration depth of magnetic field  (see above): lower  

energetically expensive expulsion of B from larger volume

Coherence length of Cooper pairs , i.e. how far from 

the boundary reaches their wavefunction its maximum:

lower   energetically preferred formation of more C. pairs

Coherence length is different quantity then the aforementioned 

size of Cooper pairs (distance of electrons of hundreds nm), 

although the order of magnitude is often the same

Relationship with uncertainty relations:

p .x  ħ

E/vF .x  ħ

 /vF .  ħ
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Penetration depth of magnetic field  (see above): lower  

energetically expensive expulsion of B from larger volume

Coherence length of Cooper pairs , i.e. how far from 

the boundary reaches their wavefunction its maximum:

lower   energetically preferred formation of more C. pairs

The energetical cost of the boundary and in turn the supercond. 

type is decided by the Ginzburg-Landau parameter  = /

Ginzburg-Landau theory
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Penetration depth of magnetic field  (see above): lower  

energetically expensive expulsion of B from larger volume

Coherence length of Cooper pairs , i.e. how far from 

the boundary reaches their wavefunction its maximum:

lower   energetically preferred formation of more C. pairs

The energetical cost of the boundary and in turn the supercond. 

type is decided by the Ginzburg-Landau parameter  = /

/ < 1/2 : energy of boundary is positive, i.e. system tries         

to minimize them (type I superconductors)

/ > 1/2 : energy of boundary is negative, i.e. system forms   

as many of them as possible ( vortices in type II supercond.)

Ginzburg-Landau theory
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/ < 1/2 : energy of boundary is positive, i.e. system tries         

to minimize them (type I superconductors)

/ > 1/2 : energy of boundary is negative, i.e. system forms   

as many of them as possible ( vortices in type II supercond.)

same examples as above (where only 2 and TC were given)

Al (type I)

2 = 0.34 meV

TC = 1.2 K

 = 1600 nm

 = 50 nm

0HC = 0.01 T

YBa2Cu3O7-x (type II)

2 = 30 meV

TC = 92 K

 = 15 nm

 = 200 nm

0HC = 150 T

Ginzburg-Landau theory
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Quantized magnetic flux

Contrary to localized electrons (wave packets), Cooper pairs are 

described by a wave which is everywhere at once

While a localized wave can change its phase after an orbit, 

continuous wave cannot

In parallel, if a magnetic flux  goes through (is trapped in) 

a ring, wavefunction of charged particle changes after orbiting 

this ring by factor e(iq/ħc)

not this way           but this way
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In parallel, if a magnetic flux  goes through (is trapped in) 

a ring, wavefunction of charged particle changes after orbiting 

this ring by factor e(iq/ħc)

Therefore it must hold q/ħc = 2n

where for Cooper pair q = 2e

(sign does not matter now)



 = n.ħc/e = n.hc/2e = n.210-15Tm2

I.e. magnetic flux, not quantized in other cases, is quantized 

inside a superconducting ring. Magnetic flux through vortices      

in a type II superconductor constitutes a crucial example. 



Quantized magnetic flux
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High-temperature superconductivity

One of holy grails of modern physics
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Transition to cuprates was a key step forward which extended 

the practical usefulness (Bednorz and Mueller: LaBaCuO 1986, 

NP 1987), especially YBaCuO with TC above liquid N2

High-temperature superconductivity
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Superconductors of I. type (except metal hydrogen): TC < 40 K

Superconductors of II. type: disadvantages below, but higher TC

YBaCuO and other cuprates (blue diamonds on previous slide) 

are perovskites with oxygen vacancies (that's why YBa2Cu3O7

or YBa2Cu3O7-x instead of YBa2Cu3O9), superconductivity takes 

place in planes CuO

 anisotropy

 lower maximum current

 ceramics, not wires

YBa2Cu3O9 YBa2Cu3O9 YBa2Cu3O7

(different beginning)

High-temperature superconductivity
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Levitation and flux pinning

Thanks to type II superconductors, train (MagLev) can levitate 

in even more sophisticated way than frog (previous chapter)
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Magnetic field penetrates to a type II

superconductor in the form of vortices,

which are immovable (role of impurities) 

Vortices, and in turn whole material, are therefore pinned           

in space (at a fixed distance from external magnet)

Distance = distance in any direction, not only above                        

the magnet (rail) but also below the rail or next to a side rail

Levitation and flux pinning
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Distance = distance in any direction, not only above                        

the magnet (rail) but also below the rail or next to a side rail

Levitation and flux pinning
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OK, last example of levitation
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16) Amorphous materials
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16) Amorphous materials
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Structure and properties are not 

defined by the word amorphous

Example 1: 

characteristics of amorphous C:H              

(coordination number, bond ratio         

C-C/C=C/CC, the resulting 

properties, ...) can be different    

for the same composition (figure:       

depending on density)
[ J. Houska et al., Surf. Coat. Technol. 203, 3770 (2009) ]
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Example 2: 

The ratio of individual bonds in

multicomponent materials does

not correspond to a random

distribution of atoms in space

(different preferences for bonding

of different pairs of elements)

useful criterion (figure): ratio of the actual and              

the maximum number of bonds (pairs of atoms)              

 strong preference towards preferential formation           

of Zr-N bonds in ZrBCN

[ J. Houska et al., Thin Solid Films 542, 225 (2013) ]

Structure and properties are not 

defined by the word amorphous
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Types of amorphous materials

By bond type

- covalent (e.g. a-SiC)

- ionic (e.g. a-Al2O3)

- metallic (e.g. a-ZrCu) 

- combinations in the case of mixed character of bonds

Until now the same as for crystalline materials
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By composition

1) compositions corresponding to a stable (or at least 

not too metastable) crystalline phase / solid solution



crystallization is easy (does not require segregation)



amorphous material forms (freezes) in a case of fast cooling 

from molten state (in a case of bulk material), low 

temperature (in a case of atom-by-atom growth), etc.

Types of amorphous materials
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By composition

1) compositions corresponding to a stable (or at least 

not too metastable) crystalline phase / solid solution

2) compositions which require preliminary diffusion and the 

resulting segregation before "at least some" crystallization 



amorphous phase has independent (more independent than 

in point 1) meaning - the corresponding solution exists as 

homogeneous only in the amorphous state

Types of amorphous materials
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By composition

1) compositions corresponding to a stable (or at least 

not too metastable) crystalline phase / solid solution

2) compositions which require preliminary diffusion and the 

resulting segregation before "at least some" crystallization 

Example: cryst. of Si3N4 () and Si ()

in Si42B11C2N45. Requires a lot of,

diffusion, i.e. only at high temperature

(and not at all in Si32B12C3N53).

[ J. Capek et al., Surf. Coat. Technol 203, 466 (2008) ]

Types of amorphous materials
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Annealing, cooling, glass transition

P.W. Anderson (NP 1977): The deepest and most interesting 

unsolved problem in solid state theory is probably the theory of 

the nature of glass and the glass transition
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Crystalline material exhibits 

uniquely defined melting 

temperature Tm

Quantities like V and H abruptly 

change at this temperature 

First order phase transition 

(latent heat)

see chapter 13 for classification 

of phase transitions

Tf

Tg

Annealing, cooling, glass transition
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Tf

Tg

Annealing, cooling, glass transition

Amorphous material exhibits  

only an approximate / fictitious 

melting temperature Tf

Quantities like V and H change 

smoothly

Not phase transition in a narrow 

sense of the word (between two 

energetical minima: the only true 

minimum is crystal), if we take it 

as one it is of second order 

(pseudo-second-order)
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Tf

Tg

Annealing, cooling, glass transition

Amorphous material exhibits    

only an approximate / fictitious 

melting temperature Tf

Quantities like V and H change 

smoothly

Not phase transition in a narrow 

sense of the word (between two 

energetical minima) 

Another quantity is temperature   

of glass transition Tg: sometimes 

overlaps with Tf, sometimes 

corresponds to viscosity 1012 Pa.s
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Amorphous material exhibits    

only an approximate / fictitious 

melting temperature Tf,              

V and H change smoothly

Value of Tf, and especially    

the structure and properties    

of the resulting material,              

depend on the cooling rate

For infinitely low cooling rate      

(if the material remains 

homogeneous and amorphous) 

we would get "ideal glass"

The slope of tangent            of the dependence V(T) leading  

to ideal glass: thermal expansion of supercooled liquid

Annealing, cooling, glass transition
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Value of Tf, and especially    

the structure and properties    

of the resulting material,              

depend on the cooling rate

For infinitely low cooling rate      

(if the material remains 

homogeneous and amorphous) 

we would get "ideal glass"

Ideal glass Crystal

Annealing, cooling, glass transition
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Annealing, cooling, glass transition
mainly for compositions crystallizing without segregation

(a) formation of glass

(b) formation of crystal 

from melt

(c) formation of crystal

from glass
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It can happen that amorphous 

material has melting (glass

transition) temperature not only

below the melting temperature

of crystalline material, but also

below the temperature leading

to crystallization during annealing  

(at some given heating rate)



The first thing which happens during annealing is temporary

melting (softening), then crystallization, then permanent melting

The term glass in this context refers only to those amorphous 

materials which exhibit this behavior during annealing

Annealing, cooling, glass transition
mainly for compositions crystallizing without segregation
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It can happen that amorphous 

material has melting (glass

transition) temperature not only

below the melting temperature

of crystalline material, but also

below the temperature leading

to crystallization during annealing  

(at some given heating rate)



The first thing which happens during annealing is temporary 

melting (softening), then crystallization (note minimum of    

the yellow dependence V(T) ), then permanent melting

Annealing, cooling, glass transition
mainly for compositions crystallizing without segregation
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Annealing, cooling, glass transition

Which homework (except cooking) requires creating a melt?
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Ironing

At the transition temperature between melt and glass,           

bonds between material's building blocks break and form:

For metals & ceramics the blocks are individual atoms

For textiles the blocks are

whole polymer molecules, after                                                  

breaking of bonds between them                                                                 

(only van der Waals bonds

 low temperature is enough) 

we get "melt" and can straight 

them by iron's pressure
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O-rings and space flights

Similarly for other polymer materials, for example

- poly(methyl methacrylate) (acrylic glass) is at room 

temperature just below glass transition

- rubber is at room temperature above glass transition ... 

but not sufficiently above: the fate of space shuttle Challenger

28.1.1986, -1°C

"Not coincidentally, that moment also involved the

most celebrated member of the Rogers Comission:

the brilliant, irascible, and incurably curious Nobel

Prize-winning physicist Richard Feynman. Feynman

took a small rubber O-ring and piched it in the middle

with a little steel clamp. He then placed the clamped

O-ring in a glass of ice water. With the TV cameras

running, Feynman pulled his experiment from the

water with a flourish and removed the clamp. Much

like our earlier wood block and rubber band test,

Feynman's O-ring did not immediately snap back to

its original "O" shape. Having been chilled below its

glass transition, it needed lots more time to react. It

was a smoking-gun moment, and it left many

Americans with this conclusion: the Challenger

crashed because its O-rings got too cold."
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Composition of amorph. metal oxides

There are materials with (preferred) composition in crystalline 

state given by small integers corresponding to the number of 

corresponding positions in the lattice (random example: SiC), 

but in amorphous state there can be any composition (a-SixCy)

But there are also materials with preferred composition given  

by small integers also in amorphous state (random ex: a-Al2O3); 

other compositions are understood as understoichiometric     

and lead to qualitatively different properties. Why so?
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There are materials which can have any composition                

in amorphous state (a-SixCy)

But there are also materials with preferred composition given  

by small integers also in amorphous state (a-Al2O3). Why so?

The first case corresponds to materials forming covalent bonds,   

in a-SixCy any needed number of bonds SiSi, CC and SiC.

Composition of amorph. metal oxides
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But there are also materials with preferred composition given  

by small integers also in amorphous state (a-Al2O3). Why so?

The second case corresponds to materials forming ionic bonds  

- oxygen (6 val. el.) takes all metal electrons, within the efforts    

to complete the valence shell (8 el. including 2 taken). This 

leads to stoichiometries like Al2O3, (Ti/Zr/Hf)O2, (V/Nb/Ta)2O5, 

ZnO (10 el. in full d-orbital of Zn do not play any role), etc.

In such energetically preferred state the maximum possible 

band gap opens (from another point of view: once the highly 

electronegative oxygen gets the required 8 electrons, it happily 

holds them, it does not let them to go back to the world and 

conduct current or absorb light there).

All of this holds independently of the crystallinity / amorphicity

Composition of amorph. metal oxides
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Ordering of amorphous structures

Long range order - translation symmetry 

- only in crystals

Long range order - rotational symmetry 

- in most crystals

- in quasicrystals (which do not have

translational symmetry): popular

curiosity (including NP), but after

decades still limited applications

Short range order (preferred bond lengths, preferred 

coordination numbers, etc.) is similar in amorphous and 

crystalline materials (differences are on the same order           

as between individual crystalline phases)

Is there anything like medium range order?



prof. Jiří Houška (KFY FAV ZČU)

Medium range order
network ring statistics

Network ring: closed chain of bonds between atoms 

Shortest path (SP) network ring: ring with no shortcut over it 

(shortest path - or one out of several equally long shortest  

paths - between each two atoms is part of the ring)

2D example: SP rings are 

- abcfea

- abdfea

- bdfcb

- dgfd

SP rings are not

- bdgfcb (there is shortcut between d-f)

- abdgfea (there are shortcuts between b-f and d-f)

[ D.S. Franzblau, Phys. Rev. B 44, 4925, (1991) ]
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Network ring: closed chain of bonds between atoms 

Shortest path (SP) network ring: ring with no shortcut over it 

(shortest path - or one out of several equally long shortest  

paths - between each two atoms is part of the ring)

3D example: the only SP rings

in simple cubic cell are 

- length 4 in fig. (a); 3 per atom, and

- length 6 in fig. (b); 4 per atom.

The ring in fig. (c) is not SP ring

[ D.S. Franzblau, Phys. Rev. B 44, 4925, (1991) ]

Medium range order
network ring statistics
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Network ring: closed chain of bonds between atoms 

Shortest path (SP) network ring: ring with no shortcut over it 

(shortest path - or one out of several equally long shortest  

paths - between each two atoms is part of the ring)

Periodic cell (atom a

corresponds to a'): be careful 

about the fact that 'abcda' 

is not ring (let alone SP ring)

Medium range order
network ring statistics
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SP ring statistics - utilization

[ J. Houska et al., J. Appl. Phys. 112, 073527 (2012) ]

Example 1 (growth of TiO2)

The main TiO2 phases, rutile and anatase, have the same 

coordinations, bond lengths, etc., but different ring statistics.

So it is possible to identify whether the resulting structure 

(amorphous, deformed crystalline, etc.. ...) is closer to rutile or 

anatase (in this case rutile)

Amorphous structures

exhibit longer SP rings

than crystalline
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[ J. Houska et al., J. Phys.: Condens. Matter 18, 2337 (2006) ]

Example 2 (a-C:H)

Change of topology because of             

(i) density change and 

(ii) H incorporation

Example 3 (a-SiBCN)

Change of topology because of     

Ar implantation (formation of pores 

which isolated Ar sits in)

[ M. Bilek et al., Phys. Rev. B 62, 3071 (2000) ]

SP ring statistics - utilization
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(including reminder of the aforementioned ones)

Mises criterion (brittle  ductile crystalline structures) is not 

representative. What should be expected in this case is brittle 

tensile deformation and plastic compressive deformation. 

Thus, hardness (resistance against plastic deformation under 

compression) is for a given elemental comp. usually lower.       

No surprise - the material is leaving a shallower energy 

minimum; there is not anything like healing of dislocations.

Electron states are more localized, free charge carriers have 

lower mobility ( electrical and thermal conductivity)

Blurred band gap edges (Urbach tail)

Selected quantities
which have different typical values for crys. and amorph.
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(continuation)

It makes no sense to distinguish direct and indirect band gap   

(another viewpoint: infinite primitive cell  zero size of 1st BZ, 

i.e. electronic states order above each other), Tauc gap using 

the formula used for indirect band gap in the case of crystals 

Isotropic  only two independent components of elastic tensor 

(C11=C22=C33, C12=C13=C23, C44=C55=C66=[C11-C12]/2)

Longer network rings

Smoother dependencies () & n(),                                         

no sharp minima & maxima

Selected quantities
which have different typical values for crys. and amorph.
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Example related to previous slide: 

higher electrical and thermal 

conductivity (and related quantities   

- thermal diffusivity a effusivity)        

for nanocrystalline (Zr)BC(N)          

compared to amorphous (Zr)BC(N)

[ J. Houska et al., Ceram. Int. 42, 4361 (2016) ]

Selected quantities
which have different typical values for crys. and amorph.
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Structure in itself (atomic coordinates) representing "typical"     

local energy minimum (role of computer simulations)

Bonding statistics showing which elements bond to which 

elements (as pointed out above: usually very different from 

statistics obtained by random distribution of atoms in cell)

Characteristics o individual bonds - length, multiplicity             

(single  double  triple), ionicity

Number of valence electrons which do not take part in bonding 

but form lonepairs (and identification of elements forming them)

Coordination numbers (owing to non-zero charges they do not 

result just from the number of valence el. and bond multiplicity)

Selected quantities
which lead to more complex stuff in amorphous materials
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(continuation)

Segregation, if there is any (amorphicity does not necessarily 

mean that the material is homogeneous)

Thermal stability, temperature dependence of the segregation

Electronic structure, specifically which atoms / atoms of which 

element are states localized on (this is important also in 

crystals, but less intuitive in the case of amorphous materials)

Electronic structure, specifically how much (on how many 

atoms) is the state localized (infinity in an ideal crystal)

specific examples related to atomic structure of amorphous 

materials follow below (see above, especially chapter 6,           

for examples on their electronic structure)

Selected quantities
which lead to more complex stuff in amorphous materials
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Experiment                           Quantities of interest

▪ Coordination numbers        

of carbon atoms

▪ Bond order, i.e. ratios         

C-C / C=C / CC

C

H

Bonding statistics - example 1 (a-C:H)
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Simulation

Bonding statistics - example 1 (a-C:H)

[ J. Houska et al., Surf. Coat. Technol. 203, 3770 (2009) ]

Experiment                           
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Quantities of interest 
(those which are specific for 

multielement materials)

▪ Bonding preferences        

of individual elements

▪ Segregation of elements or 

binary/ternary components 

in quaternary material

Bonding statistics - example 2 (SiBCN)

Experiment                           
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Experiment                           Simulation (effect of ratio Si/C)

3
3

3

3

2

2

2

Si-rich composition

single bonds Si-N         

 high coordination

(transparency, thermal 

stability, hardness)

C-rich composition 

double C=N, C=C and 

B=N, and triple CN                          

 low coordination

(electrical conductivity, 

low friction)

Si:     B:      C:      N:

Bonding statistics - example 2 (SiBCN)

[ J. Houska et al., J. Vac. Sci. Technol. A. 25, 1411 (2007) ]
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Experiment                           

N-rich composition 

- homogeneous network

- high affinity of B to N

- heteropolar bonds 

wide band gap

N-free (SiBC)

- segregation of

B-rich zones         

(note BB bonds!)

- B atoms in a-Si  

have coord. 4 (not 3)

Si:     B:      C:      N:        

SiSi SiB SiC BB BC SiN BN CN

10
0

10
1

10
2

B
o

n
d

s
 p

e
r 

1
0

0
 a

to
m

s  Si
31

B
12

C
3
N

54

 Si
54

B
12

C
4
N

30

 Si
83

B
14

C
3

Bonded atom pair

 

 

Simulation (effect of N content)

Bonding statistics - example 2 (SiBCN)

[V. Petrman, J. Houska et al., Acta Mater. 59, 2341 (2011) ]
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Experiment                           Quantities of interest 
(those which are specific for 

transition metals)

▪ Contribution of metallic 

(not covalent) bonds

▪ Comparison with SiBCN:          

high-temperature stability largely 

preserved, better electrical cond.

Bonding statistics - ex. 3 (ZrSiBCN)
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Experiment                           Simulation

material metallic bonds WFs spread resistivity

no Zr all (Å) (m)

Zr8B35C8N49 0 3 1.76 1.2 x 106

Zr15B50C13N22 8 28 2.11 2.9 x 10-6

Zr24B21C6N49 0 15 1.97 8.5 x 103

Zr40B32C8N20 0 53 2.57 1.7 x 10-6

▪ Metallic bonds

- usually include Zr

- but their number depends on N 

content rather than Zr content 

▪ Measure of electronic 

mobility: space volume 

occupied (high probability          

of occurrence) by them:                 

WFs spread

Bonding statistics - ex. 3 (ZrSiBCN)

[ J. Houska et al., Thin Solid Films 542, 225 (2013) ]

▪ Comparison with SiBCN:          

high-temperature stability largely 

preserved, better electrical cond.
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Experiment                           Simulation

Zr8B35C8N49

Zr15B50C13N22

Zr24B21C6N49

Zr40B32C8N20

▪ Useful criterion: ratio of the actual 

and the maximum number of bonds 

(pairs of atoms)

▪ Strong preference to form Zr-N



▪ At high Zr content (40%):                         

hard nanocomposite containing       

(200) ZrN and (111) ZrBN

Bonding statistics - ex. 3 (ZrSiBCN)

▪ Comparison with SiBCN:          

high-temperature stability largely 

preserved, better electrical cond. 

▪ Hardness 

- at low Zr content: up to 27 GPa

- at high Zr content: 37 GPa
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Formation of N2 molecules during the thermal spike cooling after 

an energetic particle impact is supported by the stability of triple 

NN bonds at T when the rest of the material is still molten

Experimentally N2 were not observed - leave to the atmosphere, 

but they cannot do that during simul. (periodical boundaries)

When this effect is quantitatively

important (high N content, low density)

it is necessary to start simulation with 

N excess, and remove N2 manually

Special case 1: N2 molecules
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Formation of N2 molecules during the thermal spike cooling after 

an energetic particle impact is supported by the stability of triple 

NN bonds at T when the rest of the material is still molten

Thus, there is a maximum achievable nitrogen content (threshold 

for intensive formation of N2 molecules) during an atom-by-atom 

growth of materials. Depends on the composition of course.

       CNx: intensive N2 formation

         large V of pores for N2

       SiNx: up to [N]total=57% no N2

         zero V of pores for N2

Special case 1: N2 molecules

[ J. Houska, ACS Appl. Mater. Inter. 12, 41666 (2020) ]
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Formation of N2 molecules during the thermal spike cooling after 

an energetic particle impact is supported by the stability of triple 

NN bonds at T when the rest of the material is still molten

Thus, there is a maximum achievable nitrogen content (threshold 

for intensive formation of N2 molecules) during an atom-by-atom 

growth of materials. Role of composition of SiCN, SiBCN, etc.

Special case 1: N2 molecules

prof. Jiří Houška (KFY FAV ZČU)

[ J. Houska, ACS Appl. Mater. Inter. 12, 41666 (2020) ]
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Formation of H2 molecules during cooling is not very intensive 

(contrary to N2)

However, H2 molecules can arrive from plasma and stay in the 

material ("unbonded hydrogen") - there are (in a wide range of 

densities) enough pores which are sufficiently large for H2

- Possibility to include them in simulation 

 (present since start of cooling)

- Possibility to analyze (after end of simulation) the volume of 

pores which they can sit in

Special case 2: H2 molecules

[ J. Houska et al., Surf. Coat. Technol. 203, 3770 (2009) ]
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H2 (or He) can sit in small pores which are in the material 

anyway, so they do not affect the rest of material very much.

Big implanted Ar atoms sit in large pores, existing because        

of them. Therefore they can affect the rest of structure.

High Ar content  homogeneous structure

Low Ar content  zones close to / far from Ar  stronger effect

Example for SiBCN: formation of Si-rich

zones around Ar (surrounding of large 

pores by longer and more flexible bonds 

is easier  relieving of that part of stress 

which would be otherwise caused by Ar)

Special case 3: inert Ar

[ J. Houska et al., J. Phys.: Condens. Matter 18, 2337 (2006) ]
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Example for SiBCN: formation of Si-rich zones around Ar 

(surrounding of large pores by longer and more flexible bonds 

is easier  relieving of that part of stress which would be 

otherwise caused by Ar)

Special case 3: inert Ar

[ J. Houska et al., J. Phys.: Condens. Matter 18, 2337 (2006) ]
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The End

Acknowledgment (especially sources of some images)

screenshot from a romantic movie Rosamunde Pilcher: The Power of Love: 

the main hero (professor of physics) presents a new version of the gravity law

Hopefully there were 

not too many typos like 

this one ... 
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Exam
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Many short questions, e.g.:
- How do the primitive unit cells of graphite and h-BN differ and why? 

- Why we do not observe an interference on thick layers (e.g. glass substrate)?

- What is the difference between spinodal and binodal decomposition? 

- Why are some carbon nanotubes conductive and some semiconductive? 

There is no need to memorize long non-intuitive equations         
(e.g. learn that there are dispersion relations which can be used for materials with        

a band gap - Tauc-Lorentz and Cody-Lorentz, but it is not necessary to write them)

There will not be many questions from the field of simulations 

(chapters 4 and 8) - they can wait for the MPPL exam

In a case of modifications of this presentation, the version valid 

at the start of semester is sufficient to pass the exam

Exam
(translation of slide which is primarily for MSc students: 

PhD students have the .doc list of questions)
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Is the exam difficult? Ask the artificial intelligence!

Exam
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