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Abstract. The orbital uncertainty propagation problem is treated, where
the uncertainty concerning an object position and velocity is propagated
over a long time interval because observations are scarce. This paper
focuses on the Gaussian mixture description of the uncertainty and pro-
poses a method that adaptively changes the number of mixture compo-
nents to represent the uncertainty efficiently. The proposed method uses
the mean square error based measure of nonlinearity to generate a deci-
sion whether the mixture components should be split in order to preserve
the fidelity of the uncertainty description. Further, the paper analyzes
the performance of four local propagators, which propagate individual
mixture components in time. The performance analysis is accomplished
using a low-earth orbit scenario.

Keywords: Gaussian mixture, measures of nonlinearity, uncertainty prop-
agation, space surveillance, orbital mechanics

1 Introduction

Uncertainty propagation is a domain of interest in many fields of research, in-
cluding signal processing [1], target tracking [3], fault detection [12], optimal and
predictive control problems [4], and space surveillance. The space surveillance
refers to the study and monitoring of space objects. An important issue in the
space surveillance, is tracking and uncertainty quantification of near-Earth or-
biting resident space objects (RSOs)1 along their orbital trajectories. The need
of efficient and accurate methods for long time period uncertainty propagation is
essential in many safety-critical functions, such as filtering, conjunction analysis,
calculation of collision probability, sensor resource management, and anomaly
detection [27]. The need is also crucial due to the number of RSOs, which grows
rapidly in time. The number was beyond 17,000 by December 6, 2016 [27]. The
space is a data-sparse environment and therefore, the evolution of the uncer-
tainty for long time periods is strictly based on a mathematical dynamic model.

? This work was supported by the Czech Ministry of Education, Youth and Sports,
project LO1506.

1 RSOs are typically defined to be of a size equal or larger than 10 cm [27].
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Such problem is commonly known as the orbital uncertainty propagation (OUP),
and has recently gained considerable attention.

The OUP problem is commonly given by a nonlinear (stochastic) ordinary
differential equation (ODE) with an initial condition given in a probabilistic
manner, mostly by a mean and a covariance matrix, representing a (Gaussian)
probability density function (PDF). The accurate long time period OUP is al-
ways an extremely computationally difficult process, because obtaining the true
PDF at each time instant involves a solution to the Fokker-Planck equation
(FPE) [13], which is a partial differential equation.

Various uncertainty propagation methods, also called propagators, use dif-
ferent approaches to uncertainty representation and its transformation. The un-
certainty represented as a PDF is commonly expressed by a Dirac mixture (DM)
PDF, a Gaussian PDF, or a Gaussian mixture (GM) PDF. Monte Carlo (MC)
simulation is a simple, though computationally intensive method, expressing the
uncertainty using the DM PDF. It involves solutions to multiple ODEs with
initial values drawn randomly according to the OUP initial condition. It has
a special position among other methods, because its results can be considered
reliable to validate other uncertainty propagation methods.

Methods that use a Gaussian PDF provide a transformation of the first two
statistical moments (mean and covariance matrix) only. Usually, they are com-
putationally undemanding, but taking the nonlinear setting into account, the
Gaussian PDF is unable to fully capture the true PDF, which, even though
given as Gaussian at the beginning, quickly becomes non-Gaussian. These meth-
ods can be divided into i) methods that use linearization of some kind, such as
the linear covariance analysis (LinCov) [17], first order Taylor expansion based
propagation (FOTE), and the covariance analysis describing function technique
(CADET) [9] and ii) sigma-point based methods such as the unscented trans-
formation (UT) [14] that uses nonlinear transformation of the sigma-points.

The advantage of using the GM PDF for the uncertainty representation is,
that it can describe any PDF with arbitrary accuracy [21]. Each GM component
(term) is fully described by its mean and covariance matrix, and captures the
uncertainty of the RSO within a small area. The nonlinear effect of the propa-
gation diminishes when reducing the area and thus for smaller areas the effect
can be considered linear. As a consequence, the GM PDF is better suited to the
OUP than a single Gaussian PDF as its support can be thought of as a union
of smaller areas. To update each GM term in time, the previously mentioned
propagators which use the Gaussian PDF can be used and hence they will be
called the local propagators hereafter.

Other methods proposed for the OUP include techniques such as the poly-
nomial chaos expansion (PC) [25], state transition tensors [18, 26], differential
algebra technique [22], or numerically solving Fokker-Planck equation [10]. A
comprehensive study of all the mentioned propagators is given in [27].

Let us point out a recently developed method, called the adaptive entropy-
based Gaussian-mixture information synthesis (AEGIS) [6]. This method uses an
adaptive GM approximation in order to capture efficiently the temporal change
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of the true PDF from the initial Gaussian, to a non-Gaussian PDF. A powerful
technique, that can be injected into the GM framework, is adaptive splitting of
the GM components in order to decrease the approximation error of the true
PDF caused by the nonlinear transformation. A quantification of such error is
crucial in order to determine the time instants for the splitting. In the AEGIS,
the measure used to determine the time instants is based on the differential
entropy [2]. More precisely, for each GM component, the difference between
the differential entropy of linear (FOTE) and nonlinear (UT) propagation is
assessed. If the entropy difference exceeds a certain user-defined threshold, the
GM term is split into a GM. This allows a more reliable representation of the
uncertainty. The disadvantage of the differential entropy is that it is unbounded,
which deteriorates its tractability and the ability of adjusting the threshold [15].

The goal of the paper is twofold. First, to avoid the threshold specification
problems of the differential entropy, a measure of nonlinearity (MoNL) will be
used in the AEGIS, for which the threshold can be specified conveniently. More
specifically, the mean square error MoNL will be used, as suggested in [11]. Sec-
ond, the performance of the designed adaptive uncertainty propagation method
will be analyzed for different local propagators in order to select the propagator
with the best performance.

The rest of the paper is organized as follows: In Section 2, the OUP problem
is stated, following with a presentation of the local propagators and a general
description of the AEGIS method. In Section 3, the mean square error based
measure of nonlinearity is presented, followed by a description of the proposed
adaptive GM method in Section 4. The performance analysis is given in Section 5
and the paper is concluded in Section 6.

2 Problem Formulation and Related Work

In this section, the OUP propagation is presented. The summary of local prop-
agators, which will be analyzed within the proposed method, follows together
with a general description of the AEGIS method.

First, the Gaussian PDF and the GM PDF are stated. The PDF of a Gaussian
random variable x ∈ IRn, n ∈ IN is given by

p(x) = N (x; m,P) =
1√

det(2πP)
exp

(
− 1

2
(x−m)P−1(x−m)T

)
, (1)

where m ∈ IRn is mean, and P = PT ∈ IRn×n, P � 0 is covariance matrix. The
GM PDF is given by a sum of weighted Gaussian PDFs,

pGM(x) =
∑M

i=1
wiN (x; mi,Pi), (2)

where M is the number of components, wi ≥ 0 is weight of the i-th GM com-
ponent such that

∑M
i=1 wi = 1, and N (x; mi,Pi) is the GM component itself

∀i ∈ {1, 2, . . . ,M}, M ∈ IN.
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2.1 Orbital Uncertainty Propagation Problem

The differential equations governing the movement of any RSO can be given in
multiple ways. Consider the following dynamic deterministic models commonly
used in the space surveillance:

ṙ = v, v̇ = − µ
r3

r + apert(r,v), (3)

where r and v are the position and velocity of the RSO in the Earth-centered
inertial (ECI) coordinates, respectively, r = ‖r‖2 is its distance from the center
of the Earth, µ is the gravitational constant of the Earth, and the term apert

refers to the acceleration perturbations. The initial conditions for (3) are given
by random variables, r(t0) ∼ p(r(t0)) and v(t0) ∼ p(v(t0)), which both can be
well described by the Gaussian distribution.

The equations given in (3) can be rewritten in terms of the ODE

ẋ(t) = f(x(t), t), x(t0) ∼ p(x(t0), t0) (4)

commonly known as the nonlinear state-space model with an uncertain initial
condition and x = x(t) ∈ IRn being the state, and with (omitting time indices)

x =

[
r
v

]
, and f(x) =

[
v

−µr−3r + apert(r,v)

]
. (5)

Solution to (4) with a deterministic initial condition x0 can be written as

x(t) = φ(x(t0), t), (6)

where φ(x(t0), t) is the state solution flow.
Considering for simplicity that the RSO movement is confined in to the equa-

torial plane, the two-dimensional description of the position, r(t) = [x(t) y(t)]T ,
and velocity, v(t) = [u(t) v(t)]T of the RSO, can be used, and therefore, x(t) ∈
IR4.

As stated in the introduction, the time evolution of p(x(t), t) is given by the
solution to the Fokker-Planck equation (FPE) as

∂

∂t
p(x(t), t) = −

4∑
i=1

∂

∂xi(t)
[p(x(t), t)fi(x(t), t)], (7)

where fi is the i-th element of f in (4).
In the high-earth-orbit (HEO) scenario, the term apert is usually neglected.

In the low-earth-orbit (LEO) scenario, the term apert can be modeled using the
exponential atmospheric density model [6] as

apert(r(t),v(t), t) = −1

2
ρ0 exp

(
− r(t)−R− h0

hs

)
β vrel(t)vrel(t), (8)

where ρ0 is the reference atmospheric mass density, R is the Earth radius, h0
is the reference height, hs is the scale height, β is the ballistic coefficient, and
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omitting the time index, vrel = [u − ωy v + ωx]T with ω being the angular
velocity of the Earth, and vrel = ‖vrel‖2.

Note that the ballistic coefficient β and the atmospheric mass density mod-

elled by the term ρ0 exp(− r(t)−R−h0

hs
) are often uncertain and should be modelled

as stochastic variables [5,19,23]. However, their stochastic properties are seldom
provided in the literature. For convenience, this paper considers deterministic
ballistic coefficient and atmospheric mass density even though some of the prop-
agators can easily take into account such uncertainty.

2.2 Local Propagators

Consider the initial PDF for the OUP given in terms of eq. (4), x(t0), being
a Gaussian random variable with mean m(t0) = m0 and covariance matrix
P(t0) = P0. The local propagators then deal with approximating the mean
m(t) and covariance matrix P(t), related to x(t) at any desired time t, as a
subject to the nonlinear propagation. The analyzed local propagators are the
FOTE based propagation, LinCov, CADET, and the propagation based on the
UT.

FOTE: The first order Taylor expansion based propagation is a local lineariza-
tion method, based on replacing the ODE governing function f(x(t), t) with its
first order Taylor series expansion, along some reference trajectory. Assuming
the reference trajectory is an approximated mean m(t), obtained as the solution
to (4) with the initial condition x(t0) = m0, the new ODE can be written as

ẋ(t) ≈ f(m(t), t) + A(m(t), t)[x(t)−m(t)], (9)

where

A(m(t), t) =
∂f(x(t), t)

∂x(t)

∣∣∣∣
x(t)=m(t)

. (10)

The propagation of the mean and covariance matrix is then given by

ṁ(t) = f(m(t), t), m(t0) = m0, (11)

Ṗ(t) = A(m(t), t)P(t) + P(t)AT (m(t), t), P(t0) = P0. (12)

Note that the FOTE based propagation has no user-design parameter.

LinCov: Linear covariance analysis is also a local linearization method, based on
replacing the ODE governing function f(x(t), t) with its first order Taylor series
expansion, along some reference trajectory. Assuming the reference trajectory is
an approximated mean m(t), satisfying the eq. (11), the evolution of an error,
defined as e(t) = x(t)−m(t), is given by

ė(t) ≈ A(m(t), t)e(t). (13)
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Assuming discrete time instants tk, k ∈ {1, 2, . . . }, denote ∆tk the difference
between the time instants tk and tk+1, which can be viewed as a user-design
parameter. Then, the propagation of the covariance matrix between the time
instants is given by

P(tk+1) = Φ(tk, tk+1)P(tk)ΦT (tk, tk+1), P(t0) = P0, (14)

where
Φ(tk, tk+1) = eA(m(tk+1),tk+1)∆tk (15)

is called the state transition matrix. Note that the difference between the FOTE
based propagation and the LinCov method is a coarser approximation of the
covariance matrix propagation. As the LinCov does not need to solve another
ODE for finding the covariance matrix evolution, it should be less computation-
ally intensive than the FOTE based propagation, depending on the ∆tk, ∀k,
and the ODE solver.

CADET: The covariance analysis describing function technique [9] is a method
that uses a statistical linearization as

x(t) ≈m(t) + e(t), (16)

f(x(t), t) ≈ Nm(t)m(t) + Ne(t)r(t), (17)

where e(t) is a zero-mean independent random process, which covariance matrix
is assumed to be P(t), representing the state deviations, and Nm(t), Ne(t) are
the so-called multiple-input describing function gain matrices that are chosen to
minimize the mean square error of approximation of the function f(x(t), t). The
further derivation results in the propagation scheme given by

ṁ(t) = E[f(x(t), t)], m(t0) = m0, (18)

Ṗ(t) = E[f(x(t), t)eT (t)] + E[e(t)fT (x(t), t)], P(t0) = P0 (19)

where E[.] denotes the expectation operator. Calculating their expectations
E[f(x(t), t)] and E[f(x(t), t)eT (t)] can be difficult because it involves multivari-
ate integration and evaluation of the state PDF at each time instant t. Note that
within the simulations, the UT approximation was used for this purpose.

UT: The unscented transformation [14] is a nonlinear method based on the idea
that it may be easier to approximate the state PDF than to approximate the
nonlinear transformation. It uses a set of so-called sigma-points {Xj(t0), j =
1, . . . , 2n}, which are carefully chosen points from the initial PDF as follows.
First, the square root decomposition

√
P(t0) of the covariance matrix P(t0) is

found such that
√

P(t0)(
√

P(t0))T = P(t0). Then, the sigma-points are given
by

Xj(t0) = m(t0) +
√
n
(√

P(t0)
)
j
,

Xj(t0) = m(t0)−
√
n
(√

P(t0)
)
j−n,

j = 1, 2, . . . , n,

j = n+ 1, . . . , 2n,
(20)
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where
(√

P(t0)
)
j

denotes the j-th column of
√

P(t0). Each sigma-point is trans-

formed by the nonlinear ODE,

Ẋj(t) = f(Xj(t), t), with the initial condition Xj(t0), ∀j, (21)

forming the transformed set {Xj(t), j = 1, . . . , 2n} of the sigma-points. The
mean and covariance matrix at a desired final time t > t0 are then given by

m(t) =
∑2n

j=1
wjXj(t), (22)

P(t) =
∑2n

j=1
wj [Xj(t)−m(t)][Xj(t)−m(t)]T , (23)

where wj = 1
2n∀l are the weights of the sigma-points. Note that the above version

of the method has no user-design parameter, and other formulations exist [24].

2.3 Brief description of AEGIS

The adaptive entropy-based Gaussian-mixture information synthesis (AEGIS)
was first described in [6]. It is a method representing the RSO uncertainty by a
GM PDF that increases the number of its components depending on a difference
between the differential entropy evaluated for nonlinear propagated state by the
UT and linearly evolved differential entropy calculated for each GM term. Note
that the (Shannon) differential entropy [20] for the random variable x ∈ IRn

described by PDF p(x), is given by

H(x) = −
∫
p(x) log p(x)dx = E[− log p(x)]. (24)

The method can be summarized by the following steps.

Initialization is given by establishing the terms

p(x(t0)) = α1N (x(t0); m1(t1o),P1(t1o)), (25)

HN
1 (t1o) =

1

2
log |2πeP1(t1o)|, (26)

where p(x(t0)) is the initial GM containing solely the initial Gaussian PDF
with α1 = 1, m1(t1o) = m0, P1(t1o) = P0 where t1o = t0 is the time instant
of the origination of the initial GM component, and HN

1 (t1o) is the differential
entropy for the Gaussian distribution. Moreover, the time instants, in which
the GM components will be tested to satisfy the reliability criterion, should be
established. Note that the superscript N in HN

1 (t0) stands for “nonlinear”.

Propagation is a process pertaining to each GM component for time t ∈ [tio, t
i
s],

where tio stands for the time instant of origination of the i-th GM component,
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and tis is yet unknown time instant of splitting the i-th component. Consider the
following GM at the time t,

p(x(t)) =
∑M

i=1
αiN (x(t),mi(t),Pi(t)), (27)

where M ∈ IN is the number of the GM components. Each component is be-
ing propagated using the UT propagation scheme as discussed above, yielding
the mean mi(t) and covariance matrix Pi(t). During the time span [tio, t

i
s], the

“nonlinear” differential entropy HN
i (t), and “linear” differential entropy HL

i (t)
for the i-th component defined as

HN
i (t) =

1

2
log |2πePi(t)|, (28)

ḢL
i (t) = tr

(
A(mi(t), t)

)
, HL

i (t0) = HN
i (tio), (29)

where A(mi(t), t) is given by (10), are monitored and compared. Note that
eq. (29) describes the evolution of the entropy for the Gaussian PDF of the state
governed by (9), which indirectly indicates the FOTE based propagation.

Testing takes place at each time instant, predefined in the initialization step.
For each GM component, the reliability condition is defined by the difference be-
tween the nonlinear and linear entropy |HL

i (t)−HN
i (t)|. If the difference exceeds

a given threshold, the GM term is no longer considered to reliably represent the
corresponding portion of uncertainty due to the nonlinearity, and it should be
split.

Splitting takes place if the i-th GM component was found to satisfy the splitting
condition defined within the testing process. This time instant is denoted as tis.
The propagation process for the GM component is halted and the GM component
is then split along the dominant eigenvector, yielding ∆M new Gaussian PDFs,
that are directly injected into the current GM to replace the split component.
For details of the splitting process, see [6]. The GM after the splitting can be
written as

p(x(t)) =
∑M+∆M−1

i=1
αiN (x(t),mi(t),Pi(t)). (30)

For each new GM component, the corresponding sigma-points are generated
and the propagation process continues with setting tjo := tis, for each index j
corresponding to the new components, and M := M +∆M − 1. The algorithm
is illustrated in Fig. 1. The threshold for the splitting of GM components T , can
be given as a fraction of the initial differential entropy (26).

Notes:

Note 1: There are two local propagators involved within the AEGIS. The UT
is used for the propagation of the GM components, and the FOTE is indirectly
used only for the calculation of the linear entropy HL

i (t).
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tistio

GMM
M components

GMM
M components

Splitting process

|HL
i −HN

i | ≥ T :

3 . . . . . . 5 ∆M, library

:=

new componentsold i-th component

Nonlinear propagation tool
(UT)

Propagation process, t ∈ [tio, t
i
s]

monitor the component of GMM:

propagate until the i-th component has to be split ∀i

if |HL
i −HN

i | ≥ T :

halt the propagation

the i-th component was found to satisfy

GMM
M + ∆M − 1

Splitting process of the i-th

old new

components

start splitting process

HN
i = 1

2 det |2πePi(t)|
ḢL

i = trace A(mi(t), t)

prevously

i-th component

component was done

Testing process

set tis := t

Fig. 1: The AEGIS method illustration

Note 2: The disadvantage of the differential entropy lies in the specification of
the threshold T . If the initial covariance matrix is “small” enough to yield a neg-
ative entropy, the threshold is negative and, therefore, the reliability condition
can never be satisfied. If the threshold is not determined using the initial non-
linear entropy, the choice is ambiguous as the differential entropy is unbounded.
The difference between the nonlinear and linear differential entropy can be seen
as a measure of nonlinearity of the transformation φ in (6) in the region given by
the non-negligible support of N (x(t); mj(t),Pj(t)). Hence, it may be convenient
to use a measure of nonlinearity [8] with more becoming properties to govern
the splitting of the term N (x(t); mj(t),Pj(t))

3 Measure of Nonlinearity

As stated above, the differential entropy is unbounded, which deteriorates its
tractability and the ability of adjusting the threshold [15]. To tackle this prob-
lem, measures of nonlinearity (MoNL) or non-Gaussianity (MoNG) may be in-
volved [11]. An overview of such measures can be found in [8].

As argued in [11], the MoNL which could be conveniently used within the
OUP problem is the mean-square error (MSE) based MoNL, defined as follows.
Consider a nonlinear function

y = γ(u), (31)

where u ∈ IRnu , and y ∈ IRny are both random variables. For the joint distri-

bution of

[
u
y

]
, let the covariance matrix be denoted as

[
Puu PT

yu

Pyu Pyy

]
. The MSE-

MoNL endeavors to measure the L2-distance between the nonlinear function γ
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and its best linear approximation [16]. The measure in the normalized form can
be calculated by

νMSE =

√
tr(Pyy − PyuPuu

−1Pyu
T )

tr(Pyy)
, νMSE ∈ [0, 1]. (32)

The value νMSE = 0 indicates that the function γ is linear almost everywhere.
In terms of the nonlinear transformation φ given in (6), the MSE-MoNL can

be used within the OUP considering u = x(t0) and y = x(t). Recalling the UT,
assume having the sigma-point sets {Xj(t0), j = 1, . . . , 2n}, and {Xj(t), j =
1, . . . , 2n}, before and after the nonlinear transformation φ (6), respectively.
Now, define the cross-covariance matrix Pc(t, t0) as

Pc(t, t0) =
∑2n

j=1
wj [Xj(t)−m(t)][Xj(t0)−m0]T . (33)

For the joint distribution of

[
x(t0)
x(t)

]
, the covariance matrix can be approximated

using the UT sigma-points as

[
P(t0) Pc(t, t0)T

Pc(t, t0) P(t)

]
, where P(t) is also given by

the UT using eq. (23). Then the mean-square error based MoNL is computed by

νMSE(t) =

√
tr
(
P(t)−Pc(t, t0)P(t0)−1Pc(t, t0)T

)
tr
(
P(t)

) . (34)

Assume monitoring νMSE(t) for each GM component during the propagation
process. The splitting of any GM component can be initiated when νMSE(t)
exceeds a given threshold for the particular component. The threshold can be
established conveniently, as the measure is bounded between zero and one.

4 The Adaptive GM Algorithm

The proposed algorithm is based on the AEGIS, aiming to tackle the problems
with the differential entropy stated above, using the MSE-MoNL instead. Let us
distinguish the proposed method from the AEGIS calling it the adaptive MSE-
based Gaussian-mixture information synthesis (AMGIS). The method can be
summarized by the following steps.

Initialization is given by establishing the terms

p(x(t0)) = α1N (x(t0); m1(t1o),P1(t1o)), (35)

T = ∈ (0, 1), (36)

where p(x(t0)) is the initial GM containing solely the initial Gaussian PDF
with α1 = 1, m1(t1o) = m0, P1(t1o) = P0 where t1o = t0 is the time instant
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of the origination of the initial GM component, and T is the threshold repre-
senting the maximum L2-distance between the state solution flow (6) and its
best linear approximation, through the propagation. Moreover, the sigma-point
set {X 1

j (t1o), j = 1, . . . , 2n} is drawn using (20) for the initial GM term. Again,
the time instants, at which the GM terms will be tested to satisfy the splitting
condition, should be established.

Propagation is again a process pertaining to each GM term for time t ∈ [tio, t
i
s],

where tio stands for the time instant of the origination of the i-th GM term, and
tis is a yet unknown time instant of splitting the i-th term. Consider having the
following GM at the time t,

p(x(t)) =
∑M

i=1
αiN (x(t),mi(t),Pi(t)), (37)

where M ∈ IN is the number of the GM components. Each component is be-
ing propagated in time, yielding the mean mi(t) and covariance matrix Pi(t).
The propagation can be performed by any of the local propagators discussed in
Section 2.2. During the time span, the sigma-point set {X ij (tio), j = 1, . . . , 2n}
for the i-th GM term is also being propagated yielding the covariance matrix
Pi(t), and the cross-covariance matrix Pc,i(t, t

i
o) computed using (33) in order

to monitor the MSE-MoNL (34) for each GM term as

νiMSE(t) =

√
tr
(
Pi(t)−Pc,i(t, tio)Pi(tio)

−1Pc,i(t, tio)
T
)

tr
(
Pi(t)

) . (38)

Testing takes place at each time instant, predefined in the initialization step.
Each GM component is monitored by computing its νiMSE(t) and its splitting is
invoked if the value of MSE-MoNL exceeds the threshold T , as

νiMSE(t) ≥ T . (39)

Splitting of the i-th GM term consists of performing the same actions as in
the AEGIS discussed above. The AMGIS algorithm is illustrated in Figure 2.

Notes:

As well as in the case of the AEGIS, there are two local propagators involved
in the AMGIS. The UT is used for computing the νiMSE(t), and any of the local
propagators (FOTE, LinCov, CADET, UT) can be used for the propagation
of the GM terms. The UT can be used for both computing the νiMSE(t) and
the propagation of the GM terms at the same time, in order to reduce the
computational costs.
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tistio

GMM
M components

GMM
M components

Splitting process

νiMSE(t) ≥ T :

3 . . . . . . 5 ∆M, library

:=

new componentsold i-th component

Local propagation tool
(FOTE, LinCov, CADET, UT)

Propagation process, t ∈ [tio, t
i
s]

monitor the component using UT:

propagate until the i-th component has to be split ∀i

if νiMSE(t) ≥ T :

halt the propagation

the i-th component was found to satisfy
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Fig. 2: The AMGIS method illustration

5 Performance Analysis

The performance of the proposed algorithm is tested within the OUP problem
for the LEO scenario defined in Section 2.1 with the following initial conditions.

m0 =
[
2.6× 103 km, 0 km, 0 km s−1, 7.8 km s−1

]T
, (40)

P0 = diag(1.96, 0.25, 6.26× 10−6, 2.5× 10−5), (41)

and the parameters of apert are taken to be ρ0 = 3.614× 10−13 kg m−3, h0 =
700 km, rs = 88.667 km, β = 1.4.

The local propagators defined in Section 2.2 were used in the AMGIS al-
gorithm, and the resulting algorithms are denoted as AMGIS–FOTE, AMGIS–
LinCov, AMGIS–CADET, and AMGIS–UT. The results are compared using the
normalized L2

2-norm as follows.

5.1 Performance Measure

The square of the L2-norm measure between the functions p1(x) and p2(x)
representing distributions of the random variable x ∈ IRn is given by

L2
2(p1, p2) =

∫
IRn

(
p1(x)− p2(x)

)2
dx ≥ 0. (42)

The L2-norm measures the L2 distance between the distributions and is zero, if
p1(x) = p2(x) almost everywhere. Consider its normalized value given by

L2
N,2(p1, p2) = 1−

∫
IRn 2 p1(x)p2(x)dx∫

IRn p21(x)dx +
∫
IRn p22(x)dx

, L2
N,2(p1, p2) ∈ [0, 1]. (43)
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For general distributions p1(x) and p2(x), the value (43) cannot be calculated
analytically, but the example of p1(x) and p2(x) being both GM PDFs yields
analytical calculation of (43), considering the following relation∫

IRn

pk(x)pl(x)dx =
∑M

i=1

∑N

j=1
wk,i wl,j N

(
mk,i; ml,j ,Pk,i + Pl,j

)
, (44)

for k, l ∈ {1, 2}, where wk,i, mk,i, and Pk,i are the i-th weight, mean and covari-
ance matrix, respectively, of the GM PDF pk(x). Within the test simulations, the
distributions p1(x) and p2(x) will be the resulting GM PDF from the proposed
algorithm, and the so-called ground truth GM PDF derived from the Monte
Carlo simulation, respectively.

5.2 Calculation of Ground Truth

As stated in the introduction, the MC simulation can be used to validate other
uncertainty propagation methods. For the MC simulation, the set of points is
drawn randomly from the initial PDF, to be used as a deterministic initial con-
ditions for the ODE (4) and subsequently transformed into a desired time t. The
MC simulation results can be described with a DM PDF as

pMC(x(t)) =
1

L

L∑
l=1

δ(x(t)− xl(t)), (45)

where xl(t) ∈ IRn ∀l ∈ {1, 2, . . . , L}, L ∈ IN are the locations of the MC points
at time t, and δ is the Dirac delta function. Such PDF cannot be used directly
to calculate (42). Therefore, w.r.t. the analytical tractability of (42), the DM
PDF pMC(x(t)) will be approximated by a GM PDF approximation pEM(x(t)),
resulting from the EM algorithm [7] fitting at any desired time instant t. Such
resulting GM PFD will then be called the ground truth. The normalized L2-
norm can then be readily computed with use of (44). An example of ground
truth at a single time instant is depicted in Figs. 3a and 3b.

5.3 Comparison of Local Propagators

To analyze the performance of the algorithms, the uncertainty propagation for
a single nominal orbit was considered. The MC method for OUP was performed
with 105 points, which were then used by the EM to obtain the GM PDF rep-
resentation of the ground truth.

The algorithms AMGIS–FOTE, AMGIS–LinCov, AMGIS–CADET, and AMGIS–
UT were run for the threshold values T =5× 10−3, 3× 10−3, 2× 10−3, 1× 10−3,
8× 10−4 and 6× 10−4. The comparison of the algorithms in terms of the cri-
terion (43) and the number of terms for T = 2× 10−3 is illustrated in Fig. 4
and for T = 6× 10−4 in Fig. 5. Note that for each threshold the number of
components is almost same for all algorithms. From the figures it follows that
the AMGIS–LinCov and AMGIS–FOTE algorithms result in almost same value
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resulting MC points
ground truth GMM PDF contours

(a) the MC points and contours of GM PDF
obtained by the EM algorithm

ground truth GMM PDF

(b) the GM PDF

Fig. 3: An illustration of the position marginal of ground truth with 11 GM
components.

of the criterion (43) and perform better than the AMGIS–CADET and AMGIS–
UT algorithms for all values of the threshold.

Performance of the AMGIS–LinCov algorithm for different values of thresh-
old is depicted in Fig. 6 (again in terms of the criterion (43) and the number
of components) and similarly performance of the AMGIS-UT algorithm, is de-
picted in Fig. 7. In both cases, it can be seen that using a lower threshold T
results in GM PDF that is closer to the ground truth but at the cost of high
number of GM PDF components.

5.4 Computational time costs

In Table 1, computational costs of the AMGIS algorithm for different local prop-
agators are given. The costs are expressed in terms of duration of an AMGIS
run when propagating the uncertainty over the whole orbit. All the numerical
simulations in the paper were performed using the R2017b version of Matlab R©
software running on the PC equipped with Intel R© CoreTM i7-4790 CPU (3.60
[GHz]). From the table it is clear that the AMGIS–UT algorithm has the lowest
costs, the AMGIS-LinCov and AMGIS-FOTE algorithms have slightly higher
costs but the AMGIS-CADET algorithm shows costs almost twice as high as
the other methods. The high costs of the AMGIS–CADET follows from the fact
that it uses the UT for the moments (18) and (19) computation.

Note that comparison of the AEGIS and the AMGIS algorithms would not
make sense as they use different methods to calculate the measure of nonlin-
earity governing the splitting. Hence, each algorithm can provide uncertainty
representation with arbitrary accuracy depending on the threshold used. The
advantage of the AMGIS algorithm lies within the favourable properties of the
measure used.
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Fig. 4: LEO: Performance analysis of the AMGIS with different local propagators
for T = 2× 10−3.

Table 1: Computational costs of an AMGIS run (1 orbit).

Time (s)

T AMGIS–UT AMGIS–LinCov AMGIS–CADET AMGIS–FOTE

5× 10−3 2.0× 101 2.3× 101 4.4× 101 2.7× 101

3× 10−3 6.3× 101 7.4× 101 1.4× 102 8.1× 101

2× 10−3 1.9× 102 2.3× 102 4.1× 102 2.4× 102

1× 10−3 3.7× 103 4.6× 103 5.6× 103 4.4× 103

8× 10−4 7.9× 103 8.3× 103 9.6× 103 8.6× 103

6× 10−4 3.8× 104 2.9× 104 3.1× 104 2.9× 104

6 Conclusion and Future Work

The paper dealt with the uncertainty propagation problem, which can be viewed
as a time evolution of an uncertainty associated with a residential space ob-
ject. The adaptive Gaussian mixture method was proposed to efficiently rep-
resent the uncertainty using a Gaussian mixture PDF with a variable number
of components. The proposed method was built on the adaptive entropy-based
Gaussian-mixture information synthesis designed in [6]. The method assesses the
nonlinearity of the dynamics during the propagation and the Gaussian mixture
components are split if strong non-linearity is detected, i.e. the measure exceeds
the threshold. The assessment utilizes the mean square error based measure of
nonlinearity.

Further, the paper focused on a performance analysis of four local propa-
gators, which propagate individual Gaussian mixture components in time. The
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Fig. 5: LEO: Performance analysis of the AMGIS with different local propagators
for T = 6× 10−4.

analysis was performed using the circular low-earth-orbit scenario. The results
indicate that decreasing the threshold leads to more precise approximation of
the uncertainty, but with considerably high computational costs given by a rapid
increase of number of Gaussian mixture components. The analysis revealed that
the linear covariance analysis (LinCov) and the first order Taylor-expansion
(FOTE) provide significantly more accurate uncertainty representations than
the unscented transform (UT) and the covariance analysis describing function
technique (CADET) for any nonlinearity measure threshold.

Future work may include further study of a threshold specification, which
may vary over the Gaussian mixture components, or the effect of the direction
in which the components are to be split Also, merging of somehow similar com-
ponents, or propagation in the orbital elements could be involved.
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