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Module 1

Introduction into System Control

Module units

1.1 Control objectives . . . . . . . o . i i e e e e e e e e e e e e e e e e e 1-1
1.2 Openloop vsclosed 1oop . . . . . ¢ v v v v i i i i it e e e e e e e e e e 1-2
1.3 The basic structure of closed-loop systems . . . ... ... .......... 1-4

Module overview. This is an introductory module to explain the structures, basic components and
terminology of control systems. The difference between open-loop and closed-loop control is explained
by a room-heating system. The user can explore the principles of control systems using several virtual
experiments with a level control system.

Module objectives. When you have completed this module you should be able to:

1. Understand the operation of a control system.

2. Understand how a control system works.

3. Distinguish between open-loop and closed-loop control.
4

. Know the main components of a control system.

Module prerequisites. Basics in dynamical system models and modelling. Describing dynamical sys-
tems by block diagrams.

1.1 Control objectives

The use of automatic control systems permeates life in all advanced societies today. Such systems act as
a catalyst for promoting progress and development. Control systems are an integral component of any
industrial society and are necessary for the production of goods. Technological developments have made
it possible to travel to the moon and outer space. The successful production of chemical components
depends on the proper functioning of a large number of control systems used in lines for their production.
As this fact is seldom apparent control engineering is often called a hidden technology.

Control engineering deals with the task of affecting a temporally changing process in such a way that
the process behaves in a given way. Such tasks are not only found in technology, but also in daily life in
very large number. For example the ambient temperature in a room must be held between given limits,
despite temporal changes due to sun exposure and other influences. The grip arm of a robot must move
along the edge of a workpiece or be led as fast as possible from one point to another in order to grip a
workpiece. The same applies to the grip arm of a crane, which is to carry bricks to a certain place on
the building site.

1-1



1-2 MODULE 1. INTRODUCTION INTO SYSTEM CONTROL

In all of these cases, a manipulated variable must be selected in such a way that the given goal is achieved.
As this selection depends on how well the goal is reached, a control loop arises that consists of the given
process and a new feature, the controller. In the first example, the room was the process and the thermal
valve the automatic controller, which measures the current air temperature and lets more or less heat into
the heater depending on the deviation from the target temperature. In the robot example the control
equipment has the task of steering the grip arm on a given course and/or to a given point, whereby the
control is based on information that is supplied by the sensors installed on the grip arm. In the third
example, the automatic controller is the crane operator, who determines the current grip arm position

by sight and steers the crane.

1.2 Open loop vs closed loop

The terms open-loop control and closed-loop control are often not clearly distinguished. Therefore, the
difference between open-loop control and closed-loop control is demonstrated in the following example
of a room heating system. In the case of open-loop control of the room temperature g according to
Figure 1.2.1 the outdoor temperature 9o will be measured by a temperature sensor and fed into a control

! A
D 2=y 3 ‘\
y =g 4

’:HHHHH (openwindow)

—

to

control U L
1 dovi A%
evice

Figure 1.2.1: Open-loop control of a room heating system

device. In the case of changes in the outdoor temperature ¥4 (= disturbance z}) the control device
adjusts the heating flow @ according to the characteristic Q@ = f(¥a) of Figure 1.2.2 using the motor
M and the valve V. The slope of this characteristic can be tuned at the control device. If the room
temperature Jg is changed by opening a window (= disturbance z}) this will not influence the position
of the valve, because only the outdoor temperature will influence the heating flow. This control principle

will not compensate the effects of all disturbances.

Q 1

-
-

200 00 -20 Ua
Figure 1.2.2: Characteristic of a heating control device for three different tuning sets (1, 2, 3)

In the case of closed-loop control of the room temperature as shown in Figure 1.2.3 the room temperature
Ygr is measured and compared with the set-point value w, (e.g. w = 20°C). If the room temperature
deviates from the given set-point value, a controller (C) alters the heat flow @. All changes of the room
temperature g, e.g. caused by opening the window or by solar radiation, are detected by the controller

and removed.
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room sensor

L vy ‘\U

I open window)
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—

) fo |
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Figure 1.2.3: Closed-loop control of a room heating system

The block diagrams of the open-loop and the closed-loop temperature control systems are shown in
Figures 1.2.4 and 1.2.5, and from these the difference between open- and closed-loop control is readily

apparent.

2
—— 1
Z/
2
> 2
_|control |u 3
" device -
room

Figure 1.2.4: Block diagram of the open-loop control of the heating system

room

—»T_—» controller > 3

Figure 1.2.5: Block diagram of the closed-loop control of the heating system

The order of events to organise a closed-loop control is characterised by the following steps:

e Measurement of the controlled variable y,

e Calculation of the control error e = w—y (comparison of the controlled variable y with the set-point

value w),
e Processing of the control error such that by changing the manipulated variable u the control error
is reduced or removed.
Comparing open-loop control with closed-loop control the following differences are seen:

Closed-loop control
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e shows a closed-loop action (closed control loop);

e can counteract against disturbances (negative feedback);

e can become unstable, i.e. the controlled variable does not fade away, but grows (theoretically) to
an infinite value.

Open-loop control

e shows an open-loop action (controlled chain);

e can only counteract against disturbances, for which it has been designed; other disturbances cannot
be removed;

e cannot become unstable — as long as the controlled object is stable.

Summarising these properties we can define:

Systems in which the output quantity has no effect upon the process input quantity are called open-loop
control systems.

Systems in which the output has an effect upon the process input quantity in such a manner as to
maintain the desired output value are called closed-loop control systems.

1.3 The basic structure of closed-loop systems

In this section the general structure of control systems having a closed loop will be analysed in more
detail. According to Figure 1.3.1 a closed-loop system consists of the following four main components:

plant, measurement device, controller and actuator.

The signals in the closed loop will be denoted by symbols. It means:

y  controlled variable (actual value) u  manipulated variable
w  command variable (set point), z  disturbance.
e  control error (deviation)

A g Z
dlsturbgnce
behaviour
w e Uc u +y Ve |measure-|  y
controller —»| actuator > bcl(l)ntyol ment >
+ & ehaviour (1 device

plant

Figure 1.3.1: Basic block diagram of a control system

From this block diagram it can be realised that the task of controlling a process (plant) consists of holding
the controlled value y(t), acquired by the measurement device, either on a constant set point w(t) = const
(fixed command control) or tracking a time-varying reference variable w(t) # const (variable command
control), independent of external disturbances z(t). This task is performed by a controller. The controller
processes the control error e(t) = w(t) — y(t), which is the difference between the set point w(t) and
the actual value y(¢) of the controlled variable. The control signal uc(t) generated by the controller will
act via the actuator as the manipulated variable u(t) on the plant, such that it counteracts in the case
of fixed command control against the disturbance z(t). A closed-loop control system is characterised by
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this closed signal path, whereby the controller function consists in cancelling the occurring control error
e(t) or at least holding it very small.

Closed-loop control problems can be reduced to this basic structure. In most cases it is not possible to
identify all the basic functions clearly. It is therefore proper to aggregate a control loop only into two
blocks. Hereby we distinguish between the plant, which may also aggregate the measurement device, and
the controlling system that usually contains the actuator, as shown in Figure 1.3.2.

2 disturbance | 2
behaviour
ROC controlling| ¥ | | control 5 Y
+ system " | behaviour | =
plant

Figure 1.3.2: Simplified block diagram of a closed-loop control system

From Figures 1.3.1 and 1.3.2 it becomes obvious that the comparison of the set-point value w and the
actual value y of the controlled variable for generating the control error e will become possible just through
the negative feedback of the controlled variable y. Only because of this negative sign at the summing point
of both signals is the control error generated, which is used by the controller to build the control signal
u using special mathematical functions (e.g. proportional, integrating, differentiating). The principle of
negative feedback, shortly also called the feedback principle, is a characteristic for every control loop.

The principles of closed-loop control are demonstrated by the following examples. Click on the links to
start the animation with your Web browser.

Demonstration Example 1.1
Water tank level without control and with disturbances

Demonstration Example 1.2
Water tank level without control and with set point

Demonstration Example 1.3
Water tank level manual control

Demonstration Example 1.4
Water tank level min/max control

Demonstration FExample 1.5
Water tank level closed-loop control

Demonstration Example 1.6
Main components of a control system



http://www.atp.rub.de/DynLAB/dynlabmodules/Examples/WhatIsControl/WaterLevel1.html
http://www.atp.rub.de/DynLAB/dynlabmodules/Examples/WhatIsControl/WaterLevel2.html
http://www.atp.rub.de/DynLAB/dynlabmodules/Examples/WhatIsControl/WaterLevel3.html
http://www.atp.rub.de/DynLAB/dynlabmodules/Examples/WhatIsControl/WaterLevel4.html
http://www.atp.rub.de/DynLAB/dynlabmodules/Examples/WhatIsControl/WaterLevel5.html
http://www.atp.rub.de/DynLAB/dynlabmodules/Examples/WhatIsControl/WaterLevel6.html
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Module 2

The Laplace transform

Module units

2.1 Definition . . . . . . o oL e e e e e e e e e e e e e e e e e e e e 2-1
2.2 Correspondences of the Laplace transform . .. ... ... .......... 2-2
2.3 Main theorems of the Laplace transform . .. ... .............. 2-3
2.4 The inverse Laplace transform . . ... .. ... .. ... ... ... . 2-5
2.5 Solving linear differential equations using the Laplace transform . . . . . . 2-8
2.6 Laplace transform of the impulse §(¢) and step o(t) . . . . . ... ... ... 2-12

Module overview. This module is a mathematical section to establish a base for the theory of control
systems. This is a tool and it is indispensable as most of linear system dynamics are described in a
mapped space that can only be understood when the main theorems of the Laplace transform are known.
The module contains only the essential results, which are explained by several examples from the area
of differential equations and their solutions. Some additional mathematical details can be found in the
mathematical appendiz module. The correspondences of the Laplace transform are given in tabular form to
be simply used for the forward and back transformation. Special focus is put on the solution of differential
equations using the Laplace transform and on special signals, e.g. impulse or step.

Module objectives. When you have completed this module you should be able to:

[t

. Apply the Laplace transform to differential equations.

2. Solve linear differential equations.

w

. Apply the main theorems of the Laplace transform.

4. Know how useful this techniques is to handle dynamical systems.

Module prerequisites. Mathematics: integrals, differential equations, complex numbers, rational and
analytical functions.

2.1 Definition

The Laplace transform is an important tool for solving systems of linear differential equations with
constant coefficients. The differential equations to be solved for control tasks normally fulfil the conditions
that must be met for taking the Laplace transform. The Laplace transform is an integral transformation,
which maps a large class of original functions f(t) in the time domain unambiguously reversible into

2-1



2-2 MODULE 2. THE LAPLACE TRANSFORM

image functions F(s) in the s domain. This mapping is performed via the Laplace integral of f(t), that
is

F(s):/f(t)e_Stdt, (2.1.1)

where in the argument of the Laplace transform F(s) the complex variable s = o + jw appears. For the
application of Eq. (2.1.1) to causal systems considered here the following two conditions for the time
function f(t) must be met:

1. f(¢)=0fort <0 ;

2. the integral in Eq. (2.1.1) must converge.

To show the correspondence between the original and mapped functions it is useful to use the operator
notation

F(s) =2[f®)] .

Another possibility of correspondence is to use the sign e—o in the following way:
F(s) e—of(t) .

During the treatment of control systems usually the original function f(¢) is a function of time. As the
complex variable s contains the frequency w, the image function F'(s) will often be called a frequency
function. Therefore, the Laplace transform allows one to make a transition from the ’time domain’ into
the "frequency domain’ according to Eq. (2.1.1).

2.2 Correspondences of the Laplace transform

The so called back transformation or inverse Laplace transformation, i.e. the determination of the original
function from the mapped function, is described by the inverse integral shown in section A.1.2. For this
inverse Laplace transform an operator notation in the form

f(t) =€ F(s)]
can be used.

The Laplace transformation is an unambiguously reversible mapping between the original function and
the mapped function. f(¢) and F(s) are referred to as transform pairs and have a unique correspondence.
This is the reason why in most cases one does not need to use the inverse integral. A Correspondence
table, as shown in Table 2.2.1, will suffice. For the inverse transformation case ones goes from the right
column to the left column. In addition some theorems on the Laplace transform given in the next section
may be useful.

Table 2.2.1: Corresponding elements of the Laplace transform

Nr. time response f(t), f(t) =0fort <0 Laplace transformed F(s)
1 0 pulse 6(t) 1
. 1
2 unit step o(t) -
s
1
3 t )
2

2
4 t 3
t" 1
g n! sntl
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Table 2.2.1 continued

6 et !
s+a
1
7 t —at
‘ (s + a)?
2
8 ﬁQe—at <
(s+a)
n!
9 n —at
¢ (5 + a)nri
a
10 1 —e
¢ s(s+a)
1 1
11 ~ (e —1+at B —
a2(e +at) s2(s+a)
s
12 1 —at)e
(I—at)e Gra?
. wo
13 sin wot m
s
14 COS wot m
—at wo
15 e~ % sin wot m
s+a
16 e~ coswot L
’ (s +a)° +f
1 t
17 Ef " F(as) (a > 0)
18 et f(t) F(s—a)
ft—a) for t>a>0 s
19 0 for t<a T F(s)
d F(s)
20 —t f(t
() a
d"F(s)
21 —t)"™ f(t
()" 10 -
1 c+joo
22 71(8) £2(0) o | B0 RG-pb
c—joo

2.3 Main theorems of the Laplace transform

a) Superposition theorem:

For arbitrary constants a; and as it follows that
K% {alfl(t) + agfg(t)} = alFl(s) + GQFQ(S) . (2.3.1)
The Laplace transformation is a linear integral transformation.

b) Similarity theorem:

For an arbitrary constant a > 0
S

¢ (fat)y =21 (2) (232)
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is valid. This follows from Eq. (2.1.1) by the substitution of 7 = at.

Real Shifting theorem:
For an arbitrary constant a > 0

L{ft—a)} =e *F(s) (2.3.3)
is valid. This follows directly from Eq. (2.1.1) by the substitution of 7 =t — a.

Complex Shifting theorem:
For an arbitrary constant a > 0

{e f(t)} =F(s+a) (2.3.4)
is valid. This follows directly from Eq. (2.1.1).

Derivative theorem:

For a causal function of time, f(t), for which the derivative for ¢ > 0 exists, then as shown in
section A.1.3.1, one obtains

g {%}Et)} =sF(s)— f(0+), (2.3.5)

and in the case of multiple differentiation

n n q@i—1)
g {d f(t)} = s"F(s) — Zs"ﬂdif(t) : (2.3.6)

dtn dtG=1)
t=0+

Complez differentiation theorem:

This theorem shows that a differentiation of the mapped function F(s) corresponds to a multipli-
cation with the time ¢ in the time domain:

¢ f0} = o LR

dsk

(2.3.7)

Integral theorem:

The integral of a function is mapped by

g {/tf(T) dT} = %F(s) . (2.3.8)
0

as shown in section A.1.3.2.

Conwvolution in the time domain:

The convolution of two functions of time f(¢) and f2(¢), presented by the symbolic notation fi(t)*
fa(t), is defined as

Fut) * folt) = / A falt — 7y dr . (2.3.9)

In section A.1.3.3 it is shown that the convolution of the two original functions corresponds to the
multiplication of the related mapped functions, that is

L{fi(t) * f2()} = Fu(s) Fa(s) - (2.3.10)

Convolution in the frequency domain:

Whereas in h) the convolution of two functions of time was given, a similar result for the convolution
of two functions in the frequency domain exists and is given by
c+joo
1

A0 R0} = 5= | B PG -pap. (2.3.11)

c—joo
Here Fi(s) e f1(t) and Fa(s)e-o fo(t) is valid. Furthermore, p is the complex variable of integration.
According to this theorem the Laplace transform of the product of two functions of time is equal to
the convolution of Fi(s) and F5(s) in the mapped domain. This is shown in detail in section A.1.3.4.
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j) Initial and final value theorems:

The theorem of the initial condition allows the direct calculation of the function value f(0+) of a
causal function of time f(¢) from the Laplace transform F'(s). If the Laplace transform of f(¢) and
f(t) exist, then

f(o+) = tl—igl—f—f(t) = lim s F(s) (2.3.12)

§—00

is valid if the }m(l) f(t) exists, see section A.1.3.5.

Using the theorem of the final value the value of f(t) for t — oo can be determined from F(s), if
the Laplace transform of f(¢) and f(¢) exist and the limit tlim f(t) also exists. Then it follows from
section A.1.3.6 that
f(o0) = tlim f(t) =lim s F(s) . (2.3.13)
— 00

s—0

One has to observe that
lim f(t) or }ir% f@)

t—o00

can be calculated only from the corresponding Laplace transform & {f(¢)} by application of the
theorems of the initial or final value, if the existence of the related limit in the time domain is a
priori assured. The following two examples should explain this:

Ezxample 2.5.1

1
f(t) =e*(a>0) o—eF(s) =
s—
The limit tlim e®" does not exist so that the final value theorem may not be applied. |
Ezxample 2.5.2
£ to—eF(s) = ——
= coswot o—eF(s) = —
0 s2 4+ wd
The limit tlim coswot does not exist and therefore the final value theorem may not be applied. |

It can be concluded from the last two examples that the following general statement is valid: If the
Laplace transform F'(s) has, apart from a single pole at the origin s = 0, poles on the imaginary axis or
in the right-half s plane, then the initial or final value theorems cannot be applied.

2.4 The inverse Laplace transform

The inverse Laplace transform is described by Eq. (A.1.2). As already mentioned in section 2.2 in
many cases a direct evaluation of the complex inverse integral is not necessary, as the most important
elementary functions are given in Table 2.2.1. A complicated function, F(s), not given in Table 2.2.1
must be decomposed into a sum of simple functions of s that is

F(s) = Fi(s) + Fa(s) + ... + Fu(s) , (2.4.1)
which have a known inverse Laplace transform:

THFE) =4 HAGI T HBE)) . + 8T {F(s))

(2.4.2)
= fi(t) + f2(t) + ...+ fu(t) = F(2) -

For many problems in control the function F'(s) is a ratio of polynomials in s, known as rational fraction,

that is
no +nis+...nps"  N(s)

do+dis+...+s"  D(s)’

where N(s) and D(s) are the numerator and the denominator, respectively.

Fs) =

(2.4.3)



2-6 MODULE 2. THE LAPLACE TRANSFORM

If m > n, then N(s) is divided by D(s), where a polynomial in s and a ratio of polynomials are obtained.
The numerator of the fraction Ny (s) has a lower order than n. E.g, if m = n + 2, then

NO) e NG
D(S) = kos® + ki1s+ ko + D(S) R (2.4.4)

whereby degree N1(s) < n and ko, k1 and ko are constants.

A rational fraction F'(s) given in Eq. (2.4.3) can be decomposed into more simple functions by application
of partial fraction decomposition, as shown in Eq. (2.4.1). In order to perform this decomposition the
denominator polynomial D(s) must be factorised into the form

_ N(s)
Fls) = (s—s—1)(s—52) ... (5 —sn) (245)

For a denominator polynomial of n-th order one obtains n roots or zeros s = s1, s, ..., S,. The zeros of
D(s) are also known as the poles of F(s), since they define where F'(s) is infinite. The partial fraction
decomposition for different types of poles is shown in the following.

Case 1: F(s) has only single poles.

Here F(s) can be expanded into the form

F(S):Zn: — (2.4.6)

s—s
k=1 k

where the residuals cj, are real or complex constants. Using the table of correspondences one immediately
can obtain the corresponding function of time

f(t) = Z cpe®*t  for t>0. (2.4.7)
k=1

The values ¢ can be determined either by comparing the coefficients or by using the theorem of residuals
from the theory of functions according to

N Sk N (s
N (NG

D (Sk) D(S) s=5},

Ck (2.4.8)

for k=1,2,...,n with D'(s;) =d D/ds |s=s,-
Case 2: F(s) has multiple poles.

For multiple poles of F(s) each with multiplicity ri(k = 1,2,...,1) the corresponding partial fraction
decomposition is

1 Tk 1
Fs) =33 —® — with n=> r. (2.4.9)
k=1v=1 (5 — sx) k=1
The back transformation of Eq. (2.4.9) into the time domain is
l Tk c tl/71
_ sit kv
fy=>"e*>" o) for ¢t>0. (2.4.10)
k=1 v=1
The real or complex coefficients ¢y, for v =1,2,...,r; determined by the theorem of residuals are

(re—v)
Chy = ( ! { d [F(s)(s— sk)7"“]} . (2.4.11)

ri —v)! | ds(re=—v)! s,

This general relation also contains the case of single poles of F(s). The poles may be real or complex.

Case 3: F(s) has also conjugate complex poles.
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As both, the numerator N(s) and the denominator D(s) of the function F(s) are rational algebraic
functions, complex factors always arise as conjugate complex pairs. If F'(s) has a conjugate complex pair
of poles s1,2 = 01 & jws, then for the function Fi 5(s) in the partial fraction decomposition of

N(s
F(s) = DESi = F1,2(S) + F5(8) + ...+ Fo(s)
Eq. (2.4.6) can be applied to give
Fia(s) = 2 + “ (2.4.12)

s— (o1 4+jw1)  s— (01 —jwr)’

where the residuals
C1,2 = 01 £jer

are also a conjugate complex pair. Therefore, both fractions of F 5(s) can be combined, and one obtains

Bo + Bis

F _ 2.4.13
12(5) oo fans 1 2 ( )
with the real coefficients ) )
ap = 07 +wy ;g = —201
2.4.14
Bo= —2(0201 +wier) ;01 =20 } ( )

The determination of the coefficients 5y und (7 is performed again using the theorem of residuals by

N(s)
D(s)

=(s—s1)(5—s2) (2.4.15)

(Bo + Pis) |

§=81
5=81

As s7 is complex, both sides of this equation are complex. Comparing the real and imaginary parts of
both sides one gets two equations for the calculation of By und ;. This procedure is demonstrated now
using the following example.

Ezxample 2.4.1
Find the inverse Laplace transform f(t) of

1
(s24+25+2)(s+2)°

F(s) =

The partial fraction decomposition of F(s) is

Bo + Bis c3

F(s) = Fua(s) + F(s) = s24+2s+2 s+2°

where the function Fj 2(s) contains the conjugate pair of poles
51,2 = -1 :l:J .

In addition the third pole of F(s) is
S3 = —2.

For the coefficients 3y and (; it follows from Eq. (2.4.15)

1
(ﬁ0+5ls)‘5251 542 s=s1
. 1 1 .1
(50*51)+J51*m*5*J5.

Comparing the real and imaginary parts on both sides one obtains

1 1
Po—fr=5 and fi=-3
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and from this finally 5y = 0.
Using Eq. (2.4.8) the residual is

(5 +2) 1 1
C3 = (S = — .
s (2+25+2) (s +2) |,_, 2
The partial fraction decomposition of F(s) is thus
1 S 1 1
F(s) = —= -
() 2[52+25+2}+25+27

which can be rearranged in the form

1 s+1 1 1

F(s)=—< 5 - - —
2(s+1)24+1 (s+1)24+1 s+2

such that correspondences given in Table 2.2.1 can be directly applied to find the inverse transformation.
Using the correspondences 16, 15 and 6 of this table, it follows that

1
f(t) = —§[e_tcost —efsint—e?] for t>0,
which can be rearranged as
1
f(t) = ae_t[e_t +sint —cost] for ¢>0.

The graphical representation of f(¢) is shown in Figure 2.4.1a. Figure 2.4.1b shows the corresponding

poles, marked by a x, for this F'(s) in the complex s plane. [ |
ft)
b
0,15 (a) (b)
X poles
51
X't
1 :
0,10 3
0,05 2 - 1 e
XSZ —j
0 | T T T —— T T >
1 2 3 4 5 6 7 8 t

Figure 2.4.1: (a) Graph of the original function f(¢) (function in the time domain) and (b) position of
the poles of F(s) in the s plane

It can be seen from this example that the position of the poles s1,s2 and s3 affects the shape of the
graph of f(¢). In this case all poles of F(s) have negative real parts, therefore the graph of f(¢) shows a
damped behaviour, i.e. it decreases to zero for ¢ — co. If the real part of one pole be positive, then the
graph of f(t) would be infinitely large for t — oo.

Since in control problems the original function f(¢) always represents the time behaviour of a system
variable, the behaviour of this system variable f(¢) can be judged to a large extent by investigation of
the positions of the poles of the corresponding mapped function F(s). This will be further commented
on in later sections.

2.5 Solving linear differential equations using the Laplace trans-
form

The Laplace transform, the basics of which have been introduced in the sections above, is an elegant way
for fast and schematic solving of linear differential equations with constant coefficients. In the following
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the importance of this approach is demonstrated. Instead of solving the differential equation with the
initial conditions directly in the original domain, the detour via a mapping into the frequency domain is
taken, where only an algebraic equation has to be solved. Thus solving differential equations is performed
according to Figure 2.5.1 in the following three steps:

1. Transformation of the differential equation into the mapped space ,

2. Solving the algebraic equation in the mapped space,

3. Back transformation of the solution into the original space.

original: | differential equation | | solution |
L transformation L1 transformation

mapped:| algebraic equation |—>| solution |

Figure 2.5.1: Schema for solving differential equations using the Laplace transformation

Demonstration Example 2.1
Here the same in animated form

Whereas the first two steps are trivial, the third step usually demands more effort. The procedure will
be demonstrated by the following two examples.

Ezxample 2.5.1
Consider the differential equation

FO) +3f) +2f(t) =e*

with the initial conditions f(0+) = f(0+) = 0.
Proceeding using the steps given above one has

Step 1: )
s2F(s) + 3sF(s) 4+ 2F(s) = Py
Step 2: . ,
Fls) = s+1s2+3s+2
Step 3:

The complex function F'(s) must be decomposed into partial fractions in order to use the tables of
correspondences. This gives

1 1 1

F(s) = - .
() 5+2 s+1+(s+1)2

By means of the correspondences 6 and 7 of Table 2.2.1 it follows from the inverse Laplace trans-
formation that the solution of the given differential equation is

fit)y=e2 —e bt ftet.
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Ezxample 2.5.2
Given the differential equation
I+a1Z+apr =0, (2.5.1)

where ag and a; are constants and the initial conditions #(0+) and x(0+) are known. Then

Step 1:
$2X (5) — s 2(04) — 2(04) + a1[s X (s) — x(0+)] + ag X (s) =0

Step 2:
S+ ay

S et S 7! - -
s2+ays+ ap 2(0+) + s2 4+ a1s+ ag
X (s) = Lo(s)x(0+) + L(s) (0+)

X(s) = #(04) , (2.5.2)

with the abbreviation

No(s) s+ ar
— — d Lis) = —
D(s) s24+a1s+ag o ()

L()(S)

Step 3:
Case a): two single real zeros of the denominator:
This means
D(s)=s*+ais+ag=(5s—a1)(s—a) .

For both rational expressions Lo(s) and L(s) it follows by partial fraction decomposition that

A A B B
Lo(s) = ! 4 2 and L(s) = LI, .
s—oa1 85— s—oa1  5— oo

The coefficients A; and B; can now be determined by comparing coefficients or by applying

Eq. (2.4.8):
No(Oéi) N(Oéz) A
Do) Di(ay) 0"
Thus for Eq. (2.5.2) follows
A A B B
X(s)= | ——+— }x(0+)+[ | #(04)
s—a1  §— oy s—a1  §— oy

and by applying the correspondence 6 from Table 2.2.1 the solution of the differential equation is

$(t) = [Alealt + A2€a2t} I(O+) + [Blealt +Bgea2t} I(O—f—)
= [A12(0+) + Bra(0+)] ™" + [A2x(0+) + Bair(0+)] ™" . (2.5.3)

Case b): One double real zero of the denominator:
Here is
D(s) = (s —a)*.
For the two rational expressions Lo(s) and L(s) of Eq. (2.5.2) the partial fraction decomposition is

A4 Az and L(s) = B B

LO(S):S—a+(s—a)2 s—a+(s—a)2'

The coefficients 4; and B; are determined by comparing both sides or by evaluation of Eq. (2.4.11):

= {5 [T e }S_Q =1, A= e o] Lt

O I I Bt

and




2.5. SOLVING LINEAR DIFFERENTIAL EQUATIONS USING THE LAPLACE TRANSFORM2-11

From these results one obtains the solution

_ x(0+) N (v +ay) x(0+) + @(0+4)

X(s) §—« (s —a)?

in the mapped space. By applying the inverse Laplace transformation the required solution of the
differential equation is

z(t) = z(04) e + [(a + a1) 2(0+) + &(0+)] te" . (2.5.4)

Case ¢): Two conjugate complex zeroes of the denominator:

Here
D(s)=(s—a1)(s—ag) with a12=01 % jws .

Introducing the values of oy and as and after multiplication of this expression one obtains
D(s) = (s —o1)* +w? .
Comparison with the denominator of the original relation, Eq. (2.5.2), gives according to Eq. (2.4.14)
ag = Uf —|—w% and a1 = —2071 .

With these coefficients Eq. (2.5.2) is in the form

1
X = 0 c(0
(®) (s —01)% 4+ wi =(0+) + (s —01)? +wi #(0+)
S —01 g1 w1
= — 0
{(3—01)2—1—@«11 wi (s —01)2 +w? 2(0+)
1
- “ i'(0+)7

and from this one gets by applying the correspondences 15 and 16 of Table 2.2.1 to X (s) the
corresponding time function

1
a(t) = e”* {Coswlt - sinwlt] z(04) + —e ' i(0+) sinw;t
w1 w1

or rearranged

(t) = et {x(0+)cosw1t+ L}iljc(ojt) - Z—iﬂm)] sinwlt} . (2.5.5)

Also from Eq. (2.5.2) of this example the importance of the position of the zeros of D(s), the poles of X (s),
on the solution is clear. For all three cases the solution of the differential equation according to Egs. (2.5.3),
(2.5.4) and (2.5.5) is mainly influenced by the position of the poles of X (s). These poles of X(s) are
— as one can see from the two examples — only depend on the left side of the corresponding differential
equation, i.e. the homogeneous part of it. As is generally known the solution of the homogeneous
differential equation describes the modes of the system, that is the behaviour, which depends only on the
initial conditions. Therefore, consider for the general case only the homogeneous part of an nth-order
ordinary homogeneous linear differential equation with constant coefficients that is

n

3 a dzalt) _ (2.5.6)

= dt*

with all n initial conditions

(d'zq(t)/dt") [i=oy for i=0,1,...,n—1.
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One obtains by Laplace transformation

X,(s) = ZL=L _ = (2.5.7)
a;S*

where N (s) and D(s) are polynomials in s and the initial conditions are only in the numerator polynomial
N(s). The poles si(k =1,2,...,n) of X,(s) can be determined directly from the solution of the equation

> ais' =0. (2.5.8)
=0

After factorisation of this equation one obtains
an(s—51)(s—382) ... (s —s,)=0. (2.5.9)

The poles s of X,(s) make it possible to perform a partial fraction decomposition of X,(s), e.g. for the
case of single poles according to Eq. (2.4.6). For this case one obtains following Eq. (2.4.7) the solution
of the homogeneous differential equation, Eq. (2.5.6), in the form

n
xa(t) = ches’“t for t>0.
k=1

From this one can realise that the position of the poles s; of X,(s) in the s plane completely characterises
the modes or inherent behaviour of the system described by Eq. (2.5.6). Thus one obtains for Re s, < 0
(left-half s plane) a decreasing and for Re s; > 0 (right-half s plane) an increasing behaviour of z,(¢),
while for pairs of poles with Re s, = 0 permanent oscillations occur. Therefore, Eq. (2.5.8) or equivalently
Eq. (2.5.9), is called the characteristic equation and the poles s of X,(s) are often called eigenvalues
of the equation. Therefore investigation of the characteristic equation provides the most important
information about the oscillating behaviour of a system.

2.6 Laplace transform of the impulse §(¢) and step o(t)

The impulse function §(¢) is not a function in the sense of classical analysis, but a distribution (pseudo-
function). Therefore without entering the theory of distributions the integral

{5t} = /6(t) e *tdt (2.6.1)

is not defined. The singularity exactly matches with the lower integration limit. The impulse function
can be approximately described by the limit

0(t) = lim r.(¢)

e—0

with the rectangular impulse function

1 fi <t<
7"6:{ /E OrO_t_E (262)

0 otherwise .
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Strictly speaking this representation of 0(¢) is not a distribution, as r.(t) for 0 < ¢ < oo is not arbitrarily
often differentiable. Because of the simple description compared with other functions (e.g. Gaussian
functions) this approach is preferred here. From Eq. (2.6.1) it follows that

L{4(t) / hm ro(t)| e *dt . (2.6.3)
0

As Eq. (2.6.2) can also be represented in the form

re(t) = é[a(t) —o(t—¢)], (2.6.4)

where o(t) is the unit step. Since the integration is independent of &, the limit and integration can be

permuted so that
{50} = hm{%/oo —o(t—e)] —stdt}
{501} = lg%{é Y- e“)} .

By applying 1'Hospital’s rule one obtains

—ES

£ {3(1)} = lim =

S

=1. (2.6.5)

As the impulse 0(t) has an area of unity it is also called unit impulse.
Example 2.6.1
Given the differential equation

=4 .

Find solution y(t).

Remark: The derivative theorem according to Eq. (2.3.5) is — as mentioned in section A.1.3.1 — valid only
for classical functions. If, however, a signal consists of a § function at ¢t = 0, then the lower integration
limit of Eq. (2.1.1) must be chosen equal to ¢ = 0— and also in Eq. (A.1.11) the left-hand initial condition
to y(0—). According to the definition of Eq. (2.1.1) all left-hand initial conditions are always zero.

The solution can be determined in the following three steps:

Step 1:
The Laplace transform of the given differential equation is:

sY(s) —y(0—)=1 withy(0—) =0 .

Step 2:
The solution of the algebraic equation is:

Step 3:
From the back transformation the solution follows as

where o(t) is the unit step function. [ |
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Module 3

Transfer functions

Module units

3.1 Definition . . . . . . . L L e e e e e e e e e e e e e e e e e e
3.2 Interpretation of the transfer function . . . . . ... ... ... ... .....

3.3 Realisability and properness of transfer functions . . . . ... ... .. ...

3.4 Transfer functions with dead time . . . . .. .. ... .............

3.5 Poles and zeros of the transfer function . . . . .. ... ... .........

3.6 Using transfer functions for calculations. . . . . ... ... ... .......

Module overview. Transfer functions simplify working with linear differential equations, which describe
the transition behaviour of linear dynamical systems. This module starts with a definition and interpreta-
tion of transfer functions. As transfer functions contain at least a rational function of a complex variable,
the physical interpretation of poles and zeros is discussed. Finally, the most popular operations of combin-
ing systems described by transfer functions are presented. The properties of transfer functions are shown
by examples and interactive questions allow the readers to test their knowledge of transfer functions.

Module objectives. When you have completed this module you should be able to:

1. Determine transfer functions from differential equations.
2. Apply transfer functions to describe control systems.

3. Interpret the roles of poles and zeros of transfer functions.

Module prerequisites. Laplace transform, complex numbers, rational functions.

3.1 Definition

Linear, continuous-time time-invariant systems with lumped parameters — as initially a dead time is not

being taken into account — will be described by the ordinary differential equation

n

diz,(t) ibj dIxe(t) .

G
0

1=

=0

If all initial conditions are set to zero and the Laplace transformation is applied to both sides of this

equation, one obtains

Xa(s) Z ais' = Xo(s) Z bis’ |
i=0 =0

3-1
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or reordering
Xa(s)  bo+bis+ ...+ bys™ N(s)

Xo(s)  ao+ara+...+ans" (s) = Ds) (3.1.2)

where N (s) and D(s) describe the numerator and denominator polynomials, respectively. The quotient of
the Laplace-transformed output and input of such a type of system is a rational fraction. The coefficients
of this fraction depend only on the structure and parameters of the system. Such a type of function G(s),
which describes completely the transfer behaviour of a system, is called the transfer function of the
system. With such a transfer function the output

Xa(s) = G(s) Xe(s) (3.1.3)

can be immediately calculated for a known input signal ze(¢), and therefore Xo(s).

3.2 Interpretation of the transfer function

Comparing Eq. (3.1.3) with the convolution theorem from section 2.3, Eqgs. (2.3.9) and (2.3.10), it then
follows for the representation of Eq. (3.1.3) in the time domain that

xa(t) = /g(t —7)xe(r)dr (3.2.1)
0

where obviously the inverse Laplace transform of G(s) is the function g(¢). This function is generally
known as the weighting function of the system. In other words, the transfer function is the Laplace-
transformed weighting function according to

G(s) =< {g(t)} . (3.2.2)
If the unit impulse §(t) is taken as the input signal x,(t) for a system described by the transfer function
G(s), one obtains according to Eq. (3.1.3)
Xa(s) = G(s) £{0(1)}
and after using the Laplace transform of the unit impulse §(¢) from Eq. (2.6.5)
Xa(s) = G(s)

or from Eq. (3.2.2)

za(t) = g(t) -
This shows that the response to an unit impulse §(¢) is the weighting function. Therefore the weighting
function is also called the impulse response.

Another interpretation is when the system is excited by the input signal
2o(t) = Zo e sin(wt) .
For the steady-state case one obtains for the output signal
Tas(t) = |G (0 + jw)| Te 7' sin(wt + ¢(o + jw)) . (3.2.3)

This shows that the modulus |G(o + jw)| of the transfer function describes the gain, and that ¢(o +jw) =
arg G(o + jw) describes the phase shift of a sinusoidal function with the frequency w and with increasing
or decreasing amplitude according to e”?.

Interactive Questions 3.1
Test your knowledge about impulse and step response

Interactive Questions 3.2
Test your knowledge about convolution
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3.3 Realisability and properness of transfer functions

It must be mentioned that a transfer function with m > n is physically not realisable. The transfer
function of an ideal differentiator is described by G(s) = s according to Eq. (2.3.5). Any transfer
function with m > n can be decomposed into

N(s) _ Ni(s)

“) =B = Dls)

+ko+kis+ ...+ knoms™ ",

where degree N1(s) = n — 1 and terms in s with positive powers also occur. Such derivative elements
would deliver for input signals of arbitrary high frequency corresponding output signals of arbitrary high
amplitude, which are physically not realisable. The condition of realisability of the transfer function
according to Eq. (3.1.2) is

degree N(s) < degree D(s) or m<n. (3.3.1)

This condition is also called as the condition of properness. If a transfer function does not follow this
condition, it is called an improper transfer function. It has the property that G(s) — oo as s — co. A
realisable transfer function is called as proper and it always follows G(s) — kg as s — oco. A transfer
function with kg = 0 is called as strictly proper.

3.4 Transfer functions with dead time

If a time delay or dead time T} is introduced in the input signal z.(t) , one obtains instead of Eq. (3.1.1)

the differential equation
n

3 idxa Zb Pre(t—T0) (3.4.1)

, dt? dts
=0

In this case taking the Laplace transformation gives the transcendental transfer function

G(s) = %esﬂ : (3.4.2)

3.5 Poles and zeros of the transfer function

In some cases (e.g. stability analysis) it is expedient to represent the rational transfer function G(s)
according to Eq. (3.1.2) in the factorised form

_N(s) (s —sz,)(s—s2z,) ... (s—s7,,)
Gls) = D(s) Ko (5s—sp,)(5—sp,) ... (s—sp.) (3.5.1)

For physical reasons only real coefficients a;, b; occur. Therefore the poles sp, and the zeros sz, of G(s),
respectively, can be real or complex conjugate pairs. The terms zeros and poles are chosen, because the
transfer function is zero at sz; and infinite at sp,. Zeros and poles can be graphically represented in the
complex s plane as shown in Figure 3.5.1. A linear time-invariant system without dead time is described
completely by the distribution of its poles and zeros and the gain factor k.

Moreover, the poles and zeros of a transfer function have a further significance. Observing a system
without input (z.(t) = 0) according to Eq. (3.1.1) and determining the time response x,(t) for the given
n initial conditions, one has to solve the associated homogeneous differential equation

diz,(t)
TS

1=0

=0, (3.5.2)

which corresponds exactly to Eq. (2.5.6). For the approach z,(t) = e*' of Eq. (3.5.2) one obtains for the
solution in s the characteristic equation

P(s) = Z ais' =0, (3.5.3)
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Ajw X poles
% © zeros
X
_C ) =
o
x
X

Figure 3.5.1: Example of the pole and zero distribution of a rational transfer function in the complex s
plane

which was already mentioned in Eq. (2.5.8). This relation can be directly determined by setting the
denominator of G(s) to zero (D(s) = 0), as long as D(s) and N(s) have no common factor. The zeros s,
of the characteristic equation are the poles sp, of the transfer function. As already shown in section 2.5
the modes (i.e. zo(t) = 0) are described by the characteristic equation, so that the poles sp, of a transfer
function contain all of this information.

The zeros of a transfer function are those values s = sz, for which |G(sz,)| = 0. This means that the
output signal X,(s) does not contain any components which depend on sz;. In order to explain this in
more detail a stable system with a transfer function according to Eq. (3.5.1) is excited by the input signal

To(t) = %"

First for simplification the zero sz, = o7z, is assumed to be real. For this case the input signal is
zo(t) = e7%". Because |G (sz,)| = 0 one obtains from Eq. (3.2.3) the steady-state output signal as

Zas(t) = 0.
In the case of complex conjugate pairs of zeros sz, sz,,, = s%j both zeros have to be taken into
consideration in the input signal

Ie(t) _ estt + es%jt

¢
= 2e7%" coswt

= 2e7%" sin(wt + g) .

Eq. (3.2.3) leads also to the result x,5(t) = 0. This shows that a zero sz, of a system blocks the

.. . . -t
transmission of the input signal e?%".

Ezxample 3.5.1

The mass-spring-damper mechanical system in Figure 3.5.2 with the mechanical constants c¢;=1, co=2,
d = 1.5, my=1 and my=4 is excited by the force x.,. The transfer function between the force x, and the
position z, can be shown to be

G( ) - s2+1
% T S 1055 + 1.755% + 0.55 + 0.5

which has the zeros sz, , = £j. If this system is excited by the sinusoidal input signal

1 1
Xe(s) = (s — s7,)(s — $2,) - s2+1

4 M {X(s)} =sint ,

which is derived from this pair of zeros, the output signal z,(¢) decays to zero as shown in Figure 3.5.3b
even though the input signal is a sinusoidal signal and the mass m; shows an undamped oscillation (see
Figure 3.5.3c). The system does not pass this oscillation to the mass my when the frequency matches
the zeros sz, ,. |
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m, l
xa
G
my
l Ty

Figure 3.5.2: Mass-spring-damper mechanical system used for the interpretation of zeros

me(t) A
1' (@)
0.5 -
04
0.5 - t
-1 4
z,(1) 4

Figure 3.5.3: Response to the sinusoidal input signal z,(t) = sint (a), (b) position of the mass mo and
(c) position of the mass my

3.6 Using transfer functions for calculations

For combinations of transfer functions simple rules for determining the resulting transfer function can be
derived. The combinations are of the type that transfer function blocks are connected. In making any
transfer function block connection it is assumed that the connection does not load the block to which the
connection is being made.

a) Series connection
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From the diagram in Figure 3.6.1 it follows that

Y(s) = Ga(s)Xey(s)
Xe,(8) = Xay(s) = G1(s) U(s)
Y(s) =Ga(s)G1(s)U(s) .

The total transfer function of this series connection is

Y (s)

G(s) = 06s) = G1(s) Ga(s) .
=X, X, =X, X, =Y
——{ G(s) F——% Gys) ——>

Figure 3.6.1: Series connection of two transfer functions

b) Parallel connection
For the output of both functions it follows from Figure 3.6.2 that

Xa, (s) = G1(s) U(s)
Xa, (8) = Ga(s)U(s) .

The output of the total system is

Y(s) = Xa(s) = Xay (s) + Xay (5) = [G1(s) + Ga(s)| U (),

and from this the transfer function of a parallel connection is

G(s) = 10y = G1(9) + Gals)
Xa

v=x [ i) . X=Y
] +
~ Gy(s) X,

Figure 3.6.2: Parallel connection of two transfer functions

¢) Feedback loop
From Figure 3.6.3 the output is

Since

one obtains

(3.6.1)

(3.6.2)
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and from this . G (s) -
].(f)Gl (8) GQ(S) '

The total transfer function of the feedback loop is

g = X(8) _ G1(s)
= U(s)  1.5,Gi(s)Ga(s) (3.6.3)

=X X=Y
+ _ Gl(s) >

/=
w»
~
A

Figure 3.6.3: Feedback using two elements

As the output of G(s) is fed back via Ga(s) to the input, this is called feedback. One has to distinguish
between a positive feedback for positive adding of X,,(s) and a negative feedback for negative adding of
Xas (9).

Ezxample 3.6.1
For the special case of G1(s) being a pure amplifier with a high gain K — o0, one obtains for negative

feedback
K 1 1

T 11 KGa(s) 1 o) ~ Ga(s)

K
The entire technique of operational amplifiers is based on this principle. In a feedback loop for which
G1(s) is an amplifier with K — oo then an element Gz(s) can be used to realise any transfer function
within certain limits. [ ]

G(s)

Interactive Questions 3.3
Test your basic knowledge about transfer functions

Interactive Questions 3.4
Test your knowledge about transfer functions and stability

Interactive Questions 3.5
Test your knowledge about transfer functions and electrical circuits

Interactive Questions 3.6
Test your knowledge about transfer functions and electrical elements

Interactive Questions 3.7
Test your knowledge about simple combinations of transfer functions

Interactive Questions 3.8
Test your knowledge about complicated combinations of transfer functions

Interactive Questions 3.9
Test your knowledge about transfer functions with dead time
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Module 4

Frequency Response

Module units

Module overview. This comprehensive module deals with classical frequency-response techniques. Def-
initions are given starting from the transfer function and its graphical representation in the frequency
domain and from the input-output experiment using sinusoidal signals. As this module is the basis for
other modules on control system analysis and design using frequency-response techniques, most emphasis
is put on the graphical representation techniques of the Nyquist and Bode plots and their application to
standard elements to get a feel about the frequency-response characteristics of these elements. Rules for
constructing and analysing frequency-response characteristics are given. Finally, the behaviour of non-
minimum phase systems is shown. The reader can test his knowledge about frequency response method

4.1 Definitions. . . . . . ..o e e e e e e e 4-2
4.2 Nyquist plot of a frequency response . . . . .. ... ... ... 4-4
4.3 Bode plot . . . . . . e e e e e e e e e e e e e e e e e e e e e e 4-5
4.4 Some important transfer function elements . . . . . . .. ... ... .. ... 4-7
4.4.1 The proportional element (P element) . . . . . ... ... ... ... ... ... 4-7
4.4.2 The integrator (I element) . . . . . . . . . ... ... L L 4-7
4.4.3 The derivative element (D element) . . . ... ... ... ... .. ..., 4-8
4.4.4 The 1st-order lag element (PT; element) . . . ... ... .. ... ....... 4-9
4.4.5 The proportional plus derivative element (PD element) . .. ... ... . ... 4-12
4.4.6 The derivative lag element (DT; element) . . . . . . ... ... ... ... ... 4-12
4.4.7 The 2nd-order lag element (PT2 element and PT5S element) . . . ... . ... 4-13
4.4.8 Bandwidth of asystem. . . . . . . . ... . L L Lo 4-17
4.4.9 Example for the construction of a Bodeplot . . . . . ... ... ... ... .. 4-19
4.5 Systems with minimum and non-minimum phase behaviour. . . . . . . .. 4-20
4.6 Systems withdead time . . ... ... ... ... ... 000000, 4-22

by some interactive questions, examples and poblems.

Module objectives. When you have completed this module you should be able to:

1. Understand the behaviour of linear dynamical systems in the frequency domain.

[\

. Apply graphical methods (Bode and Nyquist diagram) to describe dynamical systems.

3. Describe and design systems using frequency-response characteristics of standard elements.

4. Understand the behaviour of non-minimum phase systems.

Module prerequisites. Transfer function.

4-1
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4.1 Definitions

In order to represent a transfer function G(s) in graphical form, there are different possibilities. Rep-
resenting |G(s)| and arg G(s) over the complex plane s = ¢ + jw two three-dimensional diagrams are
needed. Figure 4.1.1 shows an example for the magnitude of the transfer function

s—1 s—1

G(s) = = .
() s2+s+125 (s+05—j)(s+0.54+])

The two yellow peaks are at the pole positions where |G(—0.5+j)| — oo and the blue negative peak is at

1G(S)ap

Figure 4.1.1: Magnitude in dB of a transfer function over the complex plane s = 0 + jw

the position of the zero s = 1 where |G(1)| = 0 or |G(1)|ap — —o0, respectively. This three-dimensional
representation clearly shows the influence of the poles and zeros on the magnitude of the transfer function.
Such diagrams are difficult to handle and are fortunately not necessary for the analysis and design of
control systems, because many properties can be investigated by using the frequency response G(jw).
The frequency response is just the cut through the three-dimensional diagrams of G(s) at the imaginary
axis (o = 0). For the magnitude diagram in Figure 4.1.1 the intersection of this cut and the surface is at
the red curve, which represents the magnitude of the frequency response. This curve is symmetric with
respect to +w and therefore the frequency response G(jw) is only considered for positive frequencies w.

Another interesting possibility to represent a transfer function G(s) in graphical form, is to map the s
plane into the complex G plane as shown in section A.2. The result is a cartesian representation of a
band of curves G(o + jw) as shown in Figure A.2.1. For ¢ = 0, i.e. the special case s = jw, the transfer
function G(s) migrates into the frequency response G(jw) and we obtain the Nyquist plot of the frequency
response, which will be discussed later in section 4.2.

The frequency response G(jw) is an immediately physically interpretable and measurable quantity. To
show this, the frequency response will be represented by the complex entity

G(jw) = Rw) +jI(w) (4.1.1)

with the real part R(w) and the imaginary part I(w), and by the amplitude response A(w) and phase
response p(w) in polar notation as
G(jw) = A(w) &P (4.1.2)
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If the system is excited by a sinusoidal input z.(¢) with amplitude &, and frequency w, i.e.
Te(t) = Tesinwt , (4.1.3)
then in the case of a linear continuous-time system the output signal will oscillate in the steady state

with the same frequency w, but with another amplitude &, and with a certain phase shift ¢ = wt,
(Figure 4.1.2a). Both oscillations z.(t) and x,(t) can be represented by two vectors of length proportional

z,(t)=1, sinwt

- me
' (b) \. Z¢
xa

:z: sin(wt-¢)

E v
V

Figure 4.1.2: (a) Sinusoidal input signal z.(t) and corresponding output signal z,(¢) of a linear element
in steady state (b) vector representation of both signals

€|ﬁf

to their amplitudes 2, and z, according to Figure 4.1.2b. They are rotating with the phase shift ¢ and
the same speed w. For the system output one gets

Za(t) = Zasin(wt + @) . (4.1.4)
If this experiment is conducted for different frequencies w, (v = 0,1,2,...) with &, = const, then one
notices that the amplitude 2, and the phase ¢ of the output signal depend on the frequency w,. Therefore

for each frequency w, one gets

-fa,u = ja(‘*}l/) and Pv = (p(tdy) .

Now from the ratio of the values Z, and &, (w) the amplitude of the frequency response

Aw) = 229 — G| = VR @) + PW) (4.15)

can be represented as a function of frequency. Furthermore, the phase shift ¢(w) will be represented as
the phase of the frequency response. For the phase

I(w)

p(w) = arg G(jw) = tan~ ) (4.1.6)

is valid, where the value of the tan~! function in the range 0° to 360° must be found through the signs
of R(w) and I(w).

From this experiment it is obvious that the amplitude response A(w) and phase response ¢(w) of the
frequency response G(jw) can be directly measured by applying sinusoidal input signals z,(¢) of different
frequencies. The total frequency response G (jw) for all frequencies w = 0 to w — oo describes completely
the behaviour of a linear continuous-time system, like the the transfer function G(s) or the step response
h(t). In some cases only some partial information is sufficient in order to reconstruct the total frequency
response. As will be shown later only a knowledge of the real part R(w) or of the amplitude response
A(w) may be necessary.
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Between the representations of a linear system in the time domain and frequency domain there are some
general and simple relationships. E.g. on the basis of the initial and final value theorems two important
relations between the transfer function G(s), the Frequency response G(jw) and the step response h(t)
or H(s) are valid:

lim h(t) =lim s H(s) = lim G(s) = lim G(jw) , (4.1.7a)
t—0+ $§—00 5—00 jw—o0
lim h(t) = lim s H(s) = lim G(s) = lim G(jw) . (4.1.7b)
t—o0 s—0 s—0 jw—0

The suppositions for the application of the initial and final value theorems are the existence of the related
limits in the time domain according to section 2.3.

4.2 Nyquist plot of a frequency response

If in the experiment described above for each value of w, the value of
Glio) = Alw,) )

is plotted in the complex G plane, one obtains the Nyquist plot of the frequency response, which is
parameterised by the frequency w. Figure 4.2.1 shows such a curve drawn from measurements of eight

b jinfc)

W —00 w=0
’/ -—
o(w,) Re[G]
KZ
<)
wl/

e

Figure 4.2.1: Example of a Nyquist plot drawn from measurements

frequencies. Using Eqgs. (4.1.7a) and (4.1.7b) the initial and final values of the step response h(t) can be
estimated from a Nyquist plot based on such measurements (Figure 4.2.2). If G(jw) is known analytically

4 jIm[G] h(t) 4

=l

\

Figure 4.2.2: Relations between initial and final value of the frequency response G(jw) and the step
response h(t)
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the step response can be calculated from G(s) by using

ht) = £ {%G(s)} . (4.2.1)
The graphical representation of a frequency response using a Nyquist plot has among other things the
advantage that the frequency responses, both of a series connection and a parallel connection of two
systems, can be simply constructed graphically. Here the vectors of the Nyquist plots for the same values
of w must be taken. For the case of a parallel connection the vectors will be added, and for the case of
a series connection the vectors will be multiplied by multiplying the lengths of the vectors and adding
their angles according to Figure 4.2.3.

Xe Gl (JW) + Xa Xe Xa
— G, (jw) = Gy(jw) —>
G2(jw) +

G, (jw) * Gy(jw)

Figure 4.2.3: Addition (a) and multiplication (b) of frequency responses in Nyquist plots

Interactive Questions 4.1
Test your knowledge about frequency response and Nyquist plots

Interactive Questions 4.2
Test your knowledge about frequency response and Nyquist plots with other questions

Interactive Questions 4.3
Test your knowledge about frequency response and Nyquist plots with more demanding questions

4.3 Bode plot

If the absolute value A(w) and the phase p(w) of the frequency responseG (jw) = A(w) @?“) are separately
plotted over the frequency w according to Figure 4.3.1, one obtains the amplitude response and the phase
response. Both together are the frequency response characteristics. A(w) and w are normally drawn with
a logarithm and p(w) with a linear scale. This representation is called a Bode diagram or Bode plot.
Usually A(w) will be specified in decibels [dB]. By definition this is

A(w)as = 20logyy Aw) [dB] . (4.3.1)

The logarithmic representation of the amplitude response A(w)qp has consequently a linear scale in this
diagram and is called the magnitude.

The logarithmic representation has some advantages for series connections of transfer functions. For
complicated frequency responses, e.g. with

o (s—s87,) ... (s—57,)
G(s) _K(S—SPI) =) (4.3.2)
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A} (@) Al (b)
30 20 A
20 10 7 w
0 T T LI | T LA NLELILIL | >
10 10401 1 [s]
0 T T T T Iw‘ _20-
\ 2 4 6 [s1]8 10 () A .
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—180°4 —180°
_970°- —270°

Figure 4.3.1: Plot of a frequency response: (a) linear, (b) logarithmic presentation (w on a logarithmic
scale) (Bode plot)

for s = jw, it can be represented as series connections of the frequency responses of simple elements of

the form
K= t fori=
A N (133)
(jw—1sz;,) fori=1,2,....m
and )
SN t=m+1m+2,....m+n,
GZ(JW) = m for U= 1,27-“’77/ ) (434)
From this it follows that
G(jw) = KG1(jw) ... Gmin(jw) , (4.3.5)

with '
Gi(jw) = Ai(w)e]‘pi(w) fori=1,....m+n.

From the representation
G(jw) = KA (0) A2(©) ... Apan(w)dPoW) +01(W) +@2(w) +... + (W) (4.3.6)

and
A(w) = |K[ [G1(jw)] |G2(jw)] ... |Gmin(jw)| = |K[A1(w) A2(w) ... Amgn(w) ,

respectively, one obtains the logarithmic characteristic of the magnitude

A(w)ap = 201logo [| K| A1(w) A2 (w) ... Apin(w)] (4.3.7)
= |[Klap + A1(w)ap + A2(w)aB + - - - + Apin(w)an

and the phase characteristic

P(w) = o(w) + p1(w) + 2(W) + - .. + Prmgn (W) (4.3.8)

with ¢g(w) = 0° for K > 0 and ¢o(w) = —180° for K < 0. Thus, the frequency response of a series
connection is obtained by addition of the individual frequency response characteristics.

A further advantage of this logarithmic representation is for the determination of the inverse of a fre-
quency response, that is for 1/G(jw) = G~!(jw). Here

201og, [|G(jw)| '] = ~20logyq [G(jw)| = ~20log;g A(w)

and
arg[G™ (jw)] = — arg[G(jw)] (4.3.9)
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are valid, the curves of A(w) and ¢(w) need only to be mirrored at the axes 20log;; A = 0 (0-dB line)
and ¢ = 0°.

Because of the double logarithmic and of the single logarithmic scale of A(w) and ¢(w), respectively, the
curve of A(w) and that of ¢(w) can be approximated by line segments. This approximation by lines allows
the analysis and synthesis of control systems using simple geometric constructions. They are important
concepts for the control engineer.

4.4 Some important transfer function elements

In the following the transfer function G(s), frequency response G(jw), Nyquist plot and the Bode diagram
for some important elements will be derived and shown.

4.4.1 The proportional element (P element)

The P element describes a pure proportional relationship between input and output:
Zal(t) = K xo(t) (4.4.1)

with the arbitrary positive or negative constant K. K is called the gain of the P element. The transfer

function of this system is
G(s)=K . (4.4.2)

The locus of the frequency response
G(jw) =K (4.4.3)

is for all frequencies a point on the real axis with distance K from the origin. This means that the phase
response ¢(w) is zero for K > 0 or —180° for K < 0. The characteristic of the magnitude is

A(w)as = 20log;y K = Kqp = const .

4.4.2 The integrator (I element)

The dynamical behaviour of this element is described in the time domain by

t
1

walt) = o / e () dT + 24(0) (4.4.4)

0
with input and output signals x(t) and x,(t), respectively, and with the time constant T, which has the
dimension ’time’. This element integrates the input signal. Setting 2,(0) = 0 one obtains by taking the
Laplace transform of Eq. (4.4.4) the transfer function of the I element as

G(s) = ST (4.4.5)
and with s = jw the frequency response
G(jw) = jwlTI - WLTI e T (4.4.6)
From this the amplitude and phase responses
Alw) = L and  ¢(w) = I
w Ty 2

follow. For the magnitude characteristic one obtains

1
A(w)ap = +201log;, T —20log;ow Tt . (4.4.7)
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The graphical representation of Eq. (4.4.7) gives a line with a slope of -20dB/decade, or equivalently
-6dB/octave, in the Bode diagram, Figure 4.4.1a. The phase response is independent of the frequency.
The Nyquist plot of the frequency response

. 1
G(jw) = ﬂw—TI

coincides with the negative imaginary axis, as shown in Figure 4.4.1b.

AWl (a) timig)  (b)
20

10—\

0] >
0] & L\w{sll fo—oc Reld]
oy 1T G(iw)

pw)h
0° > ‘w =0

—90°

Figure 4.4.1: (a) Magnitude and phase response (b) Nyquist plot of the frequency response of an
integrator

4.4.3 The derivative element (D element)

The relationship between the input z.(t) and output z,(¢) of a derivative element is described by

a(t) = TD%me(t) . (4.4.8)

This element differentiates the input signal z.(¢) and therefore is called a derivative element, or in short
D element. The associated transfer function is

G(s) =sTp , (4.4.9)

and with s = jw it follows that the frequency response

G(jw) =jwTp = wTpe's , (4.4.10)
from which the magnitude
A(w)ap = 20log,pw T (4.4.11)
and the phase response
p(w) = g (4.4.12)

follow. It can easily be seen, that the I and D elements are related by an inversion. Therefore the curves
of the magnitude and phase response of the D element can be found — as shown above — by mirroring
those of the I element at the 0-dB line and ¢ = 0 line, respectively. This is obvious from Egs. (4.4.11)
and (4.4.12). Figure 4.4.2 shows the Bode diagram and the Nyquist plot of the frequency response of the
D element. The slope of the line A(w) is +20dB/decade and the phase response is independent of the
frequency.

The D element discussed here is — as already mentioned in section 3.3 — an idealisation and therefore not
a physically realisable element. For practical applications the D element will be approximated by the
DT, element (see section 4.4.6).
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A

A(w) a b
201 0. @ b

10 ?1 L RPN

_18-/% =y G(j)

—20 ! T

Aw)h
£90°

00 - -

Figure 4.4.2: (a) Magnitude and phase response (b) Nyquist plot of the frequency response of a D
element

4.4.4 The 1st-order lag element (PT; element)

The 1st-order lag element or in short PT; element is an element with an output signal x,(t) that for a
step input z.(t) has a certain initial slope and approaches asymptotically the final value. An example of
such an element is the simple RC lag circuit shown in Figure 4.4.3. When at time ¢ = 0 a voltage u, = 2V
is applied, the voltage u, at the output will approach exponentially with the time constant T'= RC' the
final value u, = 2V.

i R i
o——{ 1 ’
\ u, = x(t) 1J:

Figure 4.4.3: Simple RC lag as an example of a 1st-order lag element

A Bl
o

c u, = (1)

The circuit involves a single energy storage element, the capacitor C. The differential equation of this
RC lag is

Za(t) + RCEA(t) = wo(t) . (4.4.13)
For the general notation of a PT; element one obtains the differential equation
a(t) + T aa(t) = K xo(t) . (4.4.14)
If the initial condition x, is set to zero, on taking the Laplace transform the transfer function is
K
G(s) = —— 4.4.15
(5) 1+ ST ) ( )
and it follows that with s = jw the frequency response is
1
Gjw) =K ——— . 4.4.16
()= K {7 (4:4.16)

1
With the breakpoint frequency wp = T one obtains

G(jw) = K =K “B__ (4.4.17)
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The amplitude response is

1
Alw) = |G(jw)] = K ——— (4.4.18)
o\ 2
1 (2)
wB
and the phase response is
4 I(w) W
=tan ' ——% = —t —. 4.4.19
o) = tan~! 5% = —tan~! 2 (44.19)
The magnitude characteristic derived from Eq. (4.4.18) is
w2
A(w)ap = 20log,y K — 201og;, 1/ 1+ (w_) . (4.4.20)
B

Eq. (4.4.20) can be asymptotically approximated by lines for:

a) i<<1by
w

B
A(w)ap = 20log,y K = Kaqp  (indtial asymptote) ,

with

plw) =0
b) Y oss by
wB w
A(w)ap ~ 20logg K — 20log;g —  (final asymptote) ,

wB

with

p(w) ~ 5

In the Bode diagram A(w)4p can be consequently approximated by two lines. The progression of the initial
asymptote is horizontal, whereas the final asymptote shows a slope of -20dB/decade. The intersection of
both lines (breakpoint) can be determined from

201log;y K = 201og;o K — 20log;q —
wB

and provides the frequency
W =wpg .

Therefore w = wp is called the breakpoint frequency. As can be easily seen from Figure 4.4.4a, the

A
A(w)élg_ ¢3dB asymptotes (a) (b)

201 * \deB/decade

1K
10y |"ap — R
w
P(w)
00

—45°
—90°

Figure 4.4.4: (a) Magnitude and phase response (b) Nyquist plot of the frequency response of a PTy
element

deviation between A(w)qp and the asymptotes has a maximum at the breakpoint for wg. The exact
values are

and @(wp) = T

A(WB) =K 1

Sl
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The deviation of the magnitude characteristic from the asymptotes for w = wp is
AA(wp)ap = —201logy V2 dB ~ —3dB .

The deviations at the other frequencies are symmetrical from the breakpoint on the logarithmic scale, as
can be seen directly from Table 4.4.1. This is the reason why the magnitude and phase characteristics can
be easily constructed on a Bode diagram. The phase curve is approximately zero up to one tenth of the
breakpoint frequency, and —90° beyond 10 time the breakpoint frequency. In between, it is approximately
a straight line with slope 45° per decade through —45° at the breakpoint frequency.

Table 4.4.1: Magnitude, phase response and deviation AA(w) of the exact magnitude from the asymptotes
for a PT; element with K =1

] AW | pw) | AAw)as
WwB
0.03 0.0 - 2° 0.00
0.1 —0.04 - 6° —0.04
0.25 —0.26 - 14° —0.26
0.5 —0.97 - 27° —0.97
0.76 —2.00 - 37° —2.00
1.0 —3.00 - 45° —3.00
1.31 —4.35 - 53° —2.00
2.0 —6.99 - 63° —-0.97
4.0 —12 - 76° —0.26
10.0 —20 - 84° —0.04
30.0 —-30 - 88° 0.00

As already shown in section A.2 the locus of the frequency response of a PT; element is a semicircle,
which starts for w = 0 at K on the real axis and stops for w — oo at the origin, as shown in Figure 4.4.4b.

The constant T' = 1/wp in the transfer function and on the frequency response, respectively, is usually
called the time constant of the PT; element. It can be determined also by the point of intersection of
the line with the initial slope and the horizontal line of the final asymptote, h(c0), of the step response
h(t) as shown in Figure 4.4.5. This time constant can also be physically interpreted. It is the time when

h(t)A
h(oo)

0.63 - h(co0)

0 >
o T t

Figure 4.4.5: Graphical representation of the step response, h(t), of a PT; element

the step response has reached approx. 63% of the final value, h(c0). K is — similar to the P element —
called the gain of the PT; element. It is defined as the value of the frequency response at w = 0.

DYNAST study example 4.1
Simple automobile model

DYNAST study example 4.2
D.C. motor - open loop



http://virtual.cvut.cz/dyn/examples/examples/control/cruise/index.html
http://virtual.cvut.cz/dyn/examples/examples/control/dcmotor/index.html
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4.4.5 The proportional plus derivative element (PD element)

The PD element shows both proportional and derivative behaviour and is described by the transfer
function

G(s)=K(1+sT) . (4.4.21)

Apart from the gain factor K this element is the inverse of the PT; element. Hence for K = 1 one obtains
the magnitude and phase response by mirroring at the 0-dB axis and the ¢(w) = 0 line, respectively
(compare Figure 4.4.6 with 4.4.4). The locus of the frequency response

G(iw) = K(1+jwT) (4.4.22)

is a semi-line, which starts for w = 0 on the real axis at K and progresses parallel to the imaginary axis
for increasing values of w.

(a) (b)

A(w) 4
10 2 ’/ o 1 jIm([G]
-100 g I — w —00
204 [BaB w
— 20dB|/decade ~B )
) G(jw)
plw K
90o ° Re[G}V
45 J=0
0°+ >
0.1 1 10 W
“B

Figure 4.4.6: (a) Magnitude and phase response (b) Nyquist plot of the frequency response of a PD
element

4.4.6 The derivative lag element (DT; element)

This element has a step response which initially contains a step and then decreases exponential to zero
with a characteristic time constant as shown in Figure 4.4.7. Figure 4.4.8 shows an example of such a

h(t)

Figure 4.4.7: Graphical representation of the step response, h(t), of a DT; element

system; a simple RC' high pass filter. The differential equation of this circuit is

d(ue —ua)  ua
‘% “®°

which can be written as

du du
2 — RC—=.
dt R

uy + RC
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i, C Iy =0
el
u =1 (1) R u, = (1)
o o

Figure 4.4.8: Simple RC high-pass circuit as an example of a DT element

Applying the Laplace transform one obtains the transfer function

~ Ual(s) RC's

G = . 4.4.23
(s) Us(s) 1+ RCs ( )
The generalised notation of the DT element is
Ts
G(s) =K . 4.4.24
() 1+Ts ( )
For constructing the Bode plot one starts with the frequency response
. jwT
G =K—— 4.4.25
(jw) T ( )
. o 1
which on substituting wg = T gives
. LW 1 w wB +
Gjw)=Kj——g = — K————5 . (4.4.26)
WB ]4j— WB < w >
wB 1 -
wB
From Eq. (4.4.26) it follows that
. 1
Aw) = [G(jw)| = — K :
wB w 2
1y (—)
wB
and
w w)?
A(w)ap = 201log;; — + 20log,o K —201ogyp /1 + <—) . (4.4.27)
WB WB
After some calculations the phase response can be shown to be
T [ w
" Radi I 4.4.28
o) =5 -t (£) (14.28)

Comparing Eq. (4.4.27) with Eqgs. (4.4.20) and (4.4.23) shows that the magnitude characteristic of the
DT, element can be obtained by adding the corresponding curves of a PT; element and a D element.
The same also holds for the phase response ¢(w). With this information the curves of the frequency
response characteristics and of the Nyquist diagram can be simply constructed according to Figure 4.4.9.

4.4.7 The 2nd-order lag element (PT; element and PT,S element)

A 2nd-order lag element is characterised by two independent energy storages. Depending on the damping
properties and the position of the poles of G(s), respectively, one distinguishes between oscillating and
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A(w)dB A asymptotes
204 3dB

(a) (b)

Figure 4.4.9: (a) Magnitude and phase responses (b) Nyquist plot of the frequency response of a DTy
element

aperiodic behaviour. If a 2nd-order lag element has a conjugate complex pair of poles, then it shows an
oscillating behaviour (PT2S behaviour). If both poles are on the negative real axis, then the element has
a lag behaviour (PTy behaviour).

The RLC network of Figure 4.4.10 is an example of such an element. From the equation of the mesh

Qi
iR + Lﬁ + = U (4.4.29)
with
du,
je = C' 4.4.30
i " ( )
the differential equation becomes
d%u, dug,
LC RC—- a(t) = ue(t) . 4.4.31
2+ RO (1) = we(t) (4431)
Interactive Questions 4.4
Test using other example
The transfer function is
Ua(s) 1
G(s) = _ . 4.4.32
&)= 0us) T TTROs 11052 (4.4.32)
For the 2nd-order lag element the general notation of the transfer function
K
Gs)= ——— 4.4.33
(s) 1+ Tys+ T3s? ( )
is chosen. Introducing terms which characterise the time behaviour, that is the damping ratio
1T
(=222 (4.4.34)

2T


http://www.atp.rub.de/DynLAB/dynlabmodules/Examples/TimeResponse/TimeResponse01.html
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i, L R i =0
u=a,0) ¢ u, = 2,00
O L O

Figure 4.4.10: Simple RLC network as an example of a 2nd-order lag element

and the natural frequency (frequency of the undamped oscillation)

— 4.4.
wo T, ( 35)
one obtains from Eq. (4.4.33)
K K
G(s) = % T =5 . (4.4.36)
1+ —=s+— s (s)
wo wo
For s = jw the frequency response
w\? w
1- (— —Jj2(—
G(j K - - 4.4.37
b= " T (4.4.37)
on w2 11— — 2¢—
wo 0 (wo) + [ Cwo]
results. The amplitude response is
K
Alw) = — = (4.4.38)
-G+ (2)
wo wo
and the phase response
20~
o(w) = —tan~t ——X0 (4.4.39)

w 2
()
wo

Here the ambivalence of the tan—! function has to be observed. For the magnitude characteristic one has

from Eq. (4.4.38)
w \ 212 w\2
A(w)ap = 20log,q K — 201log;, \/[1 — (—) } + (2@“—) . (4.4.40)

wo wo

The progression of A(w)qp can be approximated by the following asymptotes:

a) For Yo by
wo
A(w)ap ~ 20logg K (initial asymptote) ,
with
p(w) =0 .

b) For “oss by
wo

2
A(w)ap =~ 201log,q K — 201og;, (wi) ~ 20log;, K — 40log;, ( d ) (final asymptote) ,
0

wo
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with
plw) ~ —7 .

In the Bode diagram the final asymptote is a line with a slope of -40dB/decade. The point of intersection
of both asymptotes follows from

w
20log;o K = 20log;y K — 401og;, (—)
wo
to be the normalised frequency wio The exact value of A(w)gp may deviate considerably from the point
of intersection at w = wq, because it is

A(wo)ap = 201log;q K — 201log;,2¢
according to Eq. (4.4.38). For ¢ < 0.5 this value is above, for ¢ > 0.5 below the asymptotes.

Figure 4.4.11 shows for 0 < ¢ < 2.5 and K = 1 the magnitude and phase responses in a Bode diagram.
This graphical representation contains the cases of PT9S and PTy behaviour, which will be discussed in
section A.3.2. From Figure 4.4.11 it can be seen that a maximum magnitude exists for some values of the
damping ratio (. This maximum occurs at the so called resonant peak frequency wy. A detailed analysis
of this resonance can be found in section A.3.1.

A(w)dB‘
50 -
¢ = 0.005
40 = 0.05
30 L= 0.125
20 I =025
) L= 0.5
10 o=
0
§§Q§
-10 =
—20
—-30
—40 =
0.1 02 0.3 04 0.6 0.8 1 2 3 4 6 810
W
0
(W)
0°‘$§\
—~30° Ei\s\ﬂ\ \§—| 0 00|5
—60° IS S SNANS — = 0.05
A S ——0.125
el ¢ =101 (25
—120° = 2.0 Y\Q e
o =25 \\ e N
—150 QQ\ =
—180° |
0.1 02 03 04 06081 2 3 4 6 8 10 “
w,
0

Figure 4.4.11: Bode diagram of a 2nd-order lag element with the transfer function G(s) =
1/ [1 4 82¢/wo + (s/w0)?]

Figure 4.4.12 shows the Nyquist plots of 2nd-order lag elements with high and low damping. From
Eq. (4.4.37) it follows that for w = wy the real part of G(jw) is zero. Therefore the locus of the frequency
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response intersects with the imaginary axis at w = wg independent of the values of (, as can be seen in
Figure 4.4.12.

Figure 4.4.12: Nyquist plots of 2nd-order lag elements, (a) PTy element, (b) PT2S element

The modes of a dynamical system are determined according to Eq. (3.5.3) by the roots of the characteristic
equation or by the poles of the transfer function, respectively. From the characteristic equation of the
2nd-order lag element

2¢

1
P()=D(s)=1+2s+ —=52=0 4.4.41
(s) (s) + 0 + wgs ( )

one obtains the poles of the transfer function as

s12 = —wol Twov/ (¢ —1. (4.4.42)

The oscillating behaviour of a 2nd-order lag element is dependent on the position of the poles in the s
plane. For a graphical analysis the step response h(t) is a useful tool. Table 4.4.2 shows step responses
and the corresponding poles for different values of (. These five cases will be analysed and discussed in
more detail in section A.3.2.

4.4.8 Bandwidth of a system

An important term that has not been defined so far is the bandwidth of a system. Lag elements with
a proportional behaviour, e.g. PT;, PTy and PT5S elements as well as PT,, elements (n PT; elements
in series connection), show a so-called low-pass property. This means that they pass low frequencies
whereas high frequencies in signals are attenuated by the strongly decreasing amplitude response of the
frequency response. In order to describe this behaviour the concept of bandwidth is introduced. This is
the frequency wy at which the magnitude of the frequency response is decreased by 3dB from the value
of the initial horizontal asymptote, see Figure 4.4.13.

Figure 4.4.13: Definition of the bandwidth wy, of systems with lags (w, resonant peak frequency, wop
natural frequency of the undamped oscillation; w on logarithmic scale)
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Table 4.4.2: Pole positions in the s plane and step responses for elements with the transfer function
G(s) =1/ [1+4 s2(/wo + (s/wo)?]

damping pole positions step response h(t)
4 n(t)
5 Ya fjw
Wy J1—¢?
v
0<(<1 o
° 1
—lul=— |
A
jw
81:52
c=1 .
ag
oo = e 0 . ; >
" 0 5 10 t
“ “o
)
TW |
>1 > =5
¢ CR 7 (=2
0 T T -
0 ER) /
“ “o

h (1)

2
jw
S xtijw,

0 5 10 t
Wy w,
jw N OIS
/ "
Woa/1C2
—-1<¢<0 T = 1
)
(08 e T cr— .
> wnC — 0 5 E ________________ t
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4.4.9 Example for the construction of a Bode plot

In section 4.3 it has been shown how Bode plots of a system with rational transfer functions can be
generated by decomposing the system into smaller elements, such as those shown in Table A.8.3. In this
section a detailed example will be given.

A Bode plot is to be drawn for a system, which has only real poles and zeros. The given transfer function

(s+0.1)(s+2)

G(s) = K1m )

with K} =890

is rearranged into the form

o) — K, (%—1—1) (%4—1) |
(5+1) G+ )

This system can now be decomposed into an integrator, two PD and two PT; elements, that is

K> s s 1 1
S () (o) s
S (0.1Jr 2Jr f_,_l i_|_1

5 20
~ ——— —— —— Y——

=Gi(s)  Ga(s)  Ga(s) Gals) Gs(s)

Ko = K1/500 = 1.78 .

G(s)

From this simple analysis the Bode plot can be determined by adding the Bode plots of the elements G
to G5 according to Figure 4.4.14a. In this figure the variable quantities wp; in the terms (s/wp, + 1)jEl

Alw I'y
( )f(]i exact
(a) (b)
304 % 7
00 LA
10 oI T2 7
KQdBO — ?\ - G3 W,
o] 01 12751020~ 100 [s] 1000
B \\\\\ R \\wGE]
—20 G G, ™
_ 304 UJCl wC3 we4 N
@(5}30“
45° = G; B ] G,
5 -7 1 exact
0> /(/\ \\ \0 T T w=
450 0,1 TSl TS 100 [s‘l} 1000
_ 7 ST
v B =
G, G5

Figure 4.4.14: Representation of a dynamic system by two frequency response diagrams: (a) Bode plot,
(b) Nyquist plot

for i =1,2,3 and 4 are the breakpoint frequencies in the Bode plot. Also shown in Figure 4.4.14 is the
Nyquist plot of the frequency response. Both representations of Figure 4.4.14 basically contain the same
information about the system.

Based on the example given above the procedure for constructing a Bode plot of a given system can be
recapitulated:
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a) The given transfer function must be put into the form

m m s
(s —sz,) ... (s —sz,) 1:[1 (=s2.) 1:[1 <1+ —57 )
G(S) _ K - Szl) (S SZ-,,L) _ K ;U'; _k ;U'; su
— Sp, . — SP, H (_SP) <]_+ )
Suzl Vl;[l —SP”
P, #0 SP,#0
with k= 0,1,2,... ,

where possible poles of G(s) at sp, = 0 will be specially considered according to their multiplicity
k.

b) Then for s = jw the asymptotes of the elements will be used to approximate A(w)qp and ¢(w).

c¢) If necessary corrections of the approximations can be performed.

4.5 Systems with minimum and non-minimum phase behaviour

Stable systems without dead time, which are described by the transfer function

and which do not have zeros in the right half s plane, are called minimum phase systems. They are
characterised by the fact that for a known amplitude response A(w) = |G(jw)| in the range of 0 < w < o0
the corresponding phase response ¢(w) can be calculated from A(w) and that the value of p(w) determined
has its minimum modulus for the given A(w).

If a transfer function has poles and/or zeros in the right half s plane then this system shows non-minimum
phase behaviour. The modulus of the phase response is then always larger than that for a system with
minimum phase behaviour, which has the same amplitude response.

In order to illustrate the non-minimum phase behaviour, two systems will be considered, which have
in fact the same amplitude response A(w) but differ considerably in the phase response. The transfer
functions of the two systems are

1+ sT 1—sT

Guls) = T35 4 &) =1

with 0 < T < Ty. The distributions of the poles and zeros of G4 (s) and Gp(s) in the s plane is shown in
Figure 4.5.1. The amplitude response of the corresponding frequency responses G, (jw) (minimum phase

(a) bw (b) diw

—0 > D—T
11 7 R
T T1 T1 T

Figure 4.5.1: Distribution of poles and zeros in the s plane (a) G,(s) and (b) Gy (s)

system) and Gj(jw) (non-minimum phase system) is in both cases the same, as

Aa(u}) = Ab(w) =
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For the phase responses one obtains

_ w(T1 — T)

a(w)=—tan t ——— 2

#alw) WoTrernT

and (T, +T)
g w(dy +

= —tan ! ——— 2

#o(w) T

a different result, which is shown in Figure 4.5.2. For ¢, (w) the ambivalence of the tan~! function has
to be observed. Here the minimum phase response of ,(w) can be clearly seen.

A
9”((‘)‘? 0.1 1 10 >
[s1] ¢
—90°1 @u(w)

—180°

Figure 4.5.2: Phase response of two transfer functions with identical amplitude, but with minimum and
non-minimum phase behaviour: |¢a| < |pp]

The transfer functions of non-minimum phase systems, like Gy,(s), can always been composed by a series
connection of a minimum phase system and a pure phase shift element, which are described by the
transfer functions G,(s) and Ga(s):

Gp(s) = Ga(s) Ga(s) . (4.5.1)

A pure phase shift element, also called all-pass element, is characterised by the fact, that the modulus of
its frequency response G (jw) has a value of unity at all frequencies. For this example one obtains

Gp(s) = Ga(s) Ga(s)

or
1—sT _1—3T 14+ sT
1481y 14+sT 14Ty

From this, the transfer function of the all-pass element (1st order) is

1—sT
G = —
Al =17
which has the amplitude response
Aa(w) =1 (4.5.2)
and the phase response
20T
QDA(W) = _ta.n71 ]_JEJT)Q = -2 tanfl T .

This all-pass element has a phase response @ (w) from 0° to -180°. The condition of Eq. (4.5.2) is only
fulfilled by systems for which the distribution of zeros of the transfer function G (s) in the s plane is
symmetric to the jw axis. This is shown in Figure 4.5.3 for a stable 4th-order all-pass system.

The transfer function of an nth-order all-pass system is

(s—381)(s—82) ... (s—8pn)
Ga(s) == , 4.5.3
() (s—s1)(s—s2) ... (s—spn) ( )
where the corresponding poles s; and zeros §; for i = 1,2, ..., n only differ in the signs of their real parts

(Resi = —Re &).

For minimum phase systems, as already mentioned and shown in section A.4, the phase response ¢(w)
can be unambiguously determined from the amplitude response A(w). This is not valid for non-minimum
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tiw

EX 5
s X s g [ 2
2 I 115 4 -
1 1 o
§ [y
3 5

Figure 4.5.3: Poles (x) and zeros (o) of a 4th-order all-pass system

phase systems. The verification of whether a system is non-minimum or minimum phase can be easily
estimated from the progression of p(w) and A(w)gp for high frequencies. For a minimum phase system,
which is described by the transfer function

with m = degree N(s) and n = degree D(s) one obtains for w — oo the phase
p(o00) = —90°(n —m) . (4.5.4)

For a low-pass system with non-minimum phase behaviour the modulus of this phase value is always
larger than that given by Eq. (4.5.4). In both cases the magnitude response has a slope of

—20(n —m) dB /decade

for w — oo.

4.6 Systems with dead time

A typical system with non-minimum phase behaviour is the dead time element (PT; element), which is

described by the transfer function
G(s) =e 5T | (4.6.1)

The frequency response is
with the amplitude response

and the phase response (in radians)
olw) = —wT; .

The locus of G(jw) is a circle around the origin, starting with w = 0 on the real axis at R(w) = 1 and
perpetually traversing the circle with increasing values of w as shown in Figure 4.6.1.

DYNAST study example 4.3
Explanation of plotting frequency responses in DYNAST by way of an example

Problem /.1
Frequency response - seven problems



http://virtual.cvut.cz/dyn/examples/examples/control/ac13fresp/index.html
http://www.atp.rub.de/DynLAB/dynlabmodules/Problems/FrequencyRespProblems.pdf

4.6. SYSTEMS WITH DEAD TIME
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—100°+
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—300°

—400°

Figure 4.6.1: (a) Nyquist plot and (b) phase of a dead time element
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Stability of linear control systems

Module units
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Module overview. Stability is the base requirement for the design of a control system. This module
gives a first insight into the design of closed-loop systems and the problem of their stability. It is shown
by definitions what stability means. Then the most important stability criteria using the characteristic
polynomial (Hurwitz, Routh) are introduced. Most emphasis is put on the Nyquist criterion, which can
be used with Nyquist and Bode diagrams to design stable closed-loop systems with given stability margins.
To simplify the stability test in the frequency domain with Nyquist or Bode diagrams several rules are

given. All terms, techniques and rules are illustrated by examples.
Module objectives. When you have completed this module you should be able to:
1. Understand the stability of linear dynamical systems.

2. Understand the algebraic stability criteria for linear systems.

3. Know how to test the stability of linear systems described by transfer functions.

4. Know how to test the stability of linear systems described by frequency-response characteristics.

5. Know how to test the stability of a closed loop from open-loop data.

Module prerequisites. Transfer function, characteristic polynomial,determinants, frequency response,

Bode diagram, Nyquist diagram.
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5.1 Stable and unstable systems

The stability of control systems is an important property. Considering any bounded input signal z.(t) of
a system, and if the output signal x,(¢) of the system to such a signal is also bounded, then the system is
called bounded-input-bounded-output stable. If the output signal does not show this property, the system
is unstable. For illustration see Figure 5.1.1.

(a) (b)

Figure 5.1.1: (a) Stable and (b) unstable system response x,(t) to a bounded input signal x.(¢)

5.2 Definition of stability and stability conditions

Because of its feedback structure a control system can become unstable, e.g. oscillations with increasing
amplitudes in the signals can occur. In section 5.1 a signal-based definition of stability is established,
which relies on the boundedness of the input-output signals. In this section we focus on a definition of
stability for linear systems that is independent of the input-output signals. First the following definition
is introduced:

A linear time-invariant system according to Eq. (3.1.3) is called (asymptotically) stable, if its
weighting function decays to zero, i.e. if
lim g(¢t) =0 (5.2.1)
t—oo
is valid. If the modulus of the weighting function increases with increasing ¢ to infinity, the
system is called unstable.

A special case is a system where the modulus of the weighting function does not exceed a finite
value as t — oo or for which it approaches a finite value. Such systems are called critically
stable. Examples are undamped PT5S and I elements, see sections 4.4.2 and 4.4.7.

This definition shows that stability is a system property for linear systems. If Eq. (5.2.1) is valid, then
there exists no initial condition and no bounded input signal which drives the output to infinity. This
definition can be directly applied to the stability analysis of linear systems by determining the value of
the weighting function for t — oo. If this value exists, and if it is zero, the system is stable. However, in
most cases the weighting function is not given in an explicit analytic form and therefore it is costly to
determine the final value. The transfer function G(s) of a system is often known and as it is the Laplace
transform of the weighting function g¢(t), there is an equivalent stability condition for G(s) according
to Eq. (5.2.1). The analysis of this condition — see section A.5 — shows that for the stability analysis
it is sufficient to check the poles of the transfer function G(s) of the system, that is the roots s; of its
characteristic equation

P(s)=D(s) =ap+a1s+ 525> + ... +a,s" =0 (5.2.2)

Now the following necessary and sufficient stability conditions can be formulated:

a) Asymptotic stability
A linear system is only asymptotically stable, if for the roots s; of its characteristic equation
Res; <0 forall s;(i=1,2,...,n)

is valid, or in other words, if all poles of its transfer function lie in the left-half s plane.
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b) Instability

A linear system is only unstable, if at least one pole of its transfer function lies in the right-half s
plane, or, if at least one multiple pole (multiplicity r > 2) is on the imaginary axis of the s plane.

¢) Critical stability

A linear system is critically stable, if at least one single pole exists on the imaginary axis, no pole
of the transfer function lies in the right-half s plane, and in addition no multiple poles lie on the
imaginary axis.

It has been shown above that the stability of linear systems can be assessed by the distribution of the
roots of the characteristic equation in the s plane (Figure 5.2.1). For control problems there is often
no need know these root with high precision. For a stability analysis it is interesting to know whether
all roots of the characteristic equation lie in the left-half s plane or not. Therefore simple criteria are
available for easily checking stability, called stability criteria. These are partly in algebraic, partly in
graphical form.

. e . e
e 0_7 & O_V
X stable X critically stable

e o
1/ 52 s * a
x unstable X unstable

Figure 5.2.1: Stability of a linear system discussed by the distribution of the roots of the characteristic
equation in the s plane

Interactive Questions 5.1
Test your knowledge about stability

5.3 Algebraic stability criteria

The algebraic stability criteria are based on the characteristic equation, Eq. (5.2.2), of the system to be
analysed. They contain algebraic conditions as inequalities between coefficients a;, which are only valid
if all roots of the polynomial lie in the left-half s plane.

5.3.1 The Hurwitz criterion

A polynomial
P(s)=ao+a1s+...+aps"” (5.3.1)

with k complex conjugate pairs of roots and (n — 2k) real roots can always be represented as
P(s) = an(s* —2dy + d2 +w?) ... (s> — 2dy, + d2 + w?)(s — s9k11) - - - (5 — 55) . (5.3.2)

If all roots of the polynomial of P(s) are in the left-half s plane then for a, > 0 all constants —d; and
—s; in Eq. (5.3.2) are positive. From this follows that all coefficients a; of the polynomial P(s), which
are products and sums of positive numbers, are also positive. This result is formulated in the so-called
Stodola criterion:



http://www.atp.rub.de/DynLAB/dynlabmodules/Examples/TimeResponse/TimeResponse04.html

5-4 MODULE 5. STABILITY OF LINEAR CONTROL SYSTEMS

For the polynomial to have all roots with negative real parts it is necessary that

sgnap = sgnaj; = ... =sgna, . (5.3.3)

These conditions are also sufficient for n = 1 and n = 2 as can be easily verified by calculating the roots.
However, for n > 3 this is no longer the case.

Example 5.3.1
The polynomial with positive coefficients

P(s) = s + s> + 45 +30 = (s + 3)(s* — 25 + 10)

fulfills the Stodola criterion, but not all the roots s; = —1, s2 3 = 1 & j3 have negative real parts. |

A polynomial for which all roots s;(i = 1,2,...,n) have negative real parts is called Hurwitzian. There-
fore, according to the stability conditions introduced in section 5.2 a linear system is only asymptotically
stable, if its characteristic polynomial is Hurwitzian. The Hurwitz criterion for the coefficients of a
Hurwitz polynomial is as follows:

A polynomial P(s) is Hurwitzian, if and only if for a,, > 0 all determinants

Di=a,-1>0

Dy = n—1 @n >0
Gp—3 ap—2
Ap—1 an 0
D3 = |tpn-3 Qpn-2 an-1| >0
Gp—5 0Apn—4 Gp—3
until
Ap—1 an 0
ap—-3 Ap—2
Dy = >0 (5.3.4)
0 0 aq
D, =aoD,-1 >0
are positive.
The following schema of the coeflicients can be used to build the Hurwitz determinants:
Dl Ap—1 (07 0 0 0
an 0
Qp—2 | Gp—1
Dy an-7 an-6 Gn-5 an-a | an-3
The Hurwitz determinants D, are characterised by the diagonal coefficients an—1, an—2,...,an—, (v =
1,2,...,n) and by the increasing indices from left to right. Coefficients with indices larger than n are set

to zero. For applying this criterion all determinants until D,,_; have to be calculated. Calculation of the
last determinant D,, is trivial.
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While for a 2nd-order system the conditions of the determinants are automatically fulfilled as soon as

the coefficients ag, a1, as are positive, for a 3rd-order system one obtains the Hurwitz conditions

Di=a3 >0
az as

Dy = = ayaz — apasz > 0

2 ap  ay 142 0u3
as as 0

D3 =lap a1 as| =agDs > 0.
0 0 ag

It goes without saying that the determinant conditions will be only applied if the easily checkable condi-
tions of Eq. (5.3.3) are fulfilled. The Hurwitz criterion is not only practical for the stability analysis of a
system with given coefficients a;, but also of a system with free parameters. This is the task when the
range of parameters must be determined for which the system is asymptotically stable. Therefore the

following example is given.

Example 5.5.2

Figure 5.3.1 shows a control loop, for which the range of Ky must be determined such that the closed
loop is asymptotically stable. The time constants 77 and T of both lag elements are known and positive.

w Ky 1 1 Y

+ s | 1+Tys 1+Tys

y

.y
-

Figure 5.3.1: Stability analysis of a simple control loop

With the transfer function of the open loop

Ky
s(1+Tis) (14 Tss)
Ky
S + (T1 —+ TQ) 52 —+ T1T253

GO(S) =

one obtains for the closed-loop transfer function

Y(s) _ Gols)
Wi(s) 1+ Gol(s)

Gw(s) =

and by substituting Go(s)
o K() + s+ (T1 -+ TQ) 82 -+ T1T253 '

Gw(s)
The characteristic equation of the closed loop is

P(s)=Ko+s+ (Th +T2) s> + ThThs®* = 0 .

According to the Stodola and Hurwitz criteria the following conditions must be met for asymptotic

stability:

a) Coefficients ag = Ko, a1 = 1, az = (T1 + T2) and az = T1T» must be positive. From this the lower

limit Ky > 0 follows.

b) Furthermore
(alag — agao) >0

must be valid.
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With the coefficients given above it follows that
TH‘FQE —-Iajél(o >0

and for the upper limit of Ky
T+ 1o
Ty

The closed loop is asymptotically stable for the range

Ky <

T+ T

K
0< Ky < T

5.3.2 Routh criterion

For given coefficients a; of the characteristic equation the method of Routh, which is an alternative to
the method of Hurwitz, can be applied, see section A.6. Here the coefficients a;(i = 0,1,...,n) will be
arranged in the first two rows of the Routh schema, which contains n + 1 rows:

n Gnp p—2 Ap—4 Gp—6
n—1|a,-1 Gn-3 Gn_5 an_7
n—2 bn,1 bn,Q bn,3 bn,4 ... 0
n—3| -1 Cn-9o Cn-3 Cpn—yg ... 0
3 dn—l dn—2 0
2 €n—1 €En—2
1 fnfl
0 9n—1
The coefficients b,,_1,b,,_2,b,,_3,... in the third row are the results from cross multiplication the first
two rows according to
b Aranflan72"anan73
n—1 —
An—1
b Aranflan74"anan75
n—2 —
ap—1
b Aranflanfﬁ"anan77
n—3 —

Gp—1

Building the cross products one starts with the elements of the first row. The calculation of these b values
will be continued until all remaining elements become zero. The calculation of the ¢ values are performed
accordingly from the two rows above as follows:

bnflanAB "anflbn72

Cp—1 =

bn—l
bnflan45 "anflbn73

Cp—2 =

bn—l

__bn—lan—7_'an—1bn—4
Cpn—3 = b
n—1
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From these new rows further rows will be built in the same way, where for the last two rows finally

en—1dn_2 —dp_167_2

fn—l =

€En—1

and
In—1 = En—2

follows. Now the Routh criterion is:

A polynomial P(s) is Hurwitzian, if and only if the following three conditions are valid:

a) all coefficients a;(i = 0,1,...,n) are positive,

b) all coefficients b,,—1, ¢,—1 in the first column of the Routh schema are positive.
Ezxample 5.53.3
P(s) = 240 + 1105 + 5052 + 30s% + 2s* + 55 .

The Routh schema is:

) 1 30 110 0
4 2 50 240 0
3 ) —10 0

2 o4 240

1] —32.22 0

0 240

As in the first row of the Routh schema a coefficient is negative the system is unstable.

5-7

For proving instability it is sufficient to build the Routh schema only until negative or zero value occurs

in the first column. In the example given above the schema could have been stopped at the 5th row.

Another interesting property of the Routh scheme says, that the number of roots with positive real parts

is equal to the number of changes of sign of the values in the first column.

5.3.3 Nyquist criterion

This graphical method, which was originally developed for the stability analysis of feedback amplifiers, is
especially suitable for different control applications. With this method the closed-loop stability analysis
is based on the locus of the open-loop frequency response G (jw). Since only knowledge of the frequency

response G (jw) is necessary, it is a versatile practical approach for the following cases:

a) For many cases Gy (jw) can be determined by series connection of elements whose parameters are

known.

b) Frequency responses of the loop elements determined by experiments or G (jw) can be considered

directly.

¢) Systems with dead time can be investigated.

d) Using the frequency response characteristic of Gy(jw) not only the stability analysis, but also the

design of stable control systems can be easily performed.
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5.3.4 Nyquist criterion using Nyquist plots

To derive this criterion one starts with the rational transfer function of the open loop

Gols) = (5.3.5)

and makes the following assumptions:

1. The polynomials No(s) and Dg(s) are relatively prime.

2.
degree No(s) = m < n = degree Dy(s) , (5.3.6)

which is always valid for realisable systems, see section 3.3.

The poles 3; of the open loop are the roots of the characteristic equation
Dy(s) =0. (5.3.7)

For stability analysis just the poles «; of the closed loop are of interest, i.e. the roots of the characteristic
equation, which are determined by setting the denominator of the closed-loop transfer function to zero.

From this condition No(s) + Do(s)  Ng(s)
_ Nols) +Do(s)  Ngls)
1+ Go(s) = Do)~ Dota) =" (5.3.8a)

and
P(s) = Ng(s) = No(s) + Do(s) =0 (5.3.8b)

follows. Because of Eq. (5.3.6) degree Ng(s) = n is valid. Thus the function G'(s) = 1 + Go(s) must be
investigated in more detail. The zeros of this function match the poles of the closed loop and its poles
match the poles of the open loop. Therefore this function can be represented by

s

(s — ;)
, (5.3.9)
(s —0Bs)

G'(s) =1+ Go(s) = k-

s
Ts| T

where «; are the poles of the closed loop and ; the poles of the open loop. With respect to the position
of the poles it is assumed according to Figure 5.3.2 that

w \ [opfane]

X

X X

$% X
% - X% *—>

X X

X X ~ N

n—P—u /ll P n—N-v |V
open loop closed loop

Figure 5.3.2: Poles of the open and closed loop in the s plane (multiple poles are counted according to
their multiplicity)

a) from the n poles a; of the closed loop

N are lying in the right-half s plane,

v are on the imaginary axis, and
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(n — N —v) in the left-half s plane.
Accordingly,

b) from the n open-loop poles 3;
P are lying in the right-half s plane,

1 on the imaginary axis, and
(n — P — p) in the left-half s plane.

P and p are assumed to be known. Then N and v will be determined from the knowledge about the
frequency response locus of Go(jw). Therefore with s = jw the frequency response

Ng(jw)

G/(jw) =1+ G()(JW) = Do(jw)

(5.3.10)

is calculated, for which the phase response is given by
p(w) = argG’'(jw)] = arg[Ng (jw)] — arg[Do(jw)] -

When w traverses the range of 0 < w < oo, the change in the phase Ap = ¢(c0) — ¢(0) consists of the
parts from the polynomials Ny (jw) and Dy(jw) and is given by

Ap =Apg — Agpo .

Each root of the polynomials Ng(s) and Dy(s), respectively, provides for Ap, and Ay, respectively, an
amount of +7/2, if they lie in the left-half s plane, and each root on the right-hand side of the imaginary
axis provides an amount of — /2. These phase changes are continuous with respect to w.

Each root jo on the imaginary axis for 6 > 0 causes during the traverse of jw at jd a stepwise change of
7 in the phase. This discontinuous part of the phase will not be considered in what follows.

Using the terms given above, for the continuous part Apg of the phase change Ap one obtains

Ags = [(n— N —v) = N]n/2—[(n— P — ) — P|m/2
=Mn—-2N—-v)r/2—(n—-2P —u)7/2,

or

Ags = [2(P = N)+ p—v]7)2 . (5.3.11)

If besides P and p, Aps is also known, then from Eq. (5.3.11) it can be determined, whether N > 0
or/and v > 0 is valid, i.e. whether and how many closed-loop poles are in the right-half s plane and on
the imaginary axis.

To determine Agg, the locus G'(jw) = 1 + Go(jw) can be drawn on the Nyquist diagram and the phase
angle checked. Expediently one moves this curve by 1 to the left in the Gy (jw) plane. Thus for stability
analysis of the closed loop the locus Gy (jw) of the open loop according to Figure 5.3.3 has to be drawn.
Here Apsg is the continuous change in the angle of the vector from the so called critical point (-1,j0) to
the moving point on the locus of Gy (jw) for 0 < w < co. Points where the locus passes through the point
(-1,j0) or where it has points at infinity correspond to the zeros and poles of G’(s) on the imaginary
axis, respectively. These discontinuities are not taken into account for the derivation of Eq. (5.3.11).
Figure 5.3.4 shows an example of a Go(jw) where two discontinuous changes of the angle occur. Thereby
the continuous change of the angle consists of three parts

Aps = Apas + Apcp + Appo
=—p1— (2m — @1 —p2) —pa = 2.
The rotation is counter clockwise positive.

As the closed loop is only asymptotically stable for N = v = 0, then from Eq. (5.3.11) the general case
of the Nyquist criterion follows:
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“ . .
jIm[G'] G plane jIm[G] G, plane

| @@ @ =0
4

X
0 j(u)

/ﬁ}
G'(jw)

Figure 5.3.3: Nyquist diagrams of G'(jw) and Gy (jw)

JIm[ G G, plane

tangent

Figure 5.3.4: Determination of continuous changes in the angle Agpg

The closed loop is asymptotically stable, if and only if the continuous change in the angle of
the vector from the critical point (-1,j0) to the moving point of the locus Gy (jw) of the open
loop is

Apg = (P + p/2)m . (5.3.12)

For the case with a negative gain K\ of the open loop the locus is rotated by 180° relative to the case
with a positive K. The Nyquist criterion remains valid also in the case of a dead time in the open loop.

5.3.5 Simplified forms of the Nyquist criterion

It follows from Eq. (5.3.12) that for an open-loop stable system, that is P =0 and p = 0, then Apg = 0.
Therefore the Nyquist criterion can be reformulated as follows:

If the open loop is asymptotically stable, then the closed loop is only asymptotically stable,
if the frequency response locus of the open loop does neither revolve around or pass through
the critical point (-1,j0).

Another form of the simplified Nyquist criterion for Go(s) with poles at s = 0 is the so called ’left-hand
rule’:

The open loop has only poles in the left-half s plane with the exception of a single or double
pole at s =0 (P, I or I behaviour). In this case the closed loop is only stable, if the critical
point (-1,j0) is on the left hand-side of the locus Gy (jw) in the direction of increasing values
of w.
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This form of the Nyquist criterion is sufficient for most cases. The part of the locus that is significant
is that closest to the critical point. For very complicated curves one should go back to the general case.
The left-hand rule can be graphically derived from the generalised locus according to section A.2. The
orthogonal (o, w)-net is observed and asymptotic stability of the closed loop is given, if a curve with o < 0
passes through the critical point (-1,j0). Such a curve is always on the left-hand side of Gg(jw).

5.3.6 The Nyquist criterion using Bode plots

Because of the simplicity of the graphical construction of the frequency response characteristics of a
given transfer function the application of the Nyquist criterion is often more simple using Bode plots.
The continuous change of the angle Apg of the vector from the critical point (-1,j0) to the locus of Gy (jw)
must be expressed by the amplitude and phase response of Gy(jw). From Figure 5.3.5 it can be seen that

=1 jmlG)4 Ct =1 jm[G,)}

o)

@ —> 0

Re[ G

e

\/

Gy (jw)

Figure 5.3.5: Positive (+) and negative (-) intersections of the locus Go(jw) with the real axis on the
left-hand side of the critical point

this change of the angle is directly related to the count of intersections of the locus with the real axis
on the left-hand side of the critical point between (—oo, —1). The Nyquist criterion can therefore also
represented by the count of these intersections if the gain of the open loop is positive.

Regarding the intersections of the locus of G (jw) with the real axis in the range (—oo, —1), the transfer
from the upper to the lower half plane in the direction of increasing w values are treated as positive
intersections while the reverse transfer are negative intersections (Figure 5.3.5). The change of the angle
is zero if the count of positive intersections ST is equal to the count of negative intersections S~. The
change of the angle Apg depends also on the number of positive and negative intersections and if the
open loop does not have poles on the imaginary axis, the change of the angle is

Apg = 27T(CJr —-C7).

In the case of an open loop containing an integrator, i.e. a single pole in the origin of the complex plane
(1 = 1), the locus starts for w = 0 at 6 — joo, where an additional +7/2 is added to the change of the
angle. For proportional and integral behaviour of the open loop

Aps =2m(CT —C)+pur/2  p=0,1 (5.3.13)

is valid. In principle this relation is also valid for p = 2, but the locus starts for w = 0 at —oo + j§
(Figure 5.3.6), and this intersection would be counted as a negative one if § > 0, i.e. if the locus for small
w is in the upper half plane of the real axis. But de facto there is for ¢ > 0 (and accordingly 6 < 0) no
intersection. This follows from the detailed investigation of the discontinuous change of the angle, which
occurs at w = 0. As only a continuous change of the angle is taken into account and because of reason of
symmetry the start of the locus at w = 0 is counted as a half intersection, positive for § < 0 and negative
for § > 0, which is analogous to the definition given above (Figure 5.3.6). For continuous changes of the
angle

Aps =2r(CT —C7)  (u=2) (5.3.14)

is valid. Comparing Egs. (5.3.13) and (5.3.14), respectively, with Eq. (5.3.12) then the Nyquist criterion
can be formulated as:
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SR EA jIm[G
§<Ct=1/2
C =0
-1 >0 -1 00
Re[ G| Re[G ]
6>Ct =1
Cc-=1/2 —

Figure 5.3.6: Count of the intersections on the left-hand side of the critical point for Iy behaviour of the
open loop

The open loop with the transfer function Gy (s) has P poles in the left-half s plane and possibly
a single (1 = 1) or double pole (1 = 2) at s = 0. If the locus of Gy(jw) has CT positive and
C™ negative intersections with the real axis to the left of the critical point, then the closed
loop is only asymptotically stable, if

|

for p=0,1

D*=Ct-C" = (5.3.15)

P+1
T+ for p =2

is valid. For the special case, that the open loop is stable (P = 0, x = 0), the number of
positive and negative intersections must be equal.

From this it follows that the difference of the number of positive and negative intersections in the case of
1= 0,1 is an integer and for ; = 2 not an integer. From this follows immediately, that for 4 = 0,1 the
number P is even, for g = 2 the number P + 1 is uneven and therefore in all cases P is an even number,
such that the closed loop is asymptotically stable. This is only valid if D* > 1.

The Nyquist criterion can now be transferred directly into the representation using frequency response
characteristics. The magnitude response Ap(w)qp, which corresponds to the locus Gy(jw), is always
positive at the intersections of the locus with the real axis in the range of (—oco, —1). These points of
intersection correspond to the crossings of the phase response pg(w) with lines £180°, £540° etc., i.e. a
uneven multiple of 180°. In the case of a positive intersection of the locus, the phase response at the
+(2k + 1) 180° lines crosses from below to top and reverse from top to below on a negative intersection
as shown in Figure 5.3.7. In the following these crossings will be defined as positive (+) and negative

y
Ay (@)yp

¢p(w) 4
0

—180° - T AA - - N -

Figure 5.3.7: Frequency response characteristics of Go(jw) = Ag(w) e#°(“) and definition of positive (+)
and negative (-) crossings of the phase response po(w) with the -180° line

(-) crossings of the phase response @g(w) over the particular 4(2k + 1) 180° lines, where k£ = 0,1,2, ...
may be valid. If the phase response starts at -180° this point is counted as a half crossing with the
corresponding sign. Based on the discussions above the Nyquist criterion can be formulated in a form
suitable for frequency response characteristics:
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The open loop with the transfer function Go(s) has P poles in the right-half s plane, and
possibly a single or double pole at s = 0. C'" are the number of positive and C~ of negative
crossings of the phase response ¢g(w) over the £=(2k + 1) 180° lines in the frequency range
where Ag(w)ap > 0 is valid. The closed loop is only asymptotically stable, if

P

— for p=10,1
D =Ct-C" =42

P+1

— for pu =2

is valid. For the special case of an open-loop stable system (P =0, u = 0)
D*=C"—-C =0

must be valid.

Table 5.3.1 shows some examples of the Nyquist criterion in the representation using frequency response
characteristics.

Finally the ’left-hand rule’ will be given using Bode diagrams, because this version is for the most cases
sufficient and simple to apply.

The open loop has only poles in the left-half s plane with the exception of possibly one single
or one multiple pole at s = 0 (P, I or Iy behaviour). In this case the closed loop is only
asymptotically stable, if Gy(jw) has a phase of g > —180° for the crossover frequency wc at
Ap(we)as = 0.

This stability criterion offers the possibility of a practical assessment of the ’quality of stability’ of a
control loop. The larger the distance of the locus from the critical point the farther is the closed loop
from the stability margin. As a measure of this distance the terms gain margin and phase margin are
introduced according to Figure 5.3.8. The phase margin

ok [IlGl () Ay} (b)

oy (w) b |
o o —
! |
! |
G()(jw) _1800_ _______ (_p(_j __I

Figure 5.3.8: Phase and gain margin ¢c and Ap or Ap,,, respectively, in the (a) Nyquist diagram and
(b) Bode diagram

o = 180° + po(we) (5.3.16)

is the distance of the phase response from the -180° line at the crossover frequency wc, i.e. at the crossing
of the magnitude response with the 0dB line (|Go| = 1). The gain margin

Ap,p = Ao(wp)as (5.3.17)
is the distance of the magnitude response from the 0dB line at the phase of py = —180°.
A well damped control system should yield the following characteristics:

A _ —12dB to —20dB for command response
Pas =1 _35dB to —9.5dB for disturbance response

_ 40° to 60°  for command response
vo = 20° to 50°  for disturbance response .
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Table 5.3.1: Examples of stability analysis using the Nyquist criterion with frequency response charac-
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teristics
No. Bode Diagram Stability Analysis
A
Ay (W) g
O \uﬂ R g+ — 1
1 : : :’\w S* =2 = D* # P/2: unstable
@o(w) 1 | : : Dr=-1
0 L } t [ P =
! 1 W
! 1 1
! 1 1
—180H-%- e Lh - - .:.___
A (@)gp 1
\ T = P+1
2 y :\w 5; L = D* = L: stable if
oy(w) | D*=1/2 .
! - p— 2 poles in
: w B the origin
|
0 \ . o+ — o
y :\ w S™=1
3 o, (w) ! D — 1 (= D # P/2 unstable
E w P=0
|
|
180 --—--- 1 _____
y
Aol Jan \
- +
0 \ > gi =0
| =
4 0, () y i ! = pr_o (7 D* = P/2: stable
L P=0
o
[
Lo
~180 '
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The crossover frequency wc is a measure of the dynamical quality of the control loop. The higher w¢ the
higher the bandwidth of the closed loop, and the faster the reaction on command inputs or disturbances.
As the bandwidth that frequency is understood, at which the magnitude A(w) of the closed-loop frequency
response has fallen off approximately to zero.

Interactive Questions 5.2
Test your knowledge about gain and phase margin

Problem 5.1
Stability - three questions



http://www.atp.rub.de/DynLAB/dynlabmodules/Examples/FrequencyResponse/FrequencyResponse03.html
http://www.atp.rub.de/DynLAB/dynlabmodules/Problems/StabilityProblems.pdf
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Module 6

The root-locus method

Module units

6.1 Introduction and basicideas . . . . . . . . . . . i i e e e 6-1
6.2 General rules for constructing root loci . . . ... ... ... ... . ..., 6-5
6.3 Example of an application of the root-locus method .. ... ... ... .. 6-10

Module overview. Based on the pole and zero distributions of an open-loop system the stability of the
closed-loop system can be discussed as a function of one scalar parameter. The root-locus method shown
in this module is a technique that can be used as a tool to design control systems. The basic ideas and
its relevancy to control system design are introduced and illustrated. Ten general rules for constructing
root loci for positive and negative gain are shortly presented such that they can be easily applied. This
is demonstrated by some discussed examples, by a table with sizteen examples and by a comprehensive
design of a closed-loop system of higher order.

Module objectives. When you have completed this module you should be able to:

1. Understand root-locus diagrams.

2. Draw root-locus diagrams.

w

. Apply the root-locus method to design control systems.

W

. Discuss the stability of closed-loop systems with respect to variations in one parameter.

Module prerequisites. Stability, closed loop, transfer function, poles and zeros.

6.1 Introduction and basic ideas

A designer can determine whether his design for a control system meets the specifications if he knows
the desired time response of the controlled variable. By deriving the differential equations for the control
system and solving them, an accurate solution of the system’s performance can be obtained, but this
approach is not feasible for other than simple systems. It is not easy to determine from this solution just
what parameters in the system should be changed to improve the response. A designer wishes to be able
to predict the performance by an analysis that does not require the actual solution of the differential
equations.

The first thing that a designer wants to know about a given system is whether or not it is stable. This
can be determined by examining the roots obtained from the characteristic equation

1+ Go(s) =0 (6.1.1)

6-1
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of the closed loop. The work involved in determining the roots of this equation can be avoided by applying
the Hurwitz or Routh criterion as shown in section 5.3. Determining in this way whether the system is
stable or unstable does not satisfy the designer, because it does not indicate the degree of stability of
the system, i.e., the amount of overshoot and the settling time of the controlled variable for a step input.
Not only must the system be stable, but the overshoot must be maintained within prescribed bounds
and transients must die out in a sufficiently short time.

The root-locus method described in this section not only indicates whether a system is stable or unstable
but, for a stable system, also shows the degree of stability. The root locus is a plot of the roots of the
characteristic equation of the closed loop as a function of the gain. This graphical approach yields a clear
indication of the effect of gain adjustment with relatively small effort.

With this method one determines the closed-loop poles in the s plane — these are the roots of Eq.(6.1.1)
— by using the known distribution of the poles and zeros of the open-loop transfer function Go(s). If
for instance a parameter is varied, the roots of the characteristic equation will move on certain curves
in the s plane as shown by the example in Figure 6.1.1. On these curves lie all possible roots of the

=4 o]
_'2
p J
3
2 b
005 } o0slo0
B
2 0 o
\ 4
2 b
3
p .
- -j2
! Al
)

Figure 6.1.1: Plot of all roots of the characteristic equation s? + 2s +p = 0 for 0 < p < co. Values of p
are red and underlined.

characteristic equation for all values of the varied parameter from zero to infinity. These curves are
defined as the root-locus plot of the closed loop. Once this plot is obtained, the roots that best fit the
system performance specifications can be selected. Corresponding to the selected roots there is a required
value of the parameter which can be determined from the plot. When the roots have been selected, the
time response can be obtained. Since the process of finding the root locus by calculating the roots for
various values of a parameter becomes tedious, a simpler method of obtaining the root locus is desired.
The graphical method for determining the root-locus plot is shown in the following.

An open-loop transfer function with k poles at the origin of the s plane is often described by

_KO 1+ﬁ15++ﬁm8m

Gols) = R Tras . Tonpe® ™S (6.12)

where K is the gain of the open loop. In order to represent this transfer function in terms of the
open-loop poles and zeros it is rewritten as

1(S*SZ‘J

Go(s) = ko = koG(s) (6.1.3a)

—=|l3

1(5 —sp,)

v
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or

s | (1)

=1 L= 75Zu
Go(s) = ko—— - — - (6.1.3b)
R N
v=1 v=1 Py
sp, #0 sp, #0

with ko > 0 and sz, # sp,. The relationship between the factor ky and the open-loop gain K is

[ (~s2,)

=1 1
Ko = kg Z—k— s_k . (6.1.4)
IT (=sp,)
v=1
Sp, 75 0

The characteristic equation of the closed loop using Eq. (6.1.3a) is
1+ koG(s) =0 (6.1.5a)

or .
G(s)=——. (6.1.5Db)
ko
All complex numbers s; = s;(ko), which fulfil this condition for 0 < ky < oo, represent the root locus.

From the above it can be concluded that the magnitude of kyG(s) must always be unity and its phase
angle must be an odd multiple of 7. Consequently, the following two conditions are formalised for the
root locus for all positive values of kg from zero to infinity:

a) Magnitude condition:

G(s)| = — (6.1.6)

b) Angle condition

p(s) =argG(s) = £180°(2k+1) for k=0,1,2,... (6.1.7)
ko >0

In a similar manner, the conditions for negative values of kg (—oco < ko < 0) can be determined. The
magnitude conditions is the same, but the angle must satisfy the

c) Angle condition
o(s) =argG(s) = £k360° for k=0,1,2,... (6.1.8)
ko <O .

Apparently the angle condition is independent of ky. All points of the s plane that fulfil the angle condition
are the loci of the poles of the closed loop by varying ky. The calibration of the curves by the values of
ko is obtained by the magnitude condition according to Eq. (6.1.6). Based upon this interpretation of
the conditions the root locus can constructed in a graphical /numerical way.

Once the open-loop transfer function Go(s) has been determined and put into the proper form, the poles
and zeros of this function are plotted in the s plane.

Ezxample 6.1.1
Consider the example

Ky ko
Go(s) = =
o) = 42~ G s (5= sm0)
with sp, =0, sp, = —2 and ky = K. The poles of the closed-loop transfer function
K
Gw(s) = :

52 +2s+ Ky
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are the roots s; and s, of the characteristic equation
P(s)=s*+2s+Ky=0

and are given by
8172:71:|: 17K0

As s1 = sp, = 0 and s2 = sp, = —2 it can be seen that for Ky = 0 the poles of the closed loop
transfer function are identical with those of the open-loop transfer function Go(s). For other values K
the following two cases are considered:

a) Ko <1: DBoth roots s; and sy are real and lie on the real axis in the range of —2 < ¢ < —1 and
-1 <0 <0;

b) Ko > 1: The roots s; and sy are conjugate complex with the real part Res; o = —1, which does
not depend on Ky, and the imaginary part Im s 2 = v/ Ko — 1.

The curve has two branches as shown in Figure 6.1.2. At (sp, + sp,)/2 = —1 is the breakaway point of
o
2 .

- -j0.5
Figure 6.1.2: Root locus of a simple second-order system

the two branches. Checking the angle condition the condition

o(s) = arg{G(s)} = arg { . = —args — arg(s + 2) = +180°(2k + 1)

=)

must be valid. The complex numbers s and (s+ 2) have the angles ¢1 and @92 and the magnitudes |s| and
|s+2|. The triangle (=2, 0, —1+j) in Figure 6.1.2 yields the angle condition. Evaluating the magnitude
condition according to Eq. (6.1.6)

1 1
G = | =_—
66 = |3 | = 72
one obtains the value Ky on the root locus. E.g. for s = —1 + j the gain of the open loop is

The value of Ky at the breakaway point sg = —1 is

Ko=|—-1(-1+2) =1.

Table 6.1.1 shows further examples of some 1st- and 2nd-order systems.
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Table 6.1.1: Root loci of 1st- and 2nd-order systems

Go(s) root locus Go(s) root locus
jo b jw
ko < > ko 'jwl
— i Groia? >
s+o01)tw . 0
E (s +01)? +wi e,
jw bjw
k‘o _ kO
52 g (S - SPI)(S - SP2) g
Ajw
k() k()(s — 5Z1)
_ (5 - Spl) S o
T 52, > Isp | B h
jw tw
ko jwli 71%(5 —52,)
$2 + w2 - g (s —spy) 5;2 ’ 5: o
1 _let |sz,| < |sp,| Py %

6.2 General rules for constructing root loci

To facilitate the application of the root-locus method for systems of higher order than 2nd, rules can be
established. These rules are based upon the interpretation of the angle condition and the analysis of the
characteristic equation. The rules presented aid in obtaining the root locus by expediting the manual
plotting of the locus. But for automatic plotting using a computer these rules provide checkpoints to
ensure that the solution is correct.

Though the angle and magnitude conditions can also be applied to systems having dead time, in the
following we restrict to the case of the open-loop rational transfer functions according to Eq. (6.1.3a)

(s —s2,) (s —52,) ... (s — 52,,)
(s —sp,)(s—sp,)...(s—sp,)’

G()(S) = k() k() Z 0 (621&)

or

bo +bia+...+ bm_18m71 + s™ NO(S)
Go(s) =k =k . 6.2.1b
o(s) 0 ap+ais+ ... Fa,_15" 1+ sm ODO(s) ( )

As this transfer function can be written in terms of poles and zeros sp, and sz, (v = 1,2,...n; u =

1,2,...,m) Go(s) can be represented by their magnitudes and angles
5 — 57,|e%%1|s — sz, P22 . |s — 57, | eI¥Zm
Gols) = k |5 — 52,| @971 [5 — 57, [ & |5 = sz, | @
|s — sp,|e¥P1]s — sp,|ePPz ... |s — sp, | el¥Pn
or
m m n
LN PO Sy
=1
Go(s) = ko &2 e \#=1 v=1 . (6.2.2)
II |s—sp,]|
v=1
From Eq. (6.1.6) the magnitude condition
m
H1 |s—sz.l
=
= — 6.2.3
T (6.2.3)

n
[T [s—sp,l
v=1
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and from Eq. (6.1.7) the angle condition
m n
p(s) = ¢z, — Y pp, =+180°(2k+1) for k=0,1,2,... (6.2.4)
p=1 v=1

follows. Here ¢z, and ¢p, denote the angles of the complex values (s — sz,) and (s — sp, ), respectively.
All angles are considered positive, measured in the counterclockwise sense. If for each point the sum of
these angles in the s plane is calculated, just those particular points that fulfil the condition in Eq. (6.2.4)
are points on the root locus. This principle of constructing a root-locus curve — as shown in Figure 6.2.1
— is mostly used for automatic root-locus plotting.

T

Figure 6.2.1: Pole-zero diagram for construction of the root locus

In the following the most important rules for the construction of root loci for ky > 0 are listed:

Rule 1 Symmetry As all roots are either real or complex conjugate pairs so that the root locus is
symmetrical to the real axis.

Rule 2 Number of branches  The number of branches of the root locus is equal to the number of
poles n of the open-loop transfer function.

Rule 3 Locus start and end points  The locus starting points (kg = 0) are at the open-loop poles
and the locus ending points (kg = oo) are at the open-loop zeros. (n — m) branches end at
infinity. The number of starting branches from a pole and ending branches at a zero is equal to the
multiplicity of the poles and zeros, respectively. A point at infinity is considered as an equivalent
zero of multiplicity equal to n — m.

Rule 4 Real axis locus If the total number of poles and zeros to the right of a point on the real axis
is odd, this point lies on the locus.

Rule 5 Asymptotes  There are n — m asymptotes of the root locus with a slope of

+180°(2k + 1
ap = args = £180°(2k +1) . (6.2.5)
n—m

For (n —m) = 1,2,3 and 4 one obtains the asymptote configurations as shown in Figure 6.2.2.

Rule 6 Real axis intercept of the asymptotes The real axis crossing (0., jO) of the asymptotes

is at
1 n m
Ua:nm{z:lReSPV—zleeszu} . (6.2.6)
v= H=

Rule 7 Breakaway and break-in points on the real axis At least one breakaway or break-in point
(0B, jO) exists if a branch of the root locus is on the real axis between two poles or zeros, respec-
tively. Conditions to find such real points are based on the fact that they represent multiple real
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L NN
TN T N

n-m=1 n-m=2 n-m=3 n-m==4

Figure 6.2.2: Asymptote configurations of the root locus

roots. In addition to the characteristic equation (6.1.1) for multiple roots the condition

d d
E[l + Go(S)] = &Go(s) =0. (6'2'7)

must be fulfilled, which is equivalent to

o |
ZSiSP :ZSisz (6.2.8)
v=1 v Iz

p=1

for s = op. If there are no poles or zeros, the corresponding sum is zero.

Rule 8 Complex pole/zero angle of departure/entry  The angle of departure of pairs of poles
with multiplicity rp 0 is

1 n m .
T e b Zl op, + Zl% +180°(2k + 1) (6.2.9)
V= 1“':
v#£o

and the angle of entry of the pairs of zeros with multiplicity ry 0

1 m n N
PrgE =1 — " S vz, +Y ep, £180°(2k+1) 3 (6.2.10)
0 pu=1 v=1
K#0

Rule 9 Root-locus calibration  The labels of the values of ky can be determined by using
I1 [s—sp,|
kO _ v=1

== (6.2.11)
S— S
ul;ll | Z,

For m = 0 the denominator is equal to one.

Rule 10 Asymptotic stability  The closed loop system is asymptotically stable for all values of kg
for which the locus lies in the left-half s plane. From the imaginary-axis crossing points the critical
values ko,,,, can be determined.

The rules shown above are for positive values of ky. According to the angle condition of Eq. (6.1.8) for
negative values of kg some rules have to be modified. In the following these rules are numbered as above
but labelled by a *.

Rule 3* Locus start and end points  The locus starting points (kg = 0) are at the open-loop poles
and the locus ending points (kg = —oo) are at the open-loop zeros. (n — m) branches end at
infinity. The number of starting branches from a pole and ending branches at a zero is equal to the
multiplicity of the poles and zeros, respectively. A point at infinity is considered as an equivalent
zero of multiplicity equal to n — m.
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Rule 4* Real axis locus If the total number of poles and zeros to the right of a point on the real
axis is even including zero, this point lies on the locus.

Rule 5* Asymptotes There are n — m asymptotes of the root locus with a slope of

+360°k

n—m

o =args = (6.2.12)

Rule 8* Complex pole/zero angle of departure/entry  The angle of departure of pairs of poles
with multiplicity rp 0 is

1 n m
= —1< — + 360°k 6.2.13
¥Pp.D o ; wp, + ; Yz, ( )

v#o

and the angle of entry of the pairs of zeros with multiplicity 7z 0

1 m n
=—q - +360°k » . 2.14
P18 = ;1 vz, + ; op, & 360 (6.2.14)

K#o

The root-locus method can also be applied for other cases than varying kg. This is possible as long as
Go(s) can be rewritten such that the angle condition according to Eq. (6.2.4) and the rules given above
can be applied. This will be demonstrated in the following two examples.

Ezxample 6.2.1
Given the closed-loop characteristic equation

ap+a1s+ ...+ an_15"" 1+ =0,

the root locus for varying the parameter a; is required. The characteristic equation is therefore rewritten

as
S

1 =0.
Jralao—i—a252—|—...—|—5”

This form then correspondents to the standard form

N
1+ Go(s)=1+ay

to which the rules can be applied. |

Example 6.2.2
Given the closed-loop characteristic equation

4+ (B34+a)s? +25+4=0,

it is required to find the effect of the parameter o on the position of the closed-loop poles. The equation
is rewritten into the desired form

s2

1 —0
T 321251 4

Using the rules 1 to 10 one can easily predict the geometrical form of the root locus based on the
distribution of the open-loop poles and zeros. Table 6.2.1 shows some typical distributions of open-loop
poles and zeros and their root loci.

For the qualitative assessment of the root locus one can use a physical analogy. If all open-loop poles are
substituted by a negative electrical charge and all zeros by a commensurate positive one and if a massless
negative charged particle is put onto a point of the root locus, a movement is observed. The path that
the particle takes because of the interplay between the repulsion of the poles and the attraction of the
zeros lies just on the root locus. Comparing the root locus examples 3 and 9 of Table 6.2.1 the 'repulsive’
effect of the additional pole can be clearly seen.
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Table 6.2.1: Typical distributions of open-loop poles and zeros and the root loci

No. root locus No. root locus
A .
jw
1 4—)&—U> 9
A .
jw
2 X—>O—1——>> || 10
b
3 v X - | 11
I
oo
4 > 12
av( o
5 N O—a—— | » 13
o
bjw {A jw
6 <%HF>—O——J> 14 4—%—(%—>
jw jw
7 L - 15
ag
Yiw jw
8 L 16
o

6-9



6-10 MODULE 6. THE ROOT-LOCUS METHOD
6.3 Example of an application of the root-locus method
The systematic application of the rules from section 6.2 for the construction of a root locus is shown in

the following non-trivial example for the open-loop transfer function

_ ko(s +1)
Gols) = s(s+2) (s? +12s+40) (6:3.1)

The degree of the numerator polynomial is m = 1. This means that the transfer function has one zero
(sz, = —1). The degree of the denominator polynomial is n = 4 and we have the four poles (sp, = 0,
sp, = —2, sp, = —6+j2, sp, = —6—j2). First the poles (x) and the zeros (o) of the open loop are drawn
on the s plane as shown in Figure 6.3.1. According to rule 3 these poles are just those points of the root

Ajw

k0(5+1)
s(s+2) (s+6+472) (s+6—352) "

Figure 6.3.1: Root locus of Gy(s) = Values of kg are in red and underlined.

locus where kg = 0 and the zeros where kg — co. We have (n —m) = 3 branches that go to infinity and
the asymptotes of these three branches are lines which intercept the real axis according to rule 6. From
Eq. (6.2.6) the crossing is at

0—2-6-6)—(-1) 13

_ -2 _ 433 6.3.2
Ta 3 3 (6.3.2)
and the slopes of the asymptotes are according to Eq. (6.2.5)
+180°(2k + 1
- % —160°(2k 4+ 1) k=0,1,2,... (6.3.3)
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ie. ap=060° o = +180°, ag = —60° .

The asymptotes are shown in Figure 6.3.1 as blue lines. Using Rule 4 it can be checked which points
on the real axis are points on the root locus. The points ¢ with —1 < ¢ < 0 and 0 < —2 belong to
the root locus, because to the right of them the number of poles and zeros is odd. According to rule 7
breakaway and break-in points can only occur pairwise on the real axis to the left of -2. These points are
real solutions of the Eq. (6.2.8). Here we have

11 1 1 1
; (6.3.4)

ter2 T sr6-12 Tst6+2 st1
or

35t + 3253 + 106> + 1285 +80 =0 .

This equation has the solutions sg, = —3.68, sp, = —5.47 and s, , = —0.76 £ j0.866. The real roots
sp, = —3.68 and sp, = —5.47 are the positions of the breakaway and the break-in point. The angle
of departure ¢p, p of the root locus from the complex pole at sp, = —6 + j2 can be determined from
Figure 6.3.2 according to Eq. (6.2.9):

op,» = —90° — 153.4° — 161.6° + 158.2° + 180°(2k + 1) (6.3.5)
= —246.8° 4 180° = —66.8° .

With this specifications the root locus can be sketched. Using rule 9 the value of ky can be determined

Sp, J.w
¢p, =161.6°
@p, :15340
@p, =90
¢, =158.2°

8P4
Figure 6.3.2: Calculating the angle of departure ¢p, p of the complex pole sp, = —6 + j2

for some selected points. The value at the intersection with the imaginary axis is

72-74-79-11.1
kO,crit = 795 =644.4 .
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Module 7

Behaviour of linear continuous-time
control systems

Module units

7.1 Dynamical behaviour of a closed loop system . ... ............. 7-1
7.2 Static properties of the closed loop . . . . . . . . .. ... ... 00 7-6
7.2.1 Transfer function Go(s) with delayed P behaviour . . ... ... ... ... .. -7
7.2.2  Transfer function Go(s) with delayed I behaviour . . . . . . ... ... ... .. -7
7.2.3 Transfer function Go(s) with delayed I behaviour . . . ... ... ... .... 7-8
7.3 Performance indices . . . . . . .. o o o o e e e e e e e e e 7-9
7.3.1 Time-response specifications . . . . . . . .. ... Lo 7-9
7.3.2 Integral performance indices . . . . . . . . ... L oL 7-10
7.3.3 Determination of quadratic performance indices . . . . . . . . ... ... 7-12

Module overview. Before a control system is designed it is necessary to specify what is expected for
the closed-loop control behaviour. The dynamical behaviour and its static properties must be described.
The basic requirements for control system design are given. These are precisely defined for the case of
disturbance and command behaviour and illustrated by examples. Performance indices to measure the
quality of the control system in the time domain using standard quantities are introduced, e.g. maximum
overshoot, rise time and settling time. Integral performance indices and their determination in the s
domain for the case of quadratic forms are also given.

Module objectives. When you have completed this module you should be able to:

1. Know the basic requirements of control system design.
2. Determine static and dynamic properties.

3. Judge and measure the performance of control systems in the time domain.

Module prerequisites. Transfer function, Laplace transform.

7.1 Dynamical behaviour of a closed loop system

Prepared with an understanding of models, transfer functions and basics about control loops, we now
consider control systems and the types of feedback design principles available. Figure 7.1.1 shows a
block diagram of a closed loop system with the four classical components: controller, actuator, plant and

7-1
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: Z
dlsturb?lnce
behaviour
w e U u +y Ve |measure-|
controller |—s| actuator | | control ment -
+ behaviour ¥ ot
plant

Figure 7.1.1: The basic components of a control loop

measurement device. It is often convenient to combine the controller and actuator into one controller
component, while the measurement device is often assigned to the plant. Usually a set of disturbances
zl(i = 1,2,...) may occur, each of them can enter the plant at different locations. The transition behaviour
of the plant and of the parts of the plant between disturbance input and plant output, respectively, is
denoted by szi(s). From this a block diagram of the closed loop system is obtained according to
Figure 7.1.2.

2 Gy (s)

Wi(s) E(s) U(s) o Y(s)

i?_. G.(s) —> G.(5) - -

Figure 7.1.2: Block diagram of the closed-loop system

For linear plants all the disturbances Z! can be combined into one single cumulative disturbance
n
2(s) = 3 Z(s)Gry, (5)
i=1
according to Figure 7.1.2. This cumulative disturbance will act at the plant output (see Figure 7.1.3).

Furthermore, by a suitable choice of szi (s) it can be shown that the structure from Figure 7.1.2 is also
valid for disturbances z.(t) entering at other locations in the closed loop.

Us) + Y(s)

—j:?_—» G.(s) > G.(5) - >

Figure 7.1.3: Block diagram of the closed-loop system with cumulative disturbance Z(s)

The transition behaviour of this control loop is specified according to the two inputs (command and
disturbance) either command behaviour or disturbance behaviour. The transfer function of the controller
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elements — briefly called in the following only controller — is G¢(s) and those of the plant Gp(s). From
Figure 7.1.3 the controlled variable of the closed loop is

Y(s) = Z(s)+ [W(s) — Y (s)] Go(s) Gp(s) .
Rearranging, then it follows

1 Gc(s) Gp (S)

YO = e e e 2 T T Gt Ge) ) (4

Using this equation, the control system tasks already mentioned in section 1.3 can be formulated more
precisely as follows:

a) For W(s) = 0 the transfer function of the closed loop for disturbance behaviour the disturbance

transfer function

_Ys) ! (7.1.2)

is obtained.

b) Similarly for Z(s) = 0 the transfer function of the closed loop for command behaviour is the command

transfer function
Y(s) Go(s) Gr(s)

G = = . 7.1.3
W) = W T T3 Go(s) Go (3) (7.13)
Both transfer functions Gz(s) and Gw(s) contain the dynamical control factor
R(s) = — (7.1.4)
1+ Gols) o
with
Go(s) = Ge(s)Gp(s) . (7.1.5)

Opening the closed loop for W(s) = 0 and Z(s) = 0 according to Figure 7.1.4 at an arbitrary location
and defining with respect to the route of the transfer elements the input as z.(t) and the output as x,(t),
the transfer function of the open loop

Gopen(s) = — = _GC(S) GP(S) = _GO(S) (716)

is obtained.

|
Il
X(s) X,

()

Figure 7.1.4: Open control loop

If Go(s) can be described by a rational fraction, by setting the denominator of Eq. (7.1.2) or Eq. (7.1.3)
to zero one obtains for the closed loop the condition

1+ Go(s) =0 (7.1.7)
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analogous to Eq. (3.5.3) for the characteristic equation in the form

P(s) =ag+ais +azs’+... +a,s"=0. (7.1.8)

The overall goal in designing a control system is to use the principle of feedback to cause the controlled
variable to follow a desired command variable accurately regardless of the command variable’s path and
to minimise the effect of any external disturbances or changes in the dynamics of the plant. Reaching
this goal economically the standard structure of Figure 7.1.3 is a relatively complex task if one must meet
the basic requirements listed below:

a) The minimum requirement is that the closed loop is stable.

b) Disturbances z(t) should be rejected or they must have a small influence on the controlled variable
y(2).

¢) The controlled variable y(t) should track the command input w(t) as precisely and as fast as possible.

d) The closed loop should be as insensitive as possible with respect to changes in the plant parameters.

In order to fulfil the requirements in the ideal case, the command transfer function must be according to
requirement c)

Y(s) Go(s)
Ie _ — = 7.1.9
W) = e T TG (7.1.9)
and the disturbance transfer function according to requirement b)
Y 1
Ga(s) = 21 =0. (7.1.10)

Z(s) 1+ Gols)

A rigorous realisation of these requirements is not possible for physical and technical reasons. The
problem will be illustrated using the following simple example.

Ezxample 7.1.1

A common actuator in control systems is the DC motor. It provides rotary motion for a current input.
The dynamical behaviour between current u(t) and speed y(t) is described by the simplified transfer
function

Gp(s) = }[;Eg = 1pr5 . (7.1.11)
In order to compensate the plant dynamics, a candidate controller may be
Ge(s) = Kc(14+Ts) . (7.1.12)
The open-loop transfer function is
Go(s) = Ge(s) Gp(s)
:KC(1+T5)1I+(PTS =Ko Kp | (7.1.13)

which shows a proportional behaviour. On step inputs to the controller the speed will jump, which
is physically not possible due to the inertia of the motor. According to section 3.3 the controller in
Eq.(7.1.12) is not realisable. Adding a pole in the controller transfer function to the left in the s plane at
sc = —10/T will cure this problem, but with a delayed speed response. Figure 7.1.5a shows the controlled
speed for a unit step in the command input. The time constant of the closed loop system changes as
the feedback gain increases. Increasing the controller gain K¢ will speed-up the behaviour and reduce
the steady-state error, but will also increase the control effort as shown in Figure 7.1.5b. As the current
of the motor is limited for physical reasons the manipulated variable u(t) is also limited. Increasing the
controller gain K¢ to an arbitrary high value is not suitable. During the design of a controller such
limitations have to be taken into account.

It is often true that closed-loop systems have a faster response as the feedback gain is increased, and if
there are no other effects, this is generally desirable. However, systems typically also become less well
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{) =hoy(t
y(t) =hy(t) K K30 (a)
1.0
0.8 (
K Kp=10
0.6
0.4
K K,=1
0.2

T L
0.2 0.25 0.3 ¢/T

(b)

0 005 01 015 02 025 03 ¢/T

Figure 7.1.5: Step response of the closed loop, (a) speed and (b) current for different open-loop gains

damped and even unstable as the gain increases. This is shown when we mount the same DC motor on a
robotic manipulator and control the speed of the manipulator arm using the same type of controller. In
this case the speed of the arm movement is the controlled variable y(t). The transfer function between
the current of the DC motor and the speed of the arm is

Y(S) Kp

Gp(s) = = - . (7.1.14)
U(s)  (1+Ts)(1+ L5+ (2)2)
Figure 7.1.6 shows the step response of this control system. |
() =hy(1)
1.5+
K Kp=50
1- /\ 2\
[
K Ky=10
0.5
K K,=1
0 ‘ ‘ ‘ ‘ ‘ .
0 1 2 3 1 5 6t/T

Figure 7.1.6: Step response of the closed loop for different open-loop gains for ( =4 and wy = 2/T

From the example given above it can be seen that a definite limit exists on how high we can make the
gain. But there is a design tradeoff between gain and steady-state error. Attempts to resolve the conflict
between small steady-state errors and good transient or dynamic responses must be undertaken. These
two essential aspects of performance are considered when a control system is designed: the transient
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performance and the steady-state performance. The following sections deal with these aspects in more
detail.

7.2 Static properties of the closed loop

Frequently the behaviour of an open loop (according to Figure 7.1.4 and Eq. (7.1.5)) can be described
by a generalised transfer function of the form

G(s)zﬁ 14+ Bis+ ...+ Bns™ o—Tis
0 sk 1+a1s+...+ay_pstk

m<n, (7.2.1)

where the constant k = 0, 1,2, ... denotes the type of transfer function Gy (s). Ky is the gain of the open
loop. Therefore Go(s) shows for

k=0; delayed proportional behaviour (delayed P behaviour)
k=1; delayed integral behaviour (delayed I behaviour)
k=2; delayed double integral behaviour (delayed Iy behaviour) .

We assume now that the term of the rational fraction in Eq. (7.2.1) contains only poles in the left half
s plane. For the different types of transfer functions Gy(s) with different forms of the command signal
w(t) or of the disturbance z(t) the steady state of the closed loop for t — oo can be analysed.

With
E(s) = W(s) — Y(s) (7.2.2)

from Egs. (7.1.1) and (7.1.6) it follows for the control error

1

E(s) =17 Go(s)

(W(s) = Z(s)] - (7.2.3)

Under the assumption, that the limit of the control error e(t) for ¢ — oo exists, one obtains by using the

final value theorem of the Laplace transform (see section 2.3) the steady-state value of the control error
lim e(t) = lim s E(s) . (7.2.4)
t—oo s—0

For the case of all disturbances being related to the plant output from Eq. (7.2.3) it follows that — sign

apart — both types of inputs, command or disturbance, can be treated equally. Hence in the following to

represent both types of input signals the term X, (s) is chosen as the input signal. Using both Egs. (7.2.3)

and (7.2.4) the steady-state values of the control error for the different signal types of x.(t) and for

different types of transfer functions Gy(s) of the open loop can be obtained. These values characterise
the behaviour of the control loop. They are obtained consecutively for the most important cases.

For further treatment the following test signals according to Figure 7.2.1 are used:

a) Step input signal:

Xe(s) = pal (7.2.5)
where x,, is the height of the step.
b) Ramp input signal:
Xo(s) = 2—2 : (7.2.6)

where z,, describes the slope of the ramp signal z.(t) .

¢) Parabolic input signal:
Te,

Xe(s) =

o (7.2.7)

where ., is a measure of the acceleration of the parabolic signal z.(t) .
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z,(1)] @ i) (b) (1) (c)
iEe(]
7(t)=1,0(1) 5 (t)=1,o(t)t 5(t)=1,50(1)
0 t 0 t 0 t

Figure 7.2.1: Different input signals z.(t), which are frequently used for the disturbance z(t) and com-
mand input w(t): (a) step, (b) ramp and (c) parabolic input signal

Following Eq. (7.2.3) the control error is obtained by

1

B = 1560

Xe(s) (7.2.8)

where the difference between command and disturbance behaviour is only in the sign of X, (s) (distur-
bance: X¢(s) = —Z(s); command: X¢(s) = W(s)). Inserting this relation into Eqgs. (7.2.5) to (7.2.7) the
corresponding control error can be obtained for different types of transfer functions Go(s). This will be
demonstrated in the following.

7.2.1 Transfer function G,(s) with delayed P behaviour

For this case from Eq. (7.2.1) the transfer function is

1 m
Go(s) = Ky + o5t A s e~ TS
l1+a1s+...4+ a,s™

(7.2.9)

This transfer function describes an open control loop with delayed P behaviour. The variable Ky is the
gain of this open control loop. In this case it is composed of the gain of the controller K¢ and of the
plant Kp in multiplicative form

Ky=KcKp . (7.2.10)

With Eq. (7.2.4) one obtains for the steady-state error of the closed control loop

. . 1
tli)l’g() €(t) = 21_% SHTO(S) Xe(S) (7211)
and for the step signal with Eq. (7.2.5)
. 1
oo = tlggo e(t) = K Tey - (7.2.12)

It can be shown for a ramp input signal according to Eq. (7.2.6) that the double pole in Eq. (7.2.8) in
the time domain corresponds to e(t) = const -t - o(t) such that

€oo = lim e(t) — o0 , (7.2.13)

t—o00

which is not finite. A similar situation results for a parabolic input signal using Eq. (7.2.7).

7.2.2 Transfer function G,(s) with delayed I behaviour

From Eq. (7.2.1) it follows for this case that

Ko Ut pt o,
s 14+ai1s+...+ap_15" 1 '

Go(s) (7.2.14)



7-8 MODULE 7. BEHAVIOUR OF LINEAR CONTINUOUS-TIME CONTROL SYSTEMS

The inherent open control loop shows delayed I behaviour. With Eq. (7.2.11) one obtains for the steady-
state error of the closed loop for the case of a step input signal

€oo = lim e(t) =0, (7.2.15)

t—o00

and in the case of a ramp input signal

oo = tlim e(t) = —we, - (7.2.16)

—00 KO

Furthermore in the case of parabolic input signal we have the same result as Eq. (7.2.13).

DYNAST study example 7.1
Cruise control of a car

DYNAST study example 7.2
D.C. motor position control

DYNAST study example 7.3
Double integrator plant

DYNAST study example 7.4
2nd-order plant

DYNAST study example 7.5
Load disturbance - 2nd-order plant

7.2.3 Transfer function G,(s) with delayed I, behaviour

The transfer function for this particular case is

K 1 ST
Go(s) = =0 tOst A s e~ Tes
$2 14+ o8+ ...+ py_os™ 2

(7.2.17)

and it describes a system with delayed I behaviour. For the steady-state error of the closed loop system
it follows in the case of a stable loop for a step and ramp input signal

oo = lim e(t) =0, (7.2.18)

t—o00

and for a parabolic input signal

oo = tlim e(t) = —e, - (7.2.19)

oo Ko
From these results, especially from Eqgs. (7.2.12), (7.2.16) and (7.2.19) and from Table 7.2.1 it follows,
that the steady-state error e, which characterises the static behaviour of the control loop is in all cases

smaller the larger the loop gain Ky given by Eq. (7.2.10). In the case of delayed P behaviour of the open
loop the steady-state error e, is much smaller the smaller the value of the static control factor

1
R = .
1+ Ky

(7.2.20)

Often a large loop gain K rapidly leads to instability of the closed loop. For setting Ky usually a
compromise is made unless selecting an appropriate type of controller such that the steady-state error
vanishes. Both, the dynamical and especially the static behaviour depend strongly on the choice of the
controller. Therefore, in the following the most important types of standard controllers will be introduced.



http://virtual.cvut.cz/dyn/examples/examples/control/cruise-p/index.html
http://virtual.cvut.cz/dyn/examples/examples/control/dcmotor-p/index.html
http://virtual.cvut.cz/dyn/examples/examples/control/ac1vframp/index.html
http://virtual.cvut.cz/dyn/examples/examples/control/ac4rampic/index.html
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Table 7.2.1: Steady-state error for different type of systems of Go(s) and different input signals ()
(command and disturbance signals if all disturbances will act at the plant output)

Type of system of Go(s) Input signal Steady-state
according to Eq. (7.2.1) Xe(s) eITor €50
Leo v
S 1+ Ko
k=0 "
(delayed 5 00
s
P behaviour) "
Tes -
s
Teo 0
s
k=1 T, 1
(delayed 5 T Ter
& 0
I behaviour) e
2
53 o
Teo 0
s
k=2 .
(delayed 621 0
I behaviour) s
Tey 1
53 Ko ez

7.3 Performance indices

7.3.1 Time-response specifications

Specifications for a control system design often involve certain requirements associated with the time
response of the closed-loop system. The requirements are specified by the behaviour of the controlled
variable y(t) or by the control error e(t) on well defined test signals. The most important test signal
is a unit step on the input of the control system and requirements are placed on the behaviour of the
controlled variable y(t) = hw(t), as shown in Figure 7.3.1. The requirements for a unit step response are
expressed in terms of the following standard quantities:

e The mazimum overshoot M, is the magnitude of the overshoot after the first crossing of the steady-
state value (100%). This value is normally expressed as a percentage of the steady-state value of
the controlled variable.

e The peak time t;, is the time required to reach the maximum overshoot.

e The settling time t. is the time for the controlled variable first to reach and thereafter remain within
a prescribed percentage +e of the steady-state value. Common values of ¢ are 2%, 3% or 5%.

e The rise time t, is the time required to reach first the steady-state value (100%). It may also be
defined as the time to reach the vicinity of the steady-state value particularly for a response with
no overshoot, e.g. the time between 10% and 90%. The 50% rise time ¢, 50 is defined as the time
to first reach 50% of the final value.

Similarly, the behaviour on step disturbances can be characterised as shown in Figure 7.3.2. Here likewise
the terms 'maximum overshoot’ and ’settling time’ are defined.
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y(1) =hy ()} /
100% \

e
50%-------
0% >
0> t
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"
- »
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y(t):hz(t) ‘

100% —=
,/// uncontrolled
/
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M

Figure 7.3.2: Typical under-damped response of a control system to step disturbances

These standard quantities are measures of some properties of the control system. M, and t. essentially
characterise the damping and ¢, and ¢, the speed, i.e. the dynamics of the control behaviour. The
steady-state error e, as described in section 7.2 is a typical characteristic of the static behaviour.

These quantities describe the deviation of the step response from the ideal case described in section 7.1
and the goal of the design of a control system is to hold them as small as possible. In most cases one can
restrict the values of the three quantities ¢,, t. and Mp.

7.3.2 Integral performance indices

It generally happens that a control system design problem reaches the point where one or more parameters
are to be selected to give the best performance. If a measure or index of performance can be expressed
mathematically, the problem can be solved for the best choice of the adjustable parameters. The resulting
system is termed optimal with respect to the selected criterion.

Introducing a performance index
Ja = w1ty + wote + wsMp (731)

composed of the quantities as discussed in section 7.3.1 and minimising J, is unsuitable. This is because
one has to subjectively specify the weights w1, wo and w3, and a straight mathematical approach to solve
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the minimisation problem is not available.

The selection of an appropriate performance index is as much a part of the design process as calculating the
final system. An optimal value of an inappropriate performance measure may result in poor performance.
Commonly used performance indices are based on integral performance measures. From Figure 7.3.1 one
can see that the area between the 100% line and the step response hw(t) is surely a measure for the
deviation of the control loop from the ideal response for a step command input. Likewise for the deviation
of the disturbance rejection from the ideal case Figure 7.3.2 shows the area between the 0% line and hyz(t)
to be a good measure. In both cases the total area below the control error e(t) = w(t) — y(¢) is involved.
It is obvious to introduce the integral

T = / Fele()] dt (7.3.2)

as a performance measure, where fi[e(t)] is one of the functions given in Table 7.3.1, e.g. e(t), |e(t)|t and
e2(t). These types of integral performance indices can also include derivatives of the control error or terms
of the manipulated variable u(t) — u~ that adds a penalty for control effort. Using such performance

Table 7.3.1: The most common integral performance indices

performance index

properties

Jig = f e(t) dt
0

Integral of error: suitable for highly damped
or monotonic responses; simple mathematical
treatment.

)
JIAE = f |€(t)|dt
0

Integral of absolute value of error: suitable for
non-monotonic responses; awkward analysis.

00
Jisg = f 62(t) dt
0

Integral of squared error: highly penalising
large control errors; settling time is larger than
for Jiag; good analytical treatment.

Jirag = [ le(t)| tdt
0

Integral of time multiplied by the absolute
value of error: effect like Jiag; regards the
permanence of the control error.

o0

Integral of the squared time to the q times er-
ror: effect like Jigg, but adds a heavy penalty
for errors that do not die out rapidly; does not
try to eliminate too quickly the inevitable ini-
tial error for a step input; less overshoot Mp
and shorter settling time t.; good analytical
treatment.

JisTag = f[e(t) tq]2 dt
0

Jaise = ?[62(15) +aé?(t)] dt
0

Generalised integral of squared error: re-
sponses more favourable than Jisg; choice of
the weight o subjective.

o0

Jisesc = [[€2(t) + B(u(t) — uoo)?] dt

0

Integral of squared error and squared control
effort: Larger overshoot Mp, but essentially
shorter settling time ¢.; choice of the weight §
subjective.

indices one can now define the integral criterion as follows:

A control system is better the smaller the value of J; of the selected performance index.
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Therefore the integral criterion
o0

Jp = /fk[e(t)] dt = Ji(c1, ca,...) = Min (7.3.3)

0

always requires minimising Jj, by adjusting the controller parameters ci, co, . . ..

7.3.3 Determination of quadratic performance indices

The integral performance indices Jiag and Jipag from Table 7.3.1 have the disadvantage that they have
to be evaluated in the time domain, either by laborious computation or by simulation. All the other
squared error type of indices are more pleasant because of calculating its value in the s-domain rather
than in the time domain. Therefore the analysis is simpler. This will be shown in the following for Jigg.

The performance index is given by
o0

Jisg = / e(t)dt (7.3.4)

Applying the convolution theorem in the frequency domain from Eq. (2.3.11) for s = ¢ = 0 and fi(¢t) =
fa(t) = e(t), one obtains Parseval’s theorem

%) +joo
1
Jisg = /eQ(t) dt = pre E(s) E(—s)ds . (7.3.5)
0 —joo

When E(s) is expressed as a ratio of polynomials

o b() -+ b15 + ...+ bn,18n_1

E(s) 0
ag+ars+...+aps

(7.3.6)

different methods are available to evaluate the integral. For calculation of the integral a recursion formula
is available. Its solution has also been tabulated up to quite high values of n in terms of the coefficients
of the polynomials. Table 7.3.2 below gives a short list. For a detailed analysis, e.g. when the integral
depends on some parameters, a general algebraic approach using determinants is more suitable as shown
in section A.7.

Table 7.3.2: Values for the integral

n | Jise
1 b%
2@0@1
9 b%ao + b%ag
20,()0,10,2
3 b%aoal + (b% — 2b0b2) apas + b%a2a3

2apa3 (—a0a3 + alag)

The more general form
o0

JisTaE = /[e(t) )% dt (7.3.7)
0
of a squared performance index can be easily evaluated. Since the Laplace transform of te(t) according

to the complex differentiation theorem Eq. (2.3.7) is equal to —dgis), one obtains
oo +joo
Jisrap = / et = —— [ e L ey as (7.3.8)
27j ds? ds? ’ o
0 —joo
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Since it is easy to compute the derivatives of a polynomial the above integral can be computed using
simple algebra and the aforementioned recursive formula.

Ezxample 7.5.1
Determining the best damping ratio for a second-order system is a simple example of the use of perfor-
mance indices. Let us assume that the command transfer function of a control system is described by
Eq. (4.4.36) with K =1 as

2
wo

G =0
w(s) Wi + 2Cwp s + 82

The control error for a unit step input is

1 w? 2Cwo + s
E(s)==|1- 0 = . 7.3.9
(5) s w2 + 2Cwp s + 82 w2 + 2Cwp s + 2 ( )
From Table 7.3.2 we have
Jren 14 4¢?
ISE = T

As this function is a parabola in ¢, with minimum given by

dJise  4¢2 -1
W 40wy

the minimum square error to a step input occurs for { = 0.5 . |

Demonstration Example 7.1
A virtual experiment using manual control



http://virtual.cvut.cz/experiments/cstr.html
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Module 8

PID control and associated
controller types

Module units

8.1 The classical three-term PID controller . . . . ... ... ... ........ 8-1
8.2 Optimal tuning of PID controllers . . . . .. ... ... ... ... 8-3
8.3 Advantages and disadvantages of the different types of controllers . . . . . 8-4
8.4 Empirical tuning rules according to Ziegler and Nichols . . . ... ... .. 8-6

Module overview. Proportional-integral-derivative (PID) control constitutes the heuristic approach to
controller design that has found wide acceptance in industrial applications. This type of controller family
is introduced and its behaviour discussed in detail. Both, empirical tuning using the rules according to
Ziegler and Nichols and the optimal tuning using quadratic performance indices are shown. A comparison
of the controller members of this family using performance indices is given to demonstrate the differences
in their control behaviour.

Module objectives. When you have completed this module you should be able to:

1. Understand PID-type controllers.

2. Tune PID-type controllers using the rules of Ziegler and Nichols.

Module prerequisites. Transfer function, performance indices.

8.1 The classical three-term PID controller

We have seen in section 7.1 that proportional feedback control can reduce error responses but that it
still allows a non-zero steady-state error for a proportional system. In addition, proportional feedback
increases the speed of response but has a much larger transient overshoot. When the controller includes
a term proportional to the integral of the error, then the steady-state error can be eliminated, as shown
in section 7.2. But this comes at the expense of further deterioration in the dynamic response. Addition
of a term proportional to the derivative of the error can damp the dynamic response. Combined, these
three kinds of actions form the classical PID controller, which is widely used in industry.

This principle mode of action of the PID controller can be explained by the parallel connection of the P,
I and D elements shown in Figure 8.1.1. From this diagram the transfer function of the PID controller is

Uc(s) K
= =K — + Kps . 1.1
E(s) T s + Aps (8.1.1)

Gc(s)

8-1
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Figure 8.1.1: Block diagram of the PID controller

The controller variables are

Kc =K, gain
K
T =2 integral action time
Ky
K
T = —D derivative action time
Ky

Eq. (8.1.1) can be rearranged to give
1
Gc(S) = K¢ (1 + —+ TDS) . (8.1.2)
TIS

These three variables K¢, T1 and Tp are usually tuned within given ranges. Therefore, they are often
called the tuning parameters of the controller. By proper choice of these tuning parameters a controller
can be adapted for a specific plant to obtain a good behaviour of the controlled system.

If follows from Eq. (8.1.2) that the time response of the controller output is

wo(t) = Koe(t) + K?IC / e(r) dr + Koo dz(tt) . (8.1.3)
0

Using this relationship for a step input of e(t), i.e. e(t) = o(t), the step response h(t) of the PID controller
can be easily determined. The result is shown in Figure 8.1.2a. One has to observe that the length of

the arrow KcTp of the D action is only a measure of the weight of the § impulse.

"o (a) Moy (b)
T
Ko(1 +Tp) g Kc(l N %V)
D action }I action D action } I action
K, K,
P action P action
T, 0 t T, 0 T t

Figure 8.1.2: Step responses (a) of the ideal and (b) of the real PID controller

In the previous considerations it has been assumed that a D behaviour can be realised by the PID con-
troller. This is an ideal assumption and in reality the ideal D element cannot be realised (see section 3.3).
In real PID controllers a lag is included in the D behaviour. Instead of a D element in the block diagram

of Figure 8.1.1 a DT element with the transfer function
T\/S
14+ Tvys

Gp(s) = Kp (8.1.4)
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is introduced. From this the transfer function of the real PID controller or more precisely of the PIDT;
controller follows as

KI TvS
G =K,+—+Kp——— . 8.1.5
c(s) pt S i 14+ Tys ( )
Introducing the controller tuning parameters
K¢ Kply
Kec=K,, TT=— d Tp=
C P I KI an D KC
it follows
1 s
=Kc|l++—+To——— | . d.
Ge(s) c ( +TIS+ DlJrTVs) (8.1.6)

The step response h(t) of the PIDT; controller is shown in Figure 8.1.2b. This response from ¢ = 0 gives
a large rise, which declines fast to a value close to the P action, and then migrates into the slower I
action. The P, I and D behaviour can be tuned independently. In commercial controllers the 'D step’
at t = 0 can often be tuned 5 to 25 times larger than the 'P step’. A strongly weighted D action may
cause the actuator to reach its maximum value, i.e. it reaches its 'limits’.

As special cases of PID controllers one obtains for:

a) Tp = 0 the PI controller with transfer function

Go(s) = Kc (1 + %) ; (8.1.7)

b) T1 — oo the ideal PD controller with the transfer function
Ge(s) = Ko (1+Tps) (8.1.8)

and the PDT; controller with the transfer function

s
=Ko l(l14+Tp—— ) ; 1.
Gc(s) c< + D1+Tv8> ; (8.1.9)
¢) Tp = 0 and T1 — oo the P controller with the transfer function
Ge(s) = Kc . (8.1.10)

The step responses of these types of controllers are compiled in Figure 8.1.3. A pure I controller may
also be applied and this has the transfer function
1  Kc

— K= = . 1.11
Ge(s) T T (8.1.11)

8.2 Optimal tuning of PID controllers

The measure of the quality of the transient response of a PID controlled system can be performed by
calculating an integral performance index as shown in section 7.3.2. The best controller is one that has
the minimum performance index. When this performance index is a minimum for a specified input, the
system performance is said to be optimal. When the input signal is specified the quadratic performance
index Jigg can be calculated for a given plant transfer function as a function of the tuning parameters,
e.g. Kc, TI, TD and Tv.

The mathematical calculation of this performance index for given values of the tuning parameters is simple
as shown in section 7.3.3. But getting the optimal parameters is a non-trivial task. Though computerised
optimisation algorithms are available to calculate the optimal parameter setting, for the case of quadratic
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Figure 8.1.3: Step responses of the PID controller family

performance indices a mathematical analysis is possible. The approach shown in section A.7 gives more
insight into the controller settings and can be applied to all types of plants and PID controllers.

In the following the command and disturbance behaviour of a control system with a real PID controller
and a plant with the transfer function

Kp

GP(S) = m .

(8.2.1)
will be investigated. The response of the control error to step changes w(t) = wpo(t) in the command
input and z’(t) = zpo(t) in the plant input is

wo — 20Go 1
Es)=———>-.
() 14+ GcGp s

For the plant (Eq. (8.2.1)) and the real PID controller (Eq. (8.1.6)) one obtains

. onI(l + TS)4(1 + T\/S) — ZoKPTI(l + T\/S)
TI(]. —+ TS)4(1 —+ Tvs)s + KcKp [1 + (TI -+ Tv)S -+ (TD -+ Tv)SQ] ’

E(s) (8.2.2)

which is in the form of Eq. (7.3.6) or Eq. (A.7.5) for k = KcKp.

Applying the analysis shown in section A.7 to the Jigg performance index one gets the diagrams in
Figure 8.2.1, separately for the command and disturbance inputs. The integral action time constant is
normalised by Tin = 4T—%. These diagrams are shown for the optimal value Tp = Tpep; = %T of the
derivative action time constant. The filter time constant is Ty = 0.17p. The diagrams show a rather
rectangular stability area that makes tuning of K¢ and 77 for a fixed Tp easy from the stability point of
view. But the performance characteristics are quite different. The optimal parameters for the two cases
differ by about a factor of two. Therefore, an optimal tuned controller is in general never optimally tuned

for command and disturbance inputs.
8.3 Advantages and disadvantages of the different types of con-
trollers

In the following the disturbance behaviour is investigated using the controllers introduced in section 8.1.
Their parameters are tuned optimally according to the performance index Jigg from section 7.3.2. The
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plant is given by Eq. (8.2.1). Figure 8.3.1 shows for the different types of controller the responses to a
step disturbance zgo(t) of the controlled variable y, which is normalised by Kpzo. These curves indicate
that because w(t) = 0 the relation e(t) = —y(t) is valid.

For discussing these curves the term settling time t39 according to section 7.3.1 is used, which is related
to the steady state of the uncontrolled case

Yoo, without = Kpzp . (831)

In addition, the different cases should be compared with respect to the normalised maximum overshoot
M,/(Kpz).

The different cases are discussed below:

a) The P controller shows a relatively high maximum overshoot M, /(Kpz), a long settling time ¢3¢
as well as a steady-state error eo.

IN

0.75

0.625

0.5

0.375

0.25

0.125

0.5

0.375

0.25

0.125

Figure 8.2.1: Stability and performance diagram for step changes (a) in the command input (wg = 1,
zo = 0) and (b) in the plant input (2o = 1, wp = 0)
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b) The I controller has a higher maximum overshoot than the P controller due to the slowly starting
I behaviour, but no steady-state error.

¢) The PI controller fuses the properties of the P and I controllers. It shows a maximum overshoot
and settling time similar to the P controller but no steady-state error.

d) The real PD controller according to Eq. (8.1.9) with Ty = Tp/10 has a smaller maximum overshoot
due to the ’faster’ D action compared with the controller types mentioned under a) to c¢). Also
in this case a steady-state error is visible, which is smaller than in the case of the P controller.
This is because the PD controller generally is tuned to have a larger gain K¢ due to the positive
phase shift of the D action. For the results shown in Figure 8.3.1 the gain for the P controller is
K¢ = 2.68 and for the PD controller K¢ = 4.74. The plant has a gain of Kp = 1.

e) The PID controller according to Eq. (8.1.6) with Ty = Tp /10 fuses the properties of a PI and PD
controller. It shows a smaller maximum overshoot than the PD controller and has no steady state
error due to the I action.

The qualitative concepts of this example are also relevant to other type of plants with delayed proportional
behaviour. This discussion has given some first insights into the static and dynamic behaviour of control
loops.

8.4 Empirical tuning rules according to Ziegler and Nichols

Many industrial processes show step responses with pure aperiodic behaviour according to Figure 8.4.1.
This S-shape curve is characteristic of many high-order systems and such plant transfer functions may
be approximated by the mathematical model

Kp _p
G =——F— °** 8.4.1
p(s) = e T (8.4.1)
which contains a 1st-order delay element and a dead time. Figure 8.4.1 shows the approximation by a
PT T, element.

Here the step response is characterised by constructing the tangent at the turning point 7" with the
following three values: Kp ( gain of the plant), T, (rise time) and T, (delay time). Then a rough
approximation according to Eq. (8.4.1) is to set Ty = T, and T' = T,.

For a plant of the type described above a lot of tuning rules for standard controllers have been developed.
These have been mostly developed empirically from simulation studies. The most famous empirical tuning
rules are those of Ziegler and Nichols. These tuning rules have been derived to provide step responses for
the closed loop, where the response shows a decrease of the amplitude of approx. 25% per period. For
the application of these rules according to Ziegler and Nichols two different approaches can be used:

a) Method of the stability margin(I): Here, the following steps are used:

1. The controller is switched to pure P action.

2. The gain K¢ of the P controller is continuously increased until the closed loop shows permanent
oscillations. The value of the gain K¢ at this state is denoted as the critical controller gain
KC crit-

3. The length of period T¢.i; (critical period) of the oscillations is measured.

4. From Kcerig and T,y one determines the controller tuning values K¢, T1 and Tp using the
formulas given in Table 8.4.1.

b) Method of the step response (II): In the case of an industrial plant it is often not possible, suitable or
allowed to drive the plant into permanent oscillations for determining K¢ it and Tipi¢. Measuring
the step response of the plant does not generally cause difficulties. Therefore, in many cases the
second form of the Ziegler-Nichols approach is more expedient. The rules are based directly on the
slope Kp/T; of the tangent at the turning point and on the delay T, of the step response. One
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Figure 8.4.1: Describing the step response of a process by the three characteristic values Kp (gain of
the plant), T, (rise time) and T,, (delay time)

has to observe that the measurement of the step response needs only to be taken at the turning
point T, as the slope of the tangent already describes the ratio Kp/T;. Using the measured data
T, and Kp/T, as well as the formula given in Table 8.4.1 the controller tuning parameters can be
determined by simple calculations.

Table 8.4.1: Controller tuning parameters according to Ziegler and Nichols

Controller parameters
Type of controller K¢ T1 o
P 0.5 Kcerit - -
Method I PI 0.45 Kcerit | 0.85 Tepig -
PID 0.6 Kcerit 0.5 Terit | 0.12 Tyt
1 T
P —r - -
Kp Ty
0.9 T;
Method 1T PI — — 3.33 T, -
etho o T,
1.2 T,
PID — — 2 Ty 0.5 T,
Kp T, "

Demonstration Example 8.1
A virtual experiment using PID control for tracking

Demonstration Example 8.2
A virtual experiment using PID control for high-precision positioning

DYNAST study example 8.1
PI control of a PTT; plant

DYNAST study example 8.2
PID control of a PT;T; plant



http://virtual.cvut.cz/experiments/optocon.html
http://virtual.cvut.cz/experiments/hydraulic.html
http://virtual.cvut.cz/dyn/examples/examples/control/ac3pid1/index.html
http://virtual.cvut.cz/dyn/examples/examples/control/ac3pid2/index.html
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DYNAST study example 8.3
Disturbance response for PI control of a PT;T; plant



http://virtual.cvut.cz/dyn/examples/examples/control/ac8distpi/index.html
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Module 9

Design of controllers using pole-zero
compensators

Module units

9.1 Characteristics in frequency and time domain . . . ... ... ... ..... 9-1
9.2 Controller design using frequency domain characteristics . . ... ... .. 9-10
9.3 Application of the design using frequency domain characteristics ... .. 9-15
9.4 Controller design using the root-locus method . . . . . .. ... .. ... .. 9-18

Module overview. Frequency-response design is popular primarily because it provides good designs in
the face of uncertainty in the plant model. In order to design control systems with good performance the re-
lationships between performance indices in the time and frequency domains are discussed in detail. Based
on these, the rules and prerequisites of using a dominant pair of poles are introduced. The systematic
design of controllers using lead and lag elements is described in detail and a comprehensive example shows
the effectiveness of these methods. The methods are completely conducted using only frequency-response
characteristics shown by Bode diagrams. In the sequel, design using the root-locus method counterpart of
this design is outlined.

Module objectives. When you have completed this module you should be able to:

1. Judge and measure the performance of control systems in the frequency domain.
2. Design systematically controllers using lead lag elements by Bode diagrams.

3. Apply the root-locus method to design pole zero compensators.

Module prerequisites. Performance indices, frequency response, Bode diagram, Nyquist diagram, root-
locus method.

9.1 Characteristics in frequency and time domain

In the following the most important characteristics in the frequency domain of the open and closed loop
for command inputs for a closed loop having a transfer function with two complex poles will be given. This
section is based on the relationship between the frequency characteristics and the performance indices in
the time domain for the closed loop introduced in section 7.3.1.

A closed loop showing a step response hy (t) according to Figure 7.3.1 has a frequency response Gw (jw)
with a peak as qualitatively shown in Figure 9.1.1. For describing this behaviour the following charac-
teristics mentioned earlier can be used:
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e resonant peak frequency wy,
e resonant peak M.,
e bandwidth wy,

e phase angle vr = @(wp).

These characteristics are shown in Figure 9.1.1.

3

A
|GW |dB

“h

Figure 9.1.1: Bode plot of the closed-loop frequency response

The closed loop for a PT35S element has the transfer function

Go(s) wd
= = 1.1
Gw(s) 1+ Go(s)  s2+2Cwos +wi ©.1.1)

according to Eq. (4.4.36) with K = 1.

The natural frequency wy and the damping ratio ¢ characterise the control behaviour completely. This
can be used as a good approximation for other transfer functions if they contain a dominant pair of poles
according to Figure 9.1.2.

WOJT?

dominant

pair of polesx}( Cwo, e
ied(

Figure 9.1.2: Distribution of poles of an element with a dominant pair of poles

X --1--X

This pair of poles is assumed to be the closest pair to the jw axis in the s domain and therefore it describes
the slowest mode and influences the dynamical behaviour of the system very strongly provided the other
poles are sufficiently far away on the left-hand side of the s plane.

The step response for the transfer function of Eq. (9.1.1) is

hw(t) = {1 — g Swot [cos (\/ 1- C2w0t> + ﬁ sin (\/ 1- C2w0t>] } o(t) (9.1.2a)
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and according to Eq. (A.3.8) it can be put into the more suitable form

hw (t) = {1 - % cos [ (VI = Cunt) — d] } o(t) (9.1.2)

where for ¢q = sin~* ¢ or ¢ = sin pq is valid. From Eq. (9.1.2b) the weighting function, which follows by
differentiation, is

gw(t) = hw(t) = \/%—@e_@“t sin (\/1 - C2w0t> () . (9.1.3)

Therewith the conditions are accomplished in order to determine the maximum overshoot, rise time and
settling time that depends on the characteristics in the frequency domain, e.g. natural frequency wy and
damping ratio (. With wg and ¢ the interesting items Aw maxap and w, can be calculated directly by the
Egs. (A.3.1) and (A.3.2).

a) Determination of the mazimum overshoot My:

For calculation of M, the time ¢t = ¢, > 0 will be determined at which hw(t) will be first zero
according to Eq. (9.1.3). This is when the the sin function in Eq. (9.1.3) has

\/17C2th:7T.

This gives
S — (9.1.4)

t, =
P wo\/l—@

From Eq. (9.1.2) it follows that the maximum overshoot is

o

-2
M, =hw(ty) —1=¢ VI = p(0). (9.1.5)
The maximum overshoot is therefore only a function of the damping ratio ¢ as shown in Figure 9.1.3.

A
p

100%
80% -
60% -
40%
20% 1

0%

0 01 02 03 04 05 06 07 08 09 1.0 ¢

Figure 9.1.3: Maximum overshoot M, = fi({) (in %) relative to hwo = 100% as function of the
damping ratio ¢

b) Determination of the rise time t, 50:

In the following the rise time will not be calculated by the tangent at the turning point, but by
the tangent at time t = t59 (see Figure 7.3.1), where hw(t) reaches 50% of the stationary value
hwoo = 1. So the time t59 must be determined, for which according to Eq. (9.1.2) hw(ts0) = 0.5 is
valid. From Eq. (9.1.2a) it follows that

0.5 =1 — e Cwolso [cos (\/ 1-— C2w0t50> + ﬁ sin (\/ 1— C2w0t50)1
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This equation for the product wgtsg must be evaluated numerically. One gets a function of the form
wotso = f5(C) - (9.1.6)

From Eq. (9.1.3) it follows that

t /1-¢
r,50 — - ’
hw(ts0)  wye—Cwotso sin (\/ 1- C2wot50)

and from this together with Eq. (9.1.6) the normalised rise time is

Vi-¢
~ H(O) (9.1.7)
e=CF5 (O gin (ﬂfg*(é))

which also only depends on the damping ratio . This relationship is shown in Figure 9.1.4.

wotr 50 =

wotr,so( Ot

0

0 01 02 03 04 05 06 07 08 09 1.0 &

Figure 9.1.4: The product woty 50 = f2(¢) (normalised rise time) as a function of the damping ratio ¢

¢) Determination of the settling time t.:

Using Eq. (9.1.2b) the decay of the amplitude to a value less than ¢ for ¢ > ¢. can be estimated

from the envelope of the response
e—Cwote

V1—¢2
From this the normalised settling time

1 1 1

te ~ —-Iln—- —— 9.1.8
follows. If e = 3%(=0.03) is chosen, one gets
1
wotsy ~ c (3.5 —0.5In(1 — ()] = f3(¢) . (9.1.9)

This relationship is shown in Figure 9.1.5 together with the normalised rise time wpt, that will be
shown later in Figure 9.1.9.

Comparing the results from Figures 9.1.3 to 9.1.5 one can summarise as follows:

e The maximum overshoot M, depends only on the damping ratio ¢.

e A change of the damping ratio ¢ in the range of approximately ( < 0.9 behaves contrary to the

settling time ¢, compared to the rise time ¢, 59, i.e. an increase of the damping ratio ¢ in order to
obtain a smaller settling time ¢. increases the rise time ¢, 50.
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0 01 02 03 04 05 06 07 08 09 1.0 ¢
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I

Figure 9.1.5: Normalised settling time wotsy, = f3(¢) and normalised rise time wyt, as functions of the
damping ratio ¢

e For a fixed damping ratio ( the parameter wy determines the speed of the control loop. A large
value of wy shows a small settling and rise time.

For the practical application of the diagrams in Figures 9.1.3 to 9.1.5 the following example is given.

Example 9.1.1

The response on step changes in the set-point value hw () of a closed loop with a dominant pair of poles
should show a maximum overshoot of M}, < 10%, a rise time of ¢, 50 < 1s and a settling time of ¢3¢ < 4s.
How must the damping ratio ¢ and the natural frequency wy be chosen?

With the given value of M, one obtains from Figure 9.1.3 the damping ratio
¢=0.58.
For this value of ¢ with ¢, 50 = 1's the natural frequency

f2(0.58)

=2.05s!
s 05s

wo =

follows from Figure 9.1.4. But from Figure 9.1.5 for t39, = 4s the required natural frequency is

f3(0.58)

=1.6s""1.
4s S

wo =

The rise time of ¢, 50 = 1s is the sharper requirement. Therefore, wy = 2.05 s~! must be chosen. For the
pair (wp, ¢) from Eq. (A.3.1) the resonant peak frequency

wp =woy/1 —2¢2 =1.17s7"

and from Eq. (A.3.2) the resonant peak

giving
M, =0.49dB ,

respectively, can be determined. [ |



9-6 MODULE 9. DESIGN OF CONTROLLERS USING POLE-ZERO COMPENSATORS

In order to estimate the bandwidth wy for a given damping ratio ¢, the relationship between these two
parameters is often needed. Based on the bandwidth wy, as defined in Figure 4.4.13, that is

1
Gw(jwp)| = —= |Gw(0)| ,
|Gw (jwp)| 7 |Gw (0)]
it follows after a short calculation using Eq. (9.1.1) for s = jw and w = wy, that

= Vi-2¢+ T 207 11 = 1:(0) (9.1.10)

and

20/ —2¢2) + T2 1 1
22— /(1 -2¢?)2 + 1
Furthermore, one obtains using Egs. (9.1.7) and Eq. (9.1.10)
whlr,50 = f2(C) fa(C) = f6(C) - (9.1.12)
The graphs of the functions f4({), f5(¢) and fs(¢) are shown in Figure 9.1.6.

@y = tan—

= f5(¢) - (9.1.11)

b 4
w, w A
1% b — 1,0 Wil 50 |§b|

. n w [

0 wbtr,S():]%(C)
1.0 -2
|6, |=15(C)

0.5+ -1

0 T

0 01 02 03 04 05 06 07 08 09 1.0 ¢

Figure 9.1.6: Characteristics wy,/wo = f1(¢), ¥b = f5(¢) and wyt, 50 = f6({) depending on the damping
ratio ¢ of the closed loop with PT35S behaviour

By approximation of f4(¢), f5(¢) and f(¢) the following 'rules of thumb’ can be determined:

1 v184—1.21¢ for 03<(<1.0, (9.1.13)
wo

2. | ~m—223¢ for  0<(<08, (9.1.14)

3. wptrs0 X 2.3 for 03<(<038. (9.1.15)

Applying these rules to Example 9.1.1 with wy = 2.0557! and ¢ = 0.58, the bandwidth w,, can be
determined either from Eq. (9.1.13) as

wp ~ 2.05(1.84 — 1.21-0.58) = 2.33s

or with t; 50 = 1s from Eq. (9.1.15) as
wp A~ 23571

The Bode plot of a typical corresponding open-loop frequency response Gy (jw) is shown in Figure 9.1.7.
From this and from Egs. (5.3.16) and (5.3.17) one can use the characteristics:

® crossover frequency wc,
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| Go(@)] 4t

Figure 9.1.7: Bode plot of the open loop
e phase margin pc = 180° + p(wc),
e gain margin Apap = |Go(wp)|aB-

Since the closed-loop transfer function has been assumed to be approximated by Eq. (9.1.1), the corre-
sponding open-loop transfer function is

_ Gw(s) W
Gols) = TG (3] = 3ot oCn] (9.1.16a)
or
Gols) = % 1 +1T5 (9.1.16D)

with Ko = wo/(2¢) and T' = 1/(2{wp). The frequency response of Eq. (9.1.16) is shown in Figure 9.1.8.
This Bode plot is considerably different from that of Figure 9.1.7. The system in Figure 9.1.7 does not

A

y
|G0|dB
1
0 / d >
W o
©0 A —40dB/decade

0 -

w
-90°

I
—180° o

Figure 9.1.8: Bode plotf the open loop with Gy(s) according to Eq. (9.1.16b)

have an integrator. Furthermore, it is of order higher than two, as the phase characteristic exceeds the
value of -180°. But close to the crossover frequency wc, both Bode plots show a similar behaviour. If
for the magnitude response of a given system |Go(jw)| >> 1 is valid for w << wp and |Go(jw)| =~ 0
for w >> wp, then Gy(s) can often be approximated in the vicinity of the crossover frequency we by
Egs. (9.1.16a) and (9.1.16b). The associated transfer function Gw(s) contains a dominant conjugate
complex pair of poles. In order to transfer the known performance indices of a second-order system to
control systems of higher order, the design must be performed such that the magnitude response |G (jw)|
decreases by 20dB/decade in the vicinity of we. For Eq. (9.1.16b) this is only possible if we < 1/T is
valid (compare with Figure 9.1.8). From Eq. (9.1.16a) one obtains under the condition

|Go(jwc)| =1

Co= VAT -2 = 1(Q) (9.1.17)

after a short calculation
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With T = 1/(2¢wy) for we < 1/T from

VAT F T —2¢2 < 2¢

the condition ¢ > 0.42 follows. When for the damping ratio a value of ( > 0.42 is chosen, then it is
guaranteed that the magnitude response |Go|ap of the open loop falls off in the vicinity of the crossover
frequency we by 20dB/decade. Figure 9.1.9 shows that only the interval 0.5 < ¢ < 0.7 is a range of
suitable damping ratios, since both, the rise time and the maximum overshoot, show acceptable values
from the performance index point of view. This also means that the phase and gain margin pc and Ap 4B
show proper values.

A

by (=0.2

1.4- 0.3

0.4
/

1.2+
1.0
0.8 0.9
0.6
0.4+

0.2+

Figure 9.1.9: Step response hw(t) of the closed loop with PT2S behaviour according to the transfer
function G (s) of Eq. (9.1.1)

From these considerations one can conclude that for control systems with minimum-phase behaviour,
which can be approximately described by a PT2S element, the magnitude response |Go(jw)|qn of the open
loop must decrease by 20dB/decade in the vicinity of the crossover frequency wc if a good performance
is to be achieved, i.e. a sufficient large phase margin ¢¢.

As already mentioned in section 5.3.6, the crossover frequency w¢ is an important performance index of
the dynamical behaviour of the closed loop. The larger wc, the larger is the bandwidth wy of Gw (jw)
in general, and the faster is the reaction to set-point changes. For the frequency response for set-point
changes one gets approximately
G (i) — C0li) {1 o for|Go(jw)] >> 1 6118)
14 Go(jw) Go(jw) for |Go(jw)| << 1.

From this, the asymptote of the magnitude response of Gw (jw) can be determined (Figure 9.1.10). If
|Go(jw)|ap decreases in the vicinity of we by 20dB/decade, then for this range

. w
Go(jw) =~ jad®)

jw

is valid, and thus it follows that
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Figure 9.1.10: Piecewise determination of |Gw (jw)|ap from |Go(jw)|ap in the Bode diagram

Gw (jw) behaves in this range as a PT; element. As generally known, the magnitude response of a PTy
element decreases by 3dB at the breakpoint frequency (here wg = w¢). Therefore, the crossover frequency
wc of the open loop is just the bandwidth wy, of the closed loop, i.e. wc = wy. From this it follows that
for minimum phase systems the frequency response of Gy (jw) can be determined piecewise from G (jw)
according to Figure 9.1.10. Thereby for fulfilling Eq. (9.1.18) in the lower frequency range the value
of |Go(jw)| and therefore also the loop gain K must be large to hold the steady-state error as small as
possible. This lower frequency range of |Go(jw)| is responsible for the steady-state behaviour of the closed
loop, whereas the middle frequency range is essential for the transient behaviour and is characteristic for
the damping. In order to avoid non-suppressable high-frequency disturbances of the set point w(t) in the
closed loop, |Go(jw)| and therefore also |Gw (jw)| must decrease quickly in the upper frequency range.

From these ideas it is now possible to specify besides Eq. (9.1.17) additional important relationships
between the characteristics of the time response of the closed loop and the characteristics of the fre-
quency response of the open and partly of the closed loop. Using Eq. (9.1.7) and Eq. (9.1.17) it follows
immediately that

wotr50 = f2(C) f7(C) = f5(C) - (9.1.19)

Figure 9.1.11 shows the graphical representation of fs(¢). It is easy to check that this curve can be
described in the range of 0 < ¢ < 1 by the approximation

M, %]
trso ~ 1.5 — —2= 9.1.20
Wetr,50 250 ( 2)
or
woteso = 1.5 for M, <20% or (¢>0.5. (9.1.20b)

A further relationship may be determined from the crossover frequency wc for the phase margin as

¢c = 180° + arg Go(jwc)

1 wc
— 180° — 90° — ¢ 1 - =
80 90 an <2C 0) )

which yields

¢c = tan~! (24“:’—2) = tan~! [2g ] = f5(¢) . (9.1.21)

1
f7(¢)

Figure 9.1.11 also shows this function. By superposition of fo(¢) with f1({) one can show that in the
range of the mainly interesting values of the damping 0.3 < { < 0.8 the approximation

pol’] + Mp[%] ~ 70 (9.1.22)

is valid. This ’rule of thumb’ can only be applied for values of the variables with the given dimensions in
squared brackets.
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Figure 9.1.11: Frequency domain characteristics of the open loop, wc and ¢, depending on the damping
ratio ¢ of the closed loop with PT5S behaviour

9.2 Controller design using frequency domain characteristics

The relations f;(¢)(i = 1,2,...,9) derived in the previous section for the closed loop behaviour of a
PT5S element, can be applied also to higher-order systems as long as these systems have a dominant pair
of poles. For this class of systems an efficient synthesis method exists as shown in the following. The
starting point of this method is the representation of the frequency response Gy (jw) of the open loop on a
Bode diagram. The specifications of the closed loop that must be met are first given as characteristics of
the open loop according to the above section. The synthesis requires in the choice of a controller transfer
function G¢(s), which modifies the open-loop transfer function such that the required characteristics are
met. The method consists of the following steps:

Step 1: In general, the characteristics of the time response of the closed loop, My, ¢ 50 and e,
are given. On the basis of these values from Table 7.2.1 the gain Ky, from the rule of thumb for
we te 50 ~ 1.5 according to Eq. (9.1.20b), the crossover frequency we and from ¢¢[°] = 70 — M[%]
the phase margin ¢¢ will be determined, and from f7(¢) the damping ratio (.

Step 2: First a P element will be chosen as controller such that the gain Ky determined during
step 1 will be met. By inserting additional elements in series (often called compensator or correction
elements) Gy will be changed such that the other values from step 1, wc and ¢, can be achieved
while the amplitude response |Gy (jw)|ap decreases by 20dB/decade in the vicinity of the crossover
frequency wc.

Step 3: It must be checked whether the response meets the required specifications. This can
be performed directly by determining My, t: 50 and e by simulation, or indirectly by using the
formula in section 9.1 for the resonant peak M, according to Eq. (A.3.2) and the bandwidth wy,
according to Eq. (9.1.15). These values must be verified by calculation of the closed-loop frequency
domain characteristic Go i)
. oJw
Gw(jw) = ————
wijw) 1+ Go(jw)
from the open-loop characteristic. In the case of too large deviations from the approximations of
M, and wy, step 2 must be repeated in a modified form.

This method does not inevitably deliver a proper controller during the first run and it is a trial-and-error
method that leads generally to satisfactory results after some recursions.
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For the design of this controller the methods given in section 8 for a standard controller are usually not
sufficient. The controller must be composed of different elements — as shown above in step 2. In this
procedure two special elements are of important interest, which have to perform a phase shift as shown
below:

a) The lead element

The increasing phase shift element is used to increase the phase in a certain frequency range. The transfer
function of this element is

S
14+ —=
1+Ts 1/T
G = = , O<ax<l1. 9.2.1
1/(aT)
For s = jw the frequency response
1+] o
Geljw) = —22 9.2.2)
I+j—
WN
follows with the two breakpoint frequencies
1
and 1
L 9.2.3b
WN = ( )
A further characteristic is the frequency ratio
1
my =N =25, (9.2.4)
wy, «

From Eq. (9.2.1) the frequency response

Ge(jw) = A(w) (@)

2,,2 . — —

follows. The Nyquist plot is shown in Figure 9.2.1 and it is a semicircle. The maximum phase shift

1 1 Red
« e[ C]
Figure 9.2.1: Nyquist plot of a lead element

o(w) =tan ' Tw — tan~ ' aTw
can be determined from the condition dy(w)/dw = 0 for

1 1
. _ _ - , 9.2.6
Wima WaN = WN wzy/ My = /M (9.2.6)
As shown by the Bode plot in Figure 9.2.2 the lead element has at high frequencies an undesirable increase
in the magnitude response of

|AGC|dB =20 logw(l/a) =20 10g10 mnp .
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A
|GC|dB
1
(a )dB T
—20 dB/decade E
| |AGC|dB
|
|
0 | >
('JZ “JN w
oh
SDHlaX T
|
0 I
I wrlnax I w

Figure 9.2.2: Bode diagram of the lead element

If Eq. (9.2.1) is broken down as

1+aTs (1—a)Ts

Gols) = 1+ aT's 1+ aT's
1 oT's

=1 ——1) —— 9.2.7

* <a ) 14+aTs’ ( )

the lead element consists of a parallel connection of a P element with gain 1 and a DT element, which
is a special PDT; controller (compare Eq. (8.1.9)). For the step response one obtains

t
he(t) = oft) |1+ (é - 1) e ol | | (9.2.8)

which is shown in Figure 9.2.3. For the practical design of lead elements the normalised phase diagram

A
h(9)
_ 1]
m,=a
1+---- —
|
|
! >
0 o t

Figure 9.2.3: Step response of the lead element

in Figure 9.2.4 is helpful. If the frequency wmax is known, from this diagram the frequency ratio my,
can be determined. The lower breakpoint frequency wy can be either read from the diagram directly or
calculated from Eq. (9.2.6).

Ezxample 9.2.1

The phase response of a transfer function must be shifted by Ay = 30° at w = wmax = 45~ !. The
maximum of the phase shift of Ay = 30° is from Figure 9.2.4 for ¥ = w/wz ~ 1.7 and my, = 3.
With w = wpax = 4571 follows for the lower breakpoint frequency wy & wmax/1.7 or from Eq. (9.2.6)
Wz = Wmax/y/Mh = 4/y/3 = 2.31s7! and with Eq. (9.2.4) for the upper breakpoint frequency wy =
mpwy = 6.93s71. |
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Figure 9.2.4: Normalised phase responses of the lead element:

P = ;== w/wz; M = m;

wyz = lower breakpoint frequency; mywyz = upper breakpoint frequency;
normalised phase responses of the lag element:

¢ = —p; & =w/wx; M =mg;

wN = lower breakpoint frequency; mswn = upper breakpoint frequency

b) The lag element

The lag element is used to decrease the magnitude response above a certain frequency. Hereby a unde-
sirable decrease of the phase response occurs in a certain frequency range. The transfer function of this

lag element is
S
142
1+Ts D)
S

G =
C(S) 1+aTs 1+

with a>1. (9.2.9)

(1/aT)

1 1
For s = jw and the breakpoint frequencies wy = T and wy = T the frequency response is
Q@

1 +Jw—
Goljw) = — . (9.2.10)
1+j—
WN
Also in this case a frequency ratio can be defined as
me=-2—a>1. (9.2.11)
WN

The decrease of the amplitude response at high frequencies is
1
|[AGclap = —201ogy, — = 201logyqms - (9.2.12)
@

Figure 9.2.5 shows the Nyquist plot and Figure 9.2.6 the Bode diagram of the lag element. The rear-
rangement of Eq. (9.2.9) into

1
Gols) = ~ + - (9.2.13)
=4 14+ aTs -
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Figure 9.2.6: Bode diagram of the lag element

shows that the lag element consists of a parallel connection of a P element with gain 1/« and a PT
element with gain (1 — 1/«) and time constant aT. The step response of this lag element follows from

Eq. (9.2.13) as
t

1 1 -—=
hc(t) =0o(t) | — 1-— 1—e ol 9.2.14
o) =att) |2+ (1-3) |1-¢ (9.2.14)
and is shown in Figure 9.2.7. It is easy to see that this relation is equal to Eq. (9.2.8) but with « > 1.

hc ) A

\J

Figure 9.2.7: Step response of the lag element

For practical working the phase diagram of Figure 9.2.4 can be used, which is in this case in principle
the same as that for the lead element but with different parameters and flipped over.

Ezxample 9.2.2

The magnitude response |Go|qp of an open-loop system should be decreased at w = 10s~! by 20dB,
whereby the maximum phase shift must be 10°. From Eq. (9.2.12) it follows that |[AG¢lap = 20dB =
20log;, ms and from this mg = 10. With ¢ = —10° and ms = 10 one obtains from the phase response
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@ = w/wy ~ 50, and with w = 10s~! for the breakpoint frequencies wx = 10/50s7 = 0.2s7! and
Wy = mewn = 25 L. [

9.3 Application of the design using frequency domain charac-
teristics

In the following the design using the frequency domain characteristics will be demonstrated by an example.
The plant is given with the transfer function

1
Gp(s) = ————~ - (9.3.1)
(1+s5) (1 + —)
3
For the step response of set-point changes hw (¢) of the closed loop the rise time
tr,50 =0.7s (9.3.2&)
and the maximum overshoot
My, =25% (9.3.2b)
is specified. Furthermore, for a ramp command input
w(t) =wio(t)t
of the set point, the closed loop should show a steady-state error of
1
o = — . 3.2
e 50 (9.3.2¢)

The design method will be performed according to section 9.2, assuming that the resultant system will
have a dominant pair of complex poles, using the following steps:

Step 1:

One obtains from Eq. (9.1.20) with the specification according to Eq. (9.3.2a) the approximation
of the crossover frequency as

1 M, [%)] 1 _
~— (152 ) = _—(15-01)~2s! 9.3.3
YO o ( 250 ) o7 )~ 2s (9.3.3a)

and from Eq. (9.1.22) with Eq. (9.3.2b) the phase margin as
pol’] ~ 70 — My [%)] = 45 . (9.3.3b)

From the specification Eq. (9.3.2¢) one obtains for a ramp command input according to Table 7.2.1
(case k = 1) for z,, = wy = 1 the open-loop gain as

K() = KCKP =20. (933C)
Step 2:
A) First, an I controller is chosen, G¢, (s) = K¢/s, with the gain K¢ such that Eq. (9.3.3¢) is fulfilled,
here K¢ = 20. The Bode diagram of the open loop transfer function

20

s(1+s) (1+§)

Go, (s) = G, (s) Gp(s) = (9.3.4)

is plotted in Figure 9.3.1. From this it can be seen that in order to achieve the requirements of
Egs. (9.3.3a) and (9.3.3Db)
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B)

C)
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1. the phase of Gy, (jw) must be increased at w = wc by 53°, and
2. the magnitude of Gy, (jw) decreased at w = wc by 11dB .

In order to fulfill the first requirement, the I controller will be extended by a lead element, whose
phase response at w = wc = 257! has a maximum of (53° +6°). Here in this case a 6° larger value
is used, as by the usage of a lag element in step 3 a small unavoidable decrease of the phase occurs.
From the phase diagram (Figure 9.2.4) one reads for ¢max = 59° the frequency ratio of

mp ~ 12 .

From this, one obtains for w = wmax = we with Eq. (9.2.6) or likewise from Figure 9.2.4 the

breakpoint frequencies
w
< ~0.6s""

Wy, =
Vmn

and
WN = Wzmy ~ 72571,

The transfer function of the extended controller is

14
Go,(s) =20—06 (9.3.5)
14 =
sl+73)
The open loop has now the transfer function
1+
Go,(s) = G, (s) Gp(s) =20 : . (9.3.6)

s(1+s) (1+§) (1+7%)

The associated frequency-domain characteristics are shown in Figure 9.3.1. Because of the ad-
ditional lead element also the magnitude response of Go,(s) is slightly changed. Hence, in the
following step the magnitude response at w = wc must be decreased by 22dB instead of 11dB.

In order to reach this decrease of the magnitude at w = we = 257! the controller will be further
extended by a lag element. From Eq. (9.2.12) it follows that

20logyms = 22dB
and from this
meg = 12.6 .

The phase at wc = 25~ ! must not be influenced too much such that the upper breakpoint frequency
wz, and therefore also the lower breakpoint frequency wyn must be sufficiently far left from wa. By
the special choice of the lead element in step 1, the lag element introduced during this step may
have a maximum phase decrease of 6°. From this, one obtains with mg = 12.6 from Figure 9.2.4

w

— =125
WwN
and especially for w = wc = 257!
w¢ 1
= —=0.01 .
wN 125 0.016s

For the upper breakpoint frequency it follows that
wyz = wnmg = 0.2 s~

The transfer function of the final controller is given by

S
1+ 142
Gol(s) = 20—00 02 | (9.3.7)
1+ )1+ ——
s+ 73) 1+ Gote
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The transfer function of the open loop is

(eg)leg)
s (14 o) 0+ (1+3) (1 75)

The associated frequency response characteristics are shown in Figure 9.3.1.

Go(s) =20

Gl t
a
100- (a)
‘GU G
i 21dB
50 ‘ 0, B
G
0
0 Cola 11dB ~. 10 y 22dB 100 -
1 -1
0.1 % [s1] w
“c
— 501 |
~1001
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@ ok 0.1 12 10 100 [ w
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Figure 9.3.1: The magnitude (a) and phase (b) response of Gy, (jw), Go, (jw) and Go(jw)
Step 3:

As the design based on frequency-domain characteristics is an approximate method, one should
verify the results by simulation studies and make sure of the match of the the results with the
initial specifications. The simulation results for the time responses are shown in Figure 9.3.2. The
required specifications for ¢, 59, M, and e are fulfilled. Furthermore, the manipulated variable
u(t) must be checked for realisability. If this in not the case, the initial specifications for the control
system must be modified.
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Figure 9.3.2: Step response hy (t) and ramp response rw(t) of the designed control system

9.4 Controller design using the root-locus method

The design using the root-locus method is directly connected to the considerations in section 9. There
the specifications of maximum overshoot, rise and settling time for a closed loop having a dominant pair
of poles have been converted into the conditions for the damping ratio ¢ and for the natural frequency wg
of the related transfer function Gw(s). With ¢ and wg the poles of the transfer function G are directly
tightened as shown in Figure 9.1.2. An open-loop transfer function G(s) must now be determined such
that the closed loop has a dominant pair of poles at the desired position, which is given by the values of
wp and (. Such an approach is also called pole assignment.

The root-locus method is — as generally known — a graphical method, which is used to analyse the position
of the closed-loop poles. This method offers the possibility to combine in the complex s plane the desired
dominant pair of poles with the root locus of the fixed part of the loop and to deform the root locus by
adding poles and zeros such that two of the branches traverse through the desired dominant pair of poles
at a certain gain Ky. Figure 9.4.1 shows, how the root locus can be deformed to the right by adding a
pole and to the left by adding a zero.

‘jw jw!

- ’—‘<4>
o o

A A,

Jw jw (b)

- ‘-@—4—&4»
o o

Figure 9.4.1: Deforming of the root locus (a) to the right by an additional pole, (b) to the left by an
additional zero in the open loop

A

The principal strategy during the controller design by the root-locus method will be shown in the following
using two examples.

Example 9.4.1
Given is a plant described by the transfer function

1

NI

(9.4.1)
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For this plant a controller must be designed, such that the step response hw (t) of the closed loop shows
the following properties:
M, =16% and t.5 =0.6s.

First, these specifications will be transformed. The conditions for ¢ and wy are from Figures 9.1.3 and 9.1.4

1.85
¢>05 and wp>——=31s"'.
0.6s

In order to have a geometrical interpretation one should consider Figure 9.4.2, where a pair of complex

poles
Sab = —Cwo & jwov/1 — (2

is shown. The distance d* of both poles s, 1, from the origin is

d* = \/w§§2 +(1-C)wi =wo . (9.4.2)
The angle « is
cosa = wob _ ¢ (9.4.3a)
wo
or
a=cos '(, (9.4.3b)

where for the current case of ( > 0.5 the condition « > 60° is met. The damping ratio ¢ describes the
angle «, the frequency wy the distance d* of the dominant pair of poles from the origin.

Sa " © Jw ’].—QZ

: \\\ 0
! ~
Gy g
,
,
,

\J

-
-

|
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| s .
8 x -Jw, /1_ QQ

Figure 9.4.2: Pair of conjugate complex poles in the s plane

During the design one will try to increase the damping ratio not unnecessarily high as this step causes
an increase in the rise time ¢, 50 for a given natural frequency wy (Figure 9.1.4). Increasing the natural
frequency wp implies an increase of the speed of the control loop. But this parameter should not be
unnecessarily increased, otherwise the dominance of the pair of poles may be lost.

Figure 9.4.3 shows the root locus of the closed loop using a P controller. Potential positions for the
dominant pair of poles are drawn by the two thick blue lines H; and Hs. It is obvious that the design
using a pure P controller (changes in the gain Kj) does not lead to the goal, as the root locus does
not, traverse the two lines H; and H,. Equally it is clear which steps have to be taken, such that the
two branches of the root locus under consideration traverse the two lines Hy and Hs. If the two poles
so = —3 and s3 = —b are shifted further left, the centre of gravity of the poles will move left and with it
the total curve without changing the structure of the system. One possibility is to perform this shift by
a simple lead element which compensates the pole s, = —3 by a zero and a pole s; = —10. The resulting
controller transfer function is

1+s/3 s+3

G = Kc—— =3.33 K, 9.4.4
o) = Kegm5 “S+10 (04.4)
and the transfer function of the modified open loop
1
Go(s) = 3.33 Kc (9.4.5)

s(s+10)(s+5)

The root locus of the closed loop is shown in Figure 9.4.4. It traverses the line H; at si. The associated
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Figure 9.4.3: Root locus of Gw(s) (plant
pairs of poles (blue thick lines)

A

—10

Figure 9.4.4: Root locus of Gw (s) with modified controller according to Eq. (9.4.4)

gain at this point can be determined via the distances to the three poles from Eq. (6.2.11)
ko =333 K¢ = |Sk — O| |Sk + 5| |Sk + 10| =3.3-4.4-88

as
Ko =384 .

The step response of the closed loop in Figure 9.4.5 shows that the specifications are achieved.

It must be mentioned that a complete compensation (cancelling) of the pole so = —3 cannot be realised
exactly, as the plant parameters are not exactly known or may change within some bounds. Thus the
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Figure 9.4.5: Closed-loop step response with modified controller according to Eq. (9.4.4)

root locus will differ in the vicinity of the compensated pole from the ideal case of Figure 9.4.4, but
intersection with the two lines H; and H» is almost invariant. [ |

One realises by means of this example that the root-locus method is well suited to provide a fast and
first overview about the principal possibilities of corrections. Often the knowledge about the asymptotes
is already sufficient. The root-locus method is especially suited for stabilising unstable plants. This will
be explained by the second example.

Example 9.4.2
Given is an unstable plant with the transfer function

1
(s+1)(s+5)(s—1) "

Gp(s) = (9.4.6)

At first, it is close to compensate the pole s; = 1 by a corresponding zero. This would be possible,
e.g. using a first-order all-pass element with the transfer function
s—1

Gc(s)z st 1 .

But because of the reason given above, the compensation of the unstable pole will be practically never
complete. So it must be performed without this procedure for stability reasons.

Another possibility is to provide feed back around the unstable plant so that the original unstable pole
in the closed loop is shifted into the left-half s plane. A simple P controller would yield the root locus
shown in Figure 9.4.6. This configuration is not stabilisable, as the two branches on the right-hand side
remain in the right-half s plane for all gain values. But if a controller is used that has a double zero at
s = —1 and a pole at s = 0, the pole at s = so = —1 will be substituted by a zero. The root locus will
be deformed to the left as shown in Figure 9.4.7.

This distribution of poles and zeros can be simply realised by a PID controller with the transfer function
s+1)2 1
Gc(s) = Kc% = K¢ <2+ g +S>
1
=2K¢ (1 + — +O.55) .
2s

From Figure 9.4.7 it can be seen for higher gain values than the critical gain Ky the closed loop is
stable, as then all poles remain in the left-half s plane.
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Figure 9.4.6: Root locus of the closed loop consisting of an unstable plant and a P controller
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Figure 9.4.7: Root locus of the closed loop consisting of an unstable plant and a PID controller

As the stability of the closed-loop system is not influenced by the left-half-plane poles, a compensation
of these poles is possible. Even if this compensation is not completely possible, the system will be stable.
A compensation of the right-half-plane poles — as discussed above — should not be done. |

Demonstration Example 9.1
A virtual experiment stabilising a pendulum



http://virtual.cvut.cz/experiments/gyro.html
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Module overview. Analytical design methods are of interest when the plant model is given as a transfer
function and the plant parameters are known. Whereas the pole zero compensator systematic design
procedures are indirect methods based on performance indices and their graphical interpretation occur in
Bode diagrams, the compensator designs given here are direct methods based on a given transfer function
for the closed loop. First, an introduction into the specifications of closed-loop transfer functions is
given, then the method of Truxal and Guillemin including different ezamples of stable, unstable and non-
minimum phase plants is shown. This method is the basis of a generalised compensator design procedure
that can cope simultaneously both with disturbances and command changes, where the disturbance can
occur at different locations. A comprehensive example demonstrates the application.

Module objectives. When you have completed this module you should be able to:

1. Use standard forms to specify the closed-loop behaviour.
2. Design compensator controllers for stable, unstable and non-minimum phase plants.

3. Cope with disturbances for compensator-based control systems.

Module prerequisites. Transfer function, performance indices.

10-1
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10.1 Basic ideas of compensator design

In the following some analytical design methods will be discussed, which will lead directly to the design
solution in a strongly systematic way. In contrary to these direct design methods, the methods hitherto
discussed, e.g. the design method using frequency-domain characteristics or the root-locus method, are
indirect methods based more on systematic trial and error techniques iterating through some design steps.
The success depends strongly on the experience and skill of the designer. The starting point was always
the open loop, which was modified iteratively by adding lead and lag elements until the closed loop shows
the desired behaviour.

Whereas in the direct design methods one will always start from the behaviour of the closed loop. Mostly
a desired transfer function Gw(s) = Kw(s) is given. In general this follows from the specification of
some performance indices, which, for example are required for the step response hw(t). For a series
of appropriate transfer functions a table of numerator and denominator polynomials of the associated
transfer function Kw(s) and its distribution of zeros and poles to yield a specific response are given.
Then for a known plant behaviour the required controller can be directly calculated.

The controllers designed in this way are not always optimal. They guarantee the compliance of the
desired specification, e.g. maximum overshoot and settling time. A drawback of theses methods is that
they cannot be applied directly to systems with dead time.

10.2 Design by specifying the closed-loop transfer function

The desired transfer function of the closed loop is given by

a(s)  ag+aisH4 ... 4 s’
B(s)  Bo+fis+ ...+ Bust’

where «a(s) and ((s) are polynomials in s. In the following design methods, the distribution of poles and
zeros of K (s) will be chosen, such that the performance indices for the step response hw (t) are fulfilled.
Often a detailed investigation of the distribution of poles and zeros of the desired transfer function is
not necessary, especially when the transfer function does not contain zeros and when — because of the
requirement Kw(0) = 1 — just yields apg = fy and in the simplest case

- Bo
C Bot+Bist ...+ Bust

Kw(s) = u>v, (10.2.1)

Kw(s)

(10.2.2)

For a closed loop with the transfer function according to Eq. (10.2.2) different possibilities exist, the so
called standard forms, which can be used by a table lookup for the step response hyw(t), distribution of
poles of Ky (s) and the coefficients of the denominator polynomial 5(s).

A first possibility is a distribution of poles with a real multiple pole at s = —wy. Here and in the following
sections, the term wq is a relative frequency, not the natural frequency. Thus one obtains for the step
response of the desired behaviour
wu
Kw(s) = —2— . 10.2.3

W) = s (1023)
This is a series connection of u PT; elements with the same time constant 7' = 1/wy. This representation
is also called a binomial form. The standard polynomials 3(s) of different order u are given in Table A.8.2.
As this table further shows, the normalised step response hw (wpt) will become slower with increasing
order u. A design using this binomial form is only considered when the step response hy is required to
have no overshoot.

A further possibility of a standard form for Kw/(s) of Eq. (10.2.2) is the Butterworth form. In this form,
all u poles of Kw(s) are equally distributed on a semicircle with radius wg in the left-half s plane and
centred at the origin. Table A.8.2 contains the standard polynomials 3(s) and the associated normalised
step responses hw (wot).

Numerous further possibilities for the development of standard forms of Eq. (10.2.2) can be derived from
the integral criteria given in Table 7.3.1. For example, the minimum performance index Jirag is the
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basis of a standard form that is also shown in Table A.8.2. Further, often the minimum settling time ¢,
is used as the criterion. This table contains for ¢ = 5% the corresponding standard form.

Furthermore, for pole assignment the Weber method can be used. This specifies the desired closed-loop
transfer function

58 (1 4 K2) w2
(s + wo + jkwo) (s + wo — jrwo) (8 + Bwg)*
by a real pole with multiplicity & = u — 2 and a pair of complex poles. Table A.8.1 contains for different
values of k and x the normalised step responses hw (wot). By a proper choice of k, k and wy a closed-loop
transfer function can be found that fulfils in many instances the desired performance.

Kw(s) = (10.2.4)

10.3 The method of Truxal and Guillemin

For the closed loop shown in Figure 10.3.1 the behaviour is described by the transfer function

U

Lbosl Gelo= ) FrlGul= ) 2>

i

Figure 10.3.1: Block diagram of the closed loop to be designed

do +dys +dys? + ...+ dps™ D
_dotdistdps+ . Fdms™ _ D(s) (10.3.1)

G
p(s) co+ci1s+cas?+ ... +cpst C(s)’

where the numerator and denominator polynomials D(s) and C(s) must have no common roots. Fur-
thermore, Gp(s) is normalised to ¢, = 1 and m < n must be valid.

It is assumed that Gp(s) is stable and minimum phase. For the controller to be designed, the transfer

function ) (=)
bo + b1+ bos” + ...+ bys?” B(s
G = = 10.3.2
c(s) ap+a1s+ass?+...+a.s*  A(s) ( )
is chosen and normalised to a, = 1. Because of the realisability of the controller the relation w =
degree B(s) < degree A(s) = z must be valid. Now, the controller must be designed such that the closed
loop behaves like a given transfer function for Eq. (10.2.1), whereby Ky (s) should be freely chosen under

the condition of the realisability of the controller. From the closed-loop transfer function

Gc(s) GP(S) |

-2\ K 10.3.
Gw(s) 15 Gols) Go(5) w(s) (10.3.3)
one obtains the controller transfer function
1 K
Go(s) w(s) (10.3.4)

~ Gp(s) 1- Kw(s)
or with the numerator and denominator polynomials given above

B(s) _ _ C(s)a(s)

)= 1) ~ DOBG) o) —
The condition of realisability for the controller is
degree B(s) =w =n+v < degree A(s) =z=u+m
or
u—v>n—m. (10.3.6)

The pole excess (u — v) of the desired closed-loop transfer function Ky (s) must be larger than or
equal to the pole excess (n — m) of the plant. Within these constraints the order of Ky (s) is free.
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controller
|1 U Y
g GP(S) - GP(S) -

Figure 10.3.2: Compensation of the plant

According to Eq. (10.3.4) the controller contains the inverse plant transfer function 1/Gp(s). This is
a total compensation of the plant as shown in the block diagram of Figure 10.3.2. For the realisation
of the controller Eq. (10.3.5) is used, not the controller structure as shown in this figure with the plant
inverse 1/Gp(s). As the controller implicitly contains the plant inverse, i.e. the plant zeros are in the
set of the controller poles and the plant poles are in the set of the controller zeros, the plant must be
stable and minimum phase as mentioned at the beginning. Otherwise, the manipulated variable and/or
the controlled variable will show unstable behaviour.

Example 10.3.1
The plant transfer function is given as

5

Gr(s) = s(1+41.4s5+ s2)

(10.3.7)

The pole excess of the plant is n —m = 3. According to (10.3.6) the pole excess of the desired closed-loop
transfer function Kw(s) must be
u—v>3.

The coefficients of the transfer function Ky (s) that obeys the realisability condition (10.3.6) are subjected
to practical constraints, like the maximum range of the manipulated variable, plant parameter errors and
measurement noise in the controlled variable, which is disturbing the controller output. The procedure
for the design of G (s) will be demonstrated by the following example.

Example 10.3.2
For a plant with the transfer function

1 B 1 _ D(s) (10.3.8)
(14+5)2(1+5s) 1+T7s+11s2+5s3  C(s) e

Gp(s) =

a controller should be designed such that the closed loop shows optimal behaviour in the sense of the
performance index Jrrag and has a rise time of ¢, 50 = 2.4s.

First, it follows from the realisability condition Eq. (10.3.6) and from n — m = 3 — 0 = 3 that the pole
excess of the desired transfer function Kw(s) is

u—v>3.
Inspecting Table A.8.2 one obtains from the Jipag form for u = 3 and v = 0 the standard polynomial
B(s) = 8° 4+ 1.75wos> + 2.15wis + wp . (10.3.9)
From the associated step response hw (wot) it follows from Table A.8.2 that the normalised rise time
wotr,50 = 2.4,

and with this value from the specified rise time ¢, 50 = 2.4s the relative frequency is wy = 1s~ L

Eq. (10.3.9) is now
B(s) = s* + 1.755% +2.155 + 1 .
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As for the chosen standard form for Ky (s) the numerator polynomial is a(s) = 1, so it follows from
Eq. (10.3.5) that the compensator transfer function is

Gols) = C(s)a(s) B 1+ 7s+ 1152 + 553
e D(s)[B(s) —a(s)] 1+2.155+ 1.7552 + 83 — 1
or
1+ 75+ 115 4 553
Gc(s) = o\ -
$(2.154 1.75s + s2)
This controller contains an integrator. The time responses are shown in Figure 10.3.3. |
hyy s g s hp !
o 0.2 hy  hy
1.01+y-—-—--- ==
0.81
hp
0.6 7
0.4
0.24
0 5 10 15 20 [ 25 t

Figure 10.3.3: Closed-loop behaviour for the example 10.3.2: hy(t) step response of the controlled
variable on step in the set point, hy(t) step response of the associated controlled variable, hp(t) step
response of the uncontrolled plant

If as a further example the plant given by Eq. (10.3.7) instead of Eq. (10.3.8) is taken, then for the same
Kw(s) the controller is

1+ 1.4s5 + s2 1+ 1.4s + s2

Gels) = = .
o) = GI5 T 1755 1 555  10.75  8.755 1 552

For these two very different plants the same closed-loop behaviour for the controlled variable can be
achieved.

In the considerations of this section it has been hitherto assumed that Gp(s) is stable and minimum
phase. For plants that do not have this properties this design method cannot be applied in this form.
The method must be extended to the following:

A direct compensation of the plant poles and zeros by the controller must be avoided, otherwise stability
problems would arise. In these cases, the closed-loop transfer function Kw(s) cannot be arbitrary. For
a stable non-minimum phase plant the transfer function Ky (s) must be given such that the zeros of
Kw(s) contain the right-half-plane zeros of Gp(s). Whereas for an unstable plant the zeros of the transfer
function 1 — Ky (s) must contain the right-half-plane poles of Gp(s). Of course, this restricts the choice
of Kw(s) as the following examples demonstrate.

Ezxample 10.3.3
For an all-pass plant with the transfer function
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a controller is to be designed such that the closed loop has the desired transfer function

_ 1
o 1—|—T18.

Gw(s) = Kw(s)

Using Eq. (10.3.5) one gets for the controller transfer function

1+ Ts 1

GC(S)fl_TS %

This controller gives a direct compensation (cancellation) of the plant zero. This is undesirable as already
discussed above, and Ky (s) must be selected as
1-Ts

K = .
W(S) (1 + T18)2
With Eq. (10.3.5) one obtains the controller transfer function as

B 1+Ts
Cos[T + 1) + 817

Ge(s)

Because of this choice of Ky (s), the closed loop shows also all-pass behaviour. This effect is more intense
the smaller the time constant 77 . Figure 10.3.4 shows the time responses of this control system. |

hyy s Py s
1.0

0.5

0.0

—-0.5

—1.0+
0

o
w-
N
~Y

[¢]

Figure 10.3.4: Closed-loop behaviour of the example 10.3.3: hw/(t) step response of the controlled
variable on step in the set point, hy(t) step response of the associated controlled variable, hp(t) step
response of the uncontrolled plant (7' = 1s; T3 = 0.58)

Ezxample 10.3.4
The transfer function of the unstable plant

1
T 1—sT

GP(S)

is given and a controller G¢(s) is required for which Ky (s) fulfills the realisability condition u —v > 1
and for which the zeros of 1 — Kw/(s) must contain the plant pole s = +1/7. This is expressed by the

pprosch B(s) —als) _ (1= sT)K(5)
ST T aw

whereby K (s) is chosen such that

degree[(1 — sT') K (s)] = degree 3(s)
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is valid. In the present case Kw/(s) should be chosen such that degree 3(s) = w = 2. From this follows
degree K (s) = 1. In order to have a stable Kw(s) one can take

K(S) = —T18 .
and obtain
B(s) —a(s)=(1—=Ts)(=Tis) .

Observing the realisability condition, it follows that

(Bo — o) + (B1 — 1) s+ Pas® = —Tys + Ty T's* .
Comparing the coefficients and taking G2 = 1 one obtains

Bo—ap=0, g1 —ay=-1T1 and T1T=1
and finally

1
Tl:T and ﬁozao.

The parameters Gy and (3, are still free and may now be chosen such that taking an acceptable behaviour
of the manipulated variable into account, a given damping ratio and natural frequency for Kw can be
reached. Without going into details,
2
60:1 and 61:2T1:—
T
will be chosen for the present case and from this it follows that

ap=1 and 041:3T1:T.

The desired closed-loop transfer function will be

1+ (3/T)s
O s
and
|~ Ku(s) = (1-Ts)(—s/T)

14+ (2/T)s+s2

The conditions for the design are fulfilled and for the controller transfer function one obtains from

Eq. (10.3.4) or Eq. (10.3.5)
1+(3/T)s) T1
G =—F———==3(1+--) .
() = =777 T35
This design obviously produces a PI controller. The time responses of this control system are shown in

Figure 10.3.5 for T' = 1s. The relatively large maximum overshoot cannot be avoided with an acceptable
behaviour of the manipulated variable. |

10.4 Generalised compensator design method

10.4.1 The basic idea

With the following method a control system according to Figure 10.3.1 using the controller given by
Eq. (10.3.2) will be designed for a plant described by Eq. (10.3.1) such that the closed loop behaves like
the desired transfer function Eq. (10.2.1). Hereby the orders of the controller numerator and denominator
polynomials are equal, i.e. w = degree B(s) = degree A(s) = z. The closed-loop poles are the roots of the
characteristic equation, which one obtains from

14 Ge(s)Gp(s) =0.
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\J

—1.04
0

Figure 10.3.5: Closed-loop behaviour of the example 10.3.4: hw/(t) step response of the controlled
variable on step in the set point, hy(t) step response of the associated controlled variable

With respect to the polynomials defined in Eqgs. (10.3.1) and (10.3.2) this gives
P(s) = 3(s) = A(s) C(s) + B(s) D(s) =0 . (10.4.1a)

On the other hand it follows from Eq. (10.2.1) that

u

P(s)=B(s) = Bo+ Prs+ ...+ Bus" = Bu [ [(s —51) = 0. (10.4.1b)

i=1
This polynomial has order u = 2 + n, the coefficients depend linearly on the plant and controller param-
eters. Comparing both equations, the first coefficient is
Bo = aoco + bodo , (10.4.2a)
and the last because of m <n and a, = ¢, =1
Bu =a,c, =1. (10.4.2b)
A general representation is given by

Bi = bod; +b1d; 1+ ...+ budi—w

(10.4.2¢)
+apc; +a1¢i-1+ ...+ azci—

whereby
dp =0 for k<Oand k>m

c, =0 for k<Oandk>n,

and w = z. The coeflicients (§; are obtained from the poles. For the first, second last and last one gets

Bo = H(*Sz) (10.4.3a)
Bu-1 = Z(—si) (10.4.3b)

Pu=1. (10.4.3c)
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While the coefficients (; according to Egs. (10.4.3) are directly given by the closed-loop poles, the coef-
ficients (; of Eq. (10.4.2) contain the required controller parameters. Comparing both sides of the latter
equation one obtains the synthesis equation, which is a system of linear equations for 2z + 1 unknown
controller coefficients ag,...,a,_1,bo,b1,...,b,. The number of equations is u = z+n. A unique solution
exists if z=n — 1.

A detailed analysis shows, however, that a controller obtained in this way does not usually achieve the
desired goals. Because of its small gain a finite steady-state error may occur. This must be taken into
consideration during the design. For plants with integral behaviour an order z = n — 1 for the controller
is sufficient; for proportional behaviour or when disturbances at the input of an integral plant are taken
into consideration, the gain must be influenced so that an integral behaviour of the controller can be
obtained. This happens if the order of the controller is increased by one, i.e. z = n, such that the system
of equations is of lower rank. This gives an additional degree of freedom and allows one to choose the
controller gain K¢, which is usually introduced as a reciprocal gain factor:

1 ag
— = = — . 10.4.4
Ko C T ( )

Indeed, the order of the closed loop will be increased; it is now double that of the plant order.

10.4.2 Zeros of the closed loop

In the method presented above, the zeros of the closed loop transfer function for command changes

B(s) D(s)
A(s)C(s) + B(s) D(s)

Kw(s) = Gw(s) = (10.4.5)

are obtained automatically. In fact, the zeros of the plant, i.e. the roots of D(s), can be considered during
the choice of the pole distribution and may be compensated, but the polynomial B(s) arises not in the
design and must possibly be compensated after this step. This can be done by introducing a pre-filter in
the feed-forward path according to 10.4.1a with a transfer function

(@)

W o |+ Bs) [ U] D(s) Y,
By () . A(s) C(s)
\controller

(b)

w B + U D(s) Y=
By(s) 5 C(s)

B(s) controller
r A(s)

Figure 10.4.1: Compensation of the plant zeros (a) with a controller in the feed-forward path and (b)
in the feedback path

GK(S) = BIC:ES) .

The zeros of the controller and plant are compensated in this way. For stability reasons, this is only
possible for left-half-plane zeros. If BT (s) and D (s) are polynomials with only left-half-plane zeros and
B~ (s) and D~ (s) the corresponding polynomials with only right-half-plane zeros including the imaginary
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axis, the polynomials of B(s) and D(s) can be factorised as

B(s) = B~ (s) B*(s) (10.4.6)
D(s) = D~ (s) D™ (s) (10.4.7)
with
B~ (s) :wz: b; s (10.4.8a)
o w=w"+w"
*(s) =§: bis' (10.4.8b)
=0
and
D™ (s) = i:d;si (10.4.9a)
=0

m=m"+m"
m+
= dfs". (10.4.9b)
=0

For the case that B(s) and C(s), and A(s) and D(s) do not have common divisors, i.e. the controller does
not compensate plant poles and zeros, the denominator polynomial of the pre-filter can be determined as

Bk(s) = BT(s) D" (s) . (10.4.10)
The transfer function for a command input is then

CK B(s) D(s)
Bk (s) A(s) C(s) + B(s) D(s)
___ xB7(s)D"(s)
~ A(s)C(s) + B(s) D(s) -
If both, the controller and the plant, show minimum phase behaviour and their transfer functions do not

have zeros on the imaginary axis, all zeros of the closed loop can be compensated, such that one obtains
instead of Eq. (10.4.11)

Gw(s) =

(10.4.11)

CK
A(s)C(s)+ B(s)D(s)
If the closed-loop transfer function also contains given zeros, the transfer function Gk (s) should have a
corresponding numerator polynomial. The coefficient ck in the numerator is used to make the gain Ky
of the closed-loop transfer function Gw (s) equal to 1. From Eq. (10.4.11) it therefore follows that

Gw(s) = (10.4.12)

bg dg

Kw=Gw(0) = cxk————
W w(0) CKaoCOerodo

—1. (10.4.13)
The expression in the denominator is the first coefficient By of the characteristic polynomial 5(s), and
therefore with Eq. (10.4.13)
ex = 2. (10.4.14)
bo dyg
For a controller with integral action the coefficient ag is zero and according to Eq. (10.4.4) ¢k = 0. From
Egs. (10.4.13) and (10.4.6) to (10.4.9) it follows directly that

cx = bidl . (10.4.15)

When the controller is inserted into the feedback path according to Figure 10.4.1b the inherent closed-
loop dynamics will not be changed compared with the configuration according to Figure 10.4.1a, because
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the denominator polynomial of the transfer function, and therefore the characteristic equation of the
closed loop, are preserved. Indeed, the zeros of the controller transfer function do no longer arise, but
their poles as zeros in the closed-loop transfer function. Analogous considerations for Ax(s) lead to

Ax(s) = AT (s) DT (s) , (10.4.16)

whereby the polynomial AT (s) contains the poles of the controller and D¥(s) the plant zeros in the
left-half plane. The transfer function

ck A (s) D~ (s

W) = 105 C5) + Bls) D(s)

(10.4.17)

is the same as for the case of a stable controller and a minimum-phase plant according to Eq. (10.4.12).

The constant ck for a proportional controller is

Bo

aq dy

cx = (10.4.18)

For an integral controller in the feedback loop a feed-forward path is not realisable.

10.4.3 The synthesis equations

The system of equations described by Eq. (10.4.2¢) can be rewritten in matrix notation. Thus the required
controller parameters are combined into one parameter vector. The matrix of the plant parameters applies
for both the cases, controller order z =n — 1 and z = n.

For integral plants (co = 0) with controller order z = n — 1 and normalised ¢, = 1 the system is:

[ do P 0 1T bo T [ Bo ] [0 7
di  do 0 a0 0 by B4 0
dy di dy e a0 by I 0
Cn—2 Cn3 -+ c¢1 0 bp—2 Bn—2 0
dnrdn-z di do Cp-yenz o0 ez | b Baon 0 g0 4 1)
0 dp1dp—2-+ di i 1 cp1Cpa- C2 ap Bn 1
dpo1 o dy | I cepo1 - e a Br+1 2
0 0 - - Cp—1 Ap—3 62n73 Cn—2
L 0 dnfli 1 | _an72_ _62n72_ _Cnfl_
and
an_1 = B . (10.4.19b)

For proportional plants or in the case of disturbances at the input of integral plants, where the order of
the controller is increased by one to z = n, with Eqs. (10.4.4) and (10.4.2a) it follows that

apg = CRbO (10.4.20)
Bo

bp= ——m .
0 do + crco

(10.4.21)
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Here the system is:

[ do ' co T o007 [ BT [ di+crer 7 [0 ]
d1 do 0 (&) Co 0 bQ ﬁQ d2 + CRC2 0
da di dp c2 €1 Co b3 Bs
H Co dn—l + CRCnp—1 O
drdp—s -+ dy do icn—1cn—z - ez e || O |2l B bl R “| % | (10.4.22a)
0 dy1dp_o - di i 1 CpiCno--co || U Pr+1 0 “a
1 ocpg-cs || ®
0 : 0 Cn—1
L 0 dnili 1 -_anfl_ _ﬂanl_ L 0 i _Cnfl_
and
an = Pu - (10.4.22b)

The (2n — 1) x (2n — 1) matrices on the left side of Egs. (10.4.19a) and (10.4.22a) are equal for ¢ = 0.
This matrix is always regular and therefore the solution is always unique.

10.4.4 Application of the method
Ezxample 10.4.1
An integral plant has the transfer function

1+55  1+5s
s(1+0.255) 4s+s2°

Gp(s) =10.25
As we do not consider a disturbance at the input of the plant, the controller coefficients can be calculated
by Egs. (10.4.19a) and (10.4.19b).

According to section 10.4.1 one obtains for this second-order plant the order z = n — 1 = 1 of the
controller. The closed loop has therefore order u = z + n = 3. The step response of this loop should
comply with the binomial form given in Table A.8.2, and ¢, 50 ~ 2.5 s should be met. This corresponds
to a value of wg ~ 1s~!. The associated characteristic polynomial is

B(s) = (1+5)>=14+3s+3s%+5°,
and Eqgs. (10.4.19a) and (10.4.19b) provide the synthesis equation

10:0 bo 1 0
S 1idl b =13]-10
051 ao 3 4
with
ap = 17
from which the controller coefficients follow as
9
= = 1
w1 o ™ ’
2
bp= 1 by =——
0 ) 1 19
The transfer function of the controller is
2
1-— ES
GC (S) = 9
*1—9 + s
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It can be seen that this design leads to an unstable controller, which is in addition non-minimum phase.
The closed-loop transfer function is

and it contains in the numerator polynomial, besides the zero of the plant, the right-half-plane zero of
the controller. According to the considerations in section 10.4.2 this zero cannot be compensated by a
pre-filter for stability reasons. Also this would not be necessary, as the plant zero is dominant and has
a stronger influence on the closed-loop step response (see Figure 10.4.2). The denominator polynomial
By (s) for the transfer function Gk (s) of the pre-filter is determined as

u(t), y(t) A
1.8 1
1.6 -
1.4
1.2
1.0+

0.8
0.6

—02 T T T T T T |
t

Figure 10.4.2: Step responses of the controlled variable y(¢) for the case: (a) without pre-filter hyy, (¢),
(b) with pre-filter hw (t), and the associated manipulated variable w;(¢) and u(t), and the step response
hk (t) of the given closed-loop transfer function Ky (s).

Bk(s) = D% (s)BT(s) =1+5s,

and the numerator is
CK = 1.

The closed-loop transfer function including the pre-filter is thus

2
1-— 1—98
Cwls) = g

This in fact still contains in the numerator polynomial the controller zero, but as can be seen from
Figure 10.4.2, the corresponding step response hyw (t) does not show a large deviation from the step
response h (t) of the given transfer function

1

Bwls) =5 -

Conspicuous is the fact that the step response hw, (t) of the closed loop without pre-filter has a large
overshoot and does not show any similarity with the other step responses, though all three other systems
have the same inherent behaviour. Here, the dominant behaviour of the plant zero sy = —0.2 has a
noticeable effect. |
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Ezxample 10.4.2
Given the third-order plant transfer function

1 0.2 do

(1+5)2(1+5s) 02+14s+2252+s3 C(s)

GP(S) =

The step response hp(t) of this plant is shown in Figure 10.4.3. A controller should be designed such
that the step response hw (t) of the closed loop has a desired standard form chosen from Table A.8.1. In
the current case of a PT), plant the order m of the controller must be chosen equal to the order n of the
plant, that is

z=mn.

Thus one obtains a sixth-order closed-loop transfer function Gw(s). The desired transfer function ac-
cording to Eq. (10.2.4), which is the basis for Table A.8.1, has then exactly the total order z + n = 6,
if

k=4

is chosen. For this case the step response with
k=4

(see Table A.8.1) will be desired. The last unspecified parameter of the transfer function Ky (s) is the
relative frequency wy. All step responses in Table A.8.1 are normalised by this value such that the
time scale can still be chosen. Consequently, by a proper choice of wy the normalised step response from
Table A.8.1 can be scaled to the desired time scale. E.g., for a value of wg = 0.4s~! a rise time tr50 ~ 1.65
would follow, for wy = 2 s~! this would be tr 50 ~ 0.32s. If a large value is taken for wy to obtain a small
rise time, this would result in controller coefficients of very different order such that this controller would
not be realisable from a numerical point of view. Therefore here

wo=04s"1

is a good choice. For the determined values of k, x and wg one obtains for the desired closed-loop transfer
function from Eq. (10.2.4)

43.52 Bo

K = = .
w(s) 43.52 4 99.84s + 106.88s2 + 72.9653 4 33.125* +8.9s° + 6 [(s)

The Eqgs. (10.4.20) and (10.4.21) deliver at first the absolute coefficients of the controller transfer function
Gel(s)

1
do <1 + CC_O) ©
do
and o
= ccbg = 217.6 .
ag = CcOo 1+ co
The remaining coefficients are obtained from Eq. (10.4.22a) by solving
02 0 0:0,2 0 b1 99.84 1.4cc 0
0 02 0 1.4 02| | by 106.88 2.2¢cq 0
00 0222 14| |bs| = | 7296 | ~2176. - ! co |- |02
00 01 22| |al 3312 tee gl 1.4
000 0{i0 1]|a 8.8 0 2.2
The solution is
by = 482 — 1523.2—C
14+ cc
by = 407.4 — 2393.6—
1+ cc
by = 128.4 — 1088—C
1+ cc

a; = 17.2
as = 6.6 .
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If the reciprocal gain is chosen according to Eq. (10.4.4) as
cc=02 for Kc=5,
then the controller coefficients have the same order of magnitude and the controller transfer function is

Gols) 181.33 + 228.13s + 8.467s — 52.93s3
36.26 4+ 17.25 + 6.652 + s3
_ —52.93(s — 2.468) (s + 1.154 + j0.236) (s + 1.154 — j0.236)
© (s+4.573) (s + 1.013 +j2.627) (s + 1.013 — j2.627)

From Eq. (10.4.14) one obtains for the coefficient cx of the pre-filter

By 43.52
" byd;  2.468-52.93-1

CK =0.33.

The transfer function of the pre-filter is

0.33 1.67

Gk = = .
K7 0.2(s+ 1.1564 +j0.236) (s + 1.154 — j0.236)  1.39 + 2.315 + 52

The step response of the controlled variable hy, (t) of the closed loop is shown in Figure 10.4.3. For

A

(@)

1.04------- LN —

0.5+

Figure 10.4.3: (a) Step responses of the controlled variable y(t) for the plant in the uncontrolled case
hp(t) and in the controlled case for the designed compensator hy, (t) and for the optimal PI controller
hw,(t); (b) Step responses of the associated manipulated variables u;(t) and wuz(t)

comparison this figure also shows the corresponding step response hyy, (t) of the closed loop using a PI
controller, which is optimal in the sense of the performance index Jigg according to section 7.3.3. Both,
the maximum overshoot and the rise time of this control system with a PI controller are clearly worse
than for the controller designed here. From the behaviour of the manipulated variables ui(t) and us(t),
respectively, it can be seen that in general a smaller rise time must be bought by a larger amplitude of
the controller output. Because of the always existing limitation on the value of the manipulated variable,
too demanding specifications for the transfer function Ky (s) cannot be realised. |
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10.5 Compensator design for reference and disturbances

10.5.1 Structure of the closed loop

In the previous sections different design methods have been described for the design of controllers for a
given plant transfer function Gp(s) and for a desired closed-loop transfer function Gyw(s) = Kw(s). If
in addition a disturbance is considered, which always exists in real control systems, and if one wants to
exert an influence on the disturbance behaviour, the pre-filter Gk(s) is often necessary. Figure 10.5.1
shows this structure. Furthermore, different entry points for the disturbances must be taken into account,
because disturbances at the plant input or output act differently on the controlled variable.

/plant

7! K(s)
L(s) %
disturbance Gp,, ()

W[ M) | + B(s) [ D(s) d y

N(s) _ A(s) | C(s)
pre-filter Gy (s) | controller G (s) plant Gp, (s)

Figure 10.5.1: Control system designed for reference and disturbance behaviour

For the design of the controller and pre-filter the following transfer functions are introduced:

_M(s) mo+mis+... +mys® .
G (5) CN(s)  no+nmis+...+nysv’ y=; (10.5.1)
B(s) bo + b15+ ... + bys™
G = = > w 10.5.2
a(s) A(s) ao+ais+...+ays?’ s ( )
D(S) d()+d18+...+dm5m
Gp(s) = ) = et st Tes n>m. (10.5.3)

als)  apt+ars+ ...+ ays’
_ _ Cou> 10.5.4
B(s) ~ 14 Bt T Bus® (10.54)

and the desired disturbance transfer function

sy = 2 _ Wt
o(s) l4ois+...+0,sP’

P=q (10.5.5)

are given, then on step changes in the command variable and in the disturbance a steady-state error must
not occur. Therefore, the following must be valid:

Kw(0) = };Ln(l) % =1, ie ay=1 (10.5.6)
and
. S .
Kz(0) = 21_% Z(—s; =0, e v=0. (10.5.7)

For the synthesis of the closed loop it is additionally required to choose the numerator and denominator
polynomials of Ky (s) and Kz(s) of as minimum an order as possible and according to given criteria.
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10.5.2 The design procedure

The closed-loop transfer function is given by

Y(S) - Gv(s) Gc(s) GP(S) !

G = = =K . 10.5.8
w(s) W(s) 1+ Ge(s)Gp(s) w(s) ( )
and the disturbance transfer function can be obtained from
Y |
Go(s) = L) Grals) 1 (10.5.9)

Z(s) 1+ Gc(s)Gp(s)
Then from Eq. (10.5.9) it follows that the controller transfer function is
sz(s) — Kz(s)

Gp(s) Kz(s)

For disturbances at the input of the plant, Gpz(s) = Gp(s) is valid and therefore one obtains with
Eq. (10.5.10) the controller transfer function as

Ge(s) = (10.5.10)

(10.5.11)

Disturbances at the plant output are taken into account by Gpz = 1 in Eq. (10.5.10). In this case the
controller transfer function is

_CE)los) =)l 1 a(s) =(s)
Go(s) = DG e e (10.5.12)

Design for disturbances at the plant input

Contemplating Eq. (10.5.11), the degree w of the numerator polynomial is given either by m + p or by
q+n. The degree z of the denominator polynomial is fixed by m+¢q. Because of the realisability condition
z > w of the controller

g>p and m>n

should be valid. But, as this realisability condition cannot hold because of Egs. (10.5.3) and (10.5.5), the
higher-order terms in s of the numerator polynomial of Eq. (10.5.11)

D(s)o(s) —v(s) C(s)
must disappear. This is only possible with a choice of
m+p=qg+n or n—m=p—q. (10.5.13)
Eq. (10.5.13) tells us that the pole excess both of the plant and the disturbance transfer function must
be the same. Furthermore, it can be seen that in the numerator polynomial of Eq. (10.5.11) exactly
(m+p)—(m+q)=p—qg=n—-m

higher-order terms in s must disappear, i.e. they must be compensated (cancelled). From this it follows
that the degree of the plant numerator and denominator polynomials is

w=z=(m+p)—(p—q)=m+q.

As n — m higher-order terms in the numerator polynomial of Eq. (10.5.11) must be compensated, and
the degree of the polynomial v(s) must be minimal, the degree of this polynomial must be chosen as

g=n—m. (10.5.14)
Therefore it follows with Eq. (10.5.13) that
p=qg+n—m=2(n—m). (10.5.15)

The previous determined degree of the numerator and denominator polynomials of G¢(s) can be finally
obtained using Eq. (10.5.14) as
w=z=m+qg=n. (10.5.16)

In the following the design will be demonstrated by some simple examples.
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Ezxample 10.5.1

The plant transfer function

D(S) . do + dis

C(s) o+ c15+ cos2

with n = 2 and m = 1 is given. According to the Egs. (10.5.14) and (10.5.15) both polynomials o(s) and
v(s) have the degrees

GP(S) =

p=2(2-1)=2
and
g=2-1=1.

For the disturbance transfer function one gets

_ (s IC)
Ka(s) = 1+ o018 +0352  o(s)

If the polynomials v(s) and o(s) are now inserted into Eq. (10.5.11), the controller transfer function

_ do + (dooy + di — v1c0)s + (dooa + dioy — vy1¢1)s? + (d1og — Y162)8°

G
c(s) dom s + diy1s?

follows. With v1 = o9di/co the highest-order term in the numerator polynomial of G¢(s) disappears,
and one obtains the realisable controller transfer function of

. bo + b1s + b282

Gal(s
o(s) a1s + ags?
and the disturbance transfer function of
0‘2d1
s
c
KZ (S) = 2

- 1+O’18+O’252 ’

This example clearly shows that the disturbance behaviour cannot be freely designed, but the inherent
dynamics influences the disturbance response, i.e. the poles of the disturbance transfer function. In this
case the coefficients of the numerator polynomial v(s) depend on those of the denominator polynomial
o(s). [ |

Ezxample 10.5.2
Similarly to the previous example a second-order plant is again considred, but with the pole excess
n —m = 2. The transfer function is

D(S) do

C(s) co+cis+cos?’

The degree of the numerator and denominator polynomials of the disturbance transfer function can be
obtained from Egs. (10.5.14) and (10.5.15) as

g=n—-m=2 and p=2n-m)=4.
Therefore, the disturbance transfer function has the form

. 'ylerfyng
14015+ 0982 4+ 0383 + oyt

Kz(s)

According to Eq. (10.5.16) the degree of the numerator and denominator polynomials of the controller
transfer function will be
w=z=m+qg=n=2.

On the other hand one obtains formally from Eq. (10.5.11) the controller transfer function as

_ bo + b1s + bas? + (doos — y1c2 — Yac1) 8% + (doos — Y2c2) s*
doy18 + doyas? '

Gel(s)
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However, for realisability reasons n — m = 2 higher-order terms in s in the numerator polynomial must
disappear. From this it follows for the disturbance transfer function that

dooy

Y2 =
C2

and
dooscy — dooscy

2 X
5

ga!

Design for disturbances at the plant output

Starting from Eq. (10.5.12) similar results as in the previous section will be obtained. The degree of
the controller numerator polynomial in this case is given either by n + p or by ¢ + n. For realisability
reasons a compensation of the supernumerary terms in the numerator of Eq. (10.5.12) is necessary. This
is possible if

p=gq (10.5.17)

is valid. That p must equal ¢ is also understandable from the fact that the disturbance acts directly at
the output of the plant and therefore the disturbance transfer function has always a feed-through term in
the transfer function. The (n + p) — (m + ¢) = n — m higher-order terms in the numerator polynomial of
Eq. (10.5.12) must be compensated. Therefore, the degree of the numerator and denominator polynomials
of G¢(s) is given by
w=z=(q+n)—(n—m)=m-+q.

As in the numerator polynomial of Eq. (10.5.12) n — m terms must be compensated and the degree of
the the polynomial v(s) must be minimal, its degree is chosen as

G—n—m. (10.5.18)
From this it follows with Eq. (10.5.17) that
p—n—m. (10.5.19)

The previous given degree of the polynomials of the controller transfer function G¢(s) will now be with
Eq. (10.5.18)

w=z=m+qg=n. (10.5.20)

It can be seen from Eq. (10.5.12) that the poles of the plant transfer function are cancelled by the zeros
of the controller transfer function. If the plant parameters are varying slightly, in the case of an unstable
plant the closed loop will also be unstable. For unstable plants, v(s) will therefore chosen such that it
contains the unstable terms C'~(s) of degree n—, that is

1(s) = C(s)P(s) -
Consequently the controller transfer function G¢(s) has the form

CH(s)[o(s) = C~(s) ¥(s)]

Gols) = D5 90) ’

whereby CT(s) is that part of the polynomial C'(s) which has zeros in the left-half s plane.

The polynomial t(s) of degree A must be chosen such that the polynomial o(s) — C~(s)(s) itself has
only zeros in the left-half s plane. The order of the disturbance transfer function is given by p = n~ + A,
as for realisability reasons in the numerator polynomial those n — n~ + p — m — X higher-order terms in
s must be compensated. The controller transfer function is then of order m + A.

A detailed example of the design for an unstable plant can be found in section 10.5.4. The procedure of
the design will be demonstrated now in the following using some simple examples with stable plants.
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Ezxample 10.5.3
For the plant with the transfer function

do + dyis
co+ €18+ o582

GP(S) =

and the pole excess n — m = 1, the degree will be using Eqs. (10.5.18) and (10.5.19) ¢ = p = 1. For the
disturbance transfer function Ky(s) follows according to Egs. (10.5.5) and (10.5.7)

TS
Kz(s) = 1 Y ors .

Inserted in Eq. (10.5.12) the controller transfer function arises formally as

co+ [c1 +color — )] s+ [c2 + ci(or — )] 8% + ca(o1 — m1)s®
doy1s + d1y1 82 '

Ge(s) =

With the realisability condition o1 = 1 one obtains the realisable controller transfer function as

co+c1s+ 0252
Gol(s) = ——— =
C( ) d00'18+d10'182

and for the disturbance transfer function

g18
K —
Z(S) ]. —+ g18
[ |
Example 10.5.4
For the plant transfer function
do
G =
p(s) co + 15+ cp82
is n —m = 2 and therefore p = ¢ = 2. From this it follows that the disturbance transfer function is
Y18 + 728”
K ==
Z(S) 1+O’18+O’252
The realisability condition of the controller transfer function
Gols) = bo + b1s + bas? + [c1(02 — 72) + ca(o1 — 11)] 7 + (02 — 72) s*
¢ doy15 + doy2s?
is
Y2 = 02
and
Y1 =01
The realisable controller transfer function is
bo+b bys?
Ge(s) = 20 0us t Bas” 252 )
doy15 + doy2s
[ |

Recapitulating, we can ascertain that the order for the disturbance transfer function depends on the entry
point of the disturbance and on the pole excess (n — m) of the plant transfer function. If the inherent
dynamics of K7(s) is chosen, the zeros of K7(s) are given by the realisability conditions for the controller.
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10.5.3 Design of the pre-filter

The starting point for the synthesis of the pre-filter transfer function Gk (s) are the Eqgs. (10.5.8) and
(10.5.9). From these equations it follows directly that

- sz(s) Kw(s)
a Gc(s) GP(S) Kz(s) ’

Gk (s) (10.5.21)

If the disturbance acts at the input of the plant, Gpz(s) = Gp(s) is valid and therefore the pre-filter
transfer function is

Kw(s)
Gk(s) = =———— . 10.5.22
In the case of disturbances at the plant output the pre-filter will be, because Gpz(s) = 1, given by
Kw(s)
Gk (s) = . 10.5.23
x(s) Ge(s) Gp(s) Kz(s) ( )

Design of the pre-filter for disturbances at the plant input

With Eq. (10.5.22) one obtains the pre-filter transfer function as

- . 1 I afs)A(s)o(s)
Ol =BG Kol ~ B BE)1(s)

Taking with Egs. (10.5.2) and (10.5.11)

into consideration, the pre-filter transfer function can also be written as

a(s) D(s)o(s) _ M(s)
Gk(s) = = . 10.5.24
O =T BE N 10524
For the determination of the degrees v and u of the polynomials «(s) and ((s), respectively, the realis-
ability condition for the pre-filter transfer function G (s) will be investigated. Accordingly, one obtains
with the results from section 10.5.2 with p = 2(n —m) and w = n the condition u4+n > v+m+2(n—m)
or

u>n—m+uv. (10.5.25)

According to Eq. (10.5.24) the degree of the numerator polynomial M(s) and of the denominator poly-
nomial N(s) is given by

r=m+v+2(n—m)=2n—m+wv (10.5.26)
and

y=ntu, (10.5.27)

as far as M(s) and N(s) have no common divisor. For example, if the degree of the numerator of the
closed-loop transfer function for command input is given by v = 0, the following is valid:

u>n—m.

For v > 0 the polynomial a(s) can be used to cancel the unavoidable zeros of the controller transfer
function in the right-half s plane. Otherwise this would lead to an unstable pre-filter. But the non-
minimum-phase behaviour caused by the controller still remains.

Ezxample 10.5.5
The transfer functions Gp(s), Kz(s) and G¢(s) are taken from example 10.5.1. According to Eq. (10.5.24)
the pre-filter can be obtained as
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With v = 0 and u = 1 the closed-loop transfer function is chosen as

B a(s) B 1
Bwlo) =56 = T4 s

Herewith, the degree of the pre-filter numerator and denominator polynomial is given by z = y = 3.
After substitution of the results from example 10.5.1 in Eq. (10.5.24) the pre-filter transfer function in
general form is

mo +mi18 + m252 —+ m353

G =
k() nog +n18 + nos? + nasd

Example 10.5.6
If we have as in example 10.5.2 a pole excess of the plant transfer function of n —m = 2, and if the results
for Kz(s) and Gg(s) are considered, then for v = 0 the closed-loop transfer function can be chosen as

1

O e

From Eqgs. (10.5.24), (10.5.26) and (10.5.27) the pre-filter transfer function
mo +mi1s + m232 + m333 + m4s4
ng + n1S + ngs? + ngsd + nyst

Gx(s) =
follows. [ |

Design of the pre-filter for disturbances at the plant output

Similarly as in section 10.5.1 one obtains here from Eq. (10.5.23)

A(s) C(s)a(s) a(s) _ M(s)
B(s) D(s)y(s) B(s) ~ N(s) -

If the Egs. (10.5.2) and (10.5.11) are considered, one obtains with

GK(S) =

from the above equation

(10.5.28)

The first task is again to specify the degrees u and v of the polynomials a(s) and 3(s) such that the
pre-filter becomes realisable. For the polynomials M (s) and N(s) previous results from section 10.5.2
can be considered and from this follows

n+u>n+n—m-ov

and
u>n—m+uv. (10.5.29)

From Eq. (10.5.28) one obtains finally for the degree of the numerator and denominator polynomials
M (s) and N(s) of Gk(s) that

r=2n—m-+v (10.5.30a)
and

y=n+u (10.5.30b)
as far as M(s) and N(s) have no common divisor. If during the design of N(s) unstable poles arise,

then one can proceed as in the case of disturbances at the plant input. The degree v of the numerator
polynomial of Kw(s) will be increased by the number of compensated terms.
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For the case of unstable plants with C(s) = C*(s)C~(s) and the unstable part C~(s) and with the

denominator polynomial v(s) = C~(s)(s) of the disturbance transfer function Kz(s), the pre-filter

transfer function can be obtained from the previous section by using the controller transfer function
C*(s)[o(s) =C~(s)¥(s)] _ B(s)

Gols) = D) () = A(s)

Gk(s) = B4 (10.5.31)

Example 10.5.7
Again as in example 10.5.3 the plant transfer function

D(s)  do+dss
C(s)  co+c15+ cos2

is given. Considering earlier results

_ o) ms
Kz(s) = o(s) T 1+40ys

and
B(S) . bo + b1s + 5282

A(s) a1s + ass?

Gc(s) =

one obtains for v = 0 the closed-loop transfer function for command input using Eq. (10.5.29) as

_afs) 1
Bw(s) =50 = 1555 -

Substituted in Eq. (10.5.28) the pre-filter transfer function follows as

mo +mi1s + m252 + m353

Gk(s) = -
k(s) no + n1S + nas? + nasd

Example 10.5.8
Similarly as in example 10.5.4 the pole excess of the plant transfer function is given as n —m = 2. With

Y18 + Y252
K =
2(5) 1+ 015+ 0952
and ) ) s
Go(s) = 20215 T 02

a1s + ags?
follows with the choice of v = 0 and applying Eq. (10.5.29) the pre-filter transfer function is

mo + m1s + mas? + mss® + mys*

G =
v(s) ng + n18 + nos? + ngsd + nyst

10.5.4 Application of the design method

The design procedure for compensators described in the previous sections will be applied in this concluding
section to an example already introduced in section 10.3. It is the unstable plant with the transfer function

D(s) 1

C(s) 1—sT" °

GP(S) =
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(see example 10.3.4).
Disturbance at the plant input

If a disturbance at the plant input is assumed, the degree of the numerator and denominator polynomial
of the free selectable disturbance transfer function according to Eqgs. (10.5.14) and (10.5.15) is given by
q = 1 and p = 2. The disturbance transfer function will be obtained as

v(s) 718

K = =
2(s) o(s) 14018+ 0282

and the the controller transfer function formally according to Eq. (10.5.11) as

B(s) 14 (o1 —m)s+ (o2 +mT)s?

Gols) = A(s) Y18

For the realisability condition of the controller it follows that

02

’712—?-

The final realisable controller transfer function is then

Ge(s) = = (ila_j %> i :

TS

Furthermore, the above equation for «; provides for the disturbance transfer function

g2

T
Kyz(s) = ———— .
2(5) 1+ 015+ 0952
The procedure for the design of the pre-filter for disturbances at the plant input starts with the given
order of the transfer function for command input according to Eq. (10.5.25). For the command behaviour
u =2 and v = 0 is chosen. According to that the transfer function for command input is

a(s) 1
B(s) 1+ pis+ Bas®

The synthesis of the controller is required to be performed such that the behaviour for a command input
will be characterised by approximately 10% maximum overshoot and t30, & 3 s settling time. In this case
of a second-order system these demands are met by a natural frequency wy = 2s~! and by a damping
ratio ( = 0.6 according to Figures 9.1.3 and 9.1.5. From this the transfer function for command input
follows as

Kw(S) =

1
T 140.6s40.2582

If for the inherent behaviour of the closed loop the same coefficients are taken for the disturbance case,
then

o(s) =B(s) ,
and therefore the disturbance transfer function is

—0.25s

K =
2(5) = 17065 1 02592

and the controller transfer function is

1+ 0.85s
Gels) = —g 355
The pre-filter design, which is given by
D(s)a(s)o(s
Crele) ~ Do) a(s)ols)
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(a)

B

o0

(b)

(c)

-y

oo -

6 []

Figure 10.5.2: Step respounses for the design for a step disturbance z = o(t) at the plant input:

(a) controlled variable hzy () and manipulated variable hyy(t) for z = o(t)

(b) controlled variable hwy (t) and manipulated variable hywy(t) for w = o(t)

(c) controlled variable hzwy () and manipulated variable hyzwu(t) for the simultaneous application of
z=o0(t) and w = o(t)

is simplified by ((s) = o(s) to

B(s)  1+08bs
Step responses for the disturbance and command inputs are shown in Figure 10.5.2.

Disturbance at the plant output

If the closed loop is designed for a disturbance at the plant output, for the unstable plant the controller

transfer function
CH(s)[o(s) = C(s)¥(s)]
D(s) ¥(s)

Gc(s) =
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from section 10.5.2 is significant. With

Ct(s)=1, C(s)=1-sT
and with the approach
P(s) =a+bs
it follows — as in the previous case — for
o(s) = B(s)
that
l—a+ (B —b+al)s+ (B2 +bT) s>
Ge(s) = )
a+ bs
The realisability condition for the controller is thus
B2
h— 2
T Y

and if for simplicity a is set equal to zero, then the controller transfer function is

P2
G()1+<61+T)81+0.85s
o= B 0255

T

as before. The corresponding disturbance transfer function is

5;
O T B
a(s) = o(s) 1+ pis+ Pas®

The transfer function of the pre-filter is calculated according to Eq. (10.5.23), that is

_A(s)C(s)a(s)afs)

) = B DE () Bls)

With the assumptions
_afs) 1
Kwl(s) B(s) 1+ pis+ Bas®’

o(s) =pB(s),

Y(s) =C(s)¥(s) ,

A(s) = D(s) ¢(s)
the pre-filter is simplified to

1 1 1
Gxk(s) = = = ,
Bs) . <ﬁl+%) ,  1+085s

again as before. The step responses for this case are shown in Figure 10.5.3.

Problem 10.1
Compensator design - two questions



http://www.atp.rub.de/DynLAB/dynlabmodules/Problems/CompensatorDesignProblems.pdf
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(a)

B

oo

(b)

i /

oo -

(c)

Figure 10.5.3: Step respounses for the design for a step disturbance z = o(t) at the plant output:
(a) controlled variable hyy (t) and manipulated variable hyy (t) for z = o(t)
(b) controlled variable hwy (t) and manipulated variable hywy(t) for w = o(t)

(c) controlled variable hzwy () and manipulated variable hyzwuy(t) for the simultaneous application of
z=o0(t) and w = o(t)
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Module 11

Improving the control behaviour by
more complex loop structures

Module units
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11.2 Disturbance feed-forward control . . . . . .. . ... ... ... 0 0oL 11-2

11.2.1 Disturbance feed-forward on the controller . . . . . . . .. .. .. ... .. ... 11-2

11.2.2 Disturbance feed-forward on the manipulated variable . . . . .. ... ... .. 11-3
11.3 Control systems with an auxiliary manipulated variable . . . . ... .. .. 11-4
11.4 Cascade control systems . . . . . . . . . .. it 11-5
11.5 Control system with auxiliary manipulated variable . ... ... ... ... 11-7
11.6 Control system with anti-windup measure . .. ... .. ... ........ 11-9

Module overview. The simple closed-loop structure is not suitable for all applications. In those cases
where additional information, for example, about disturbances or additional system measurements are
available, the basic structure can be extended to improve the dynamical behaviour. Such cases are collected
in this module. The different feed-forward structures of disturbances and auziliary variables with and
without a cascade control structure are introduced and demonstrated by examples. Finally, the windup
problem of controllers and anti-windup measures are discussed.

Module objectives. When you have completed this module you should be able to:

1. Know how to improve the control behaviour by disturbance feed-forward.

2. Understand the possibilities which are available for use of additional output signals from the plant
for performance improvement.

3. Know how to cope with the controller windup problem.

Module prerequisites. Transfer function, properties of closed-loop systems.

11.1 Problem

The control systems discussed hitherto are single-loop control systems. These control systems may not
meet extra high requirements even in an optimal design case for higher-order plants and plants with dead
time concerning the maximum overshoot M, rise time ¢, and settling time ¢.. This is apparent especially
in the case of large disturbances and when large delays occur between the actuator and measurement
device. An improvement of the control behaviour can be obtained if the signal paths between actuator

11-1
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and disturbance are shortened, or if disturbances are already compensated by a separate pre-controller
before they enter the plant. In this case the disturbance must be measurable and controllable via an
actuator. Shortening the signal paths within a control system leads to a structural expansion of the basic
control loop and therefore to more complex loop structures. In the following, the most important basic
structures of these complex control systems will be discussed.

11.2 Disturbance feed-forward control

The disturbance feed-forward control corresponds to the basic control loop, which is superimposed by an
open-loop control scheme with the goal to compensate the disturbance by a control element Gy, (s)(i =
1,2,...) as far as possible before it fully acts on the controlled variable y. This configuration is of
course only realisable, if the disturbance is measurable at the plant input. With regard to a feed-forward
configuration, the following two different cases are distinguished, whereby the following transfer functions,
see Figure 11.2.1, will be used:

_B(s), _ Brr,( a
Go(s) = Als)’ Grr, () Arr. (o) (i=1,2)
GP(S) ZIC)EE)), sz(s) :(Djj((j)) .

11.2.1 Disturbance feed-forward on the controller

According to Figure 11.2.1 the disturbance 2’ will feed via the transfer function Gy, (s) to the controller,
which will compensate the influence of the disturbance. From this diagram the controlled variable directly

Zl
GFFl(s) - : > G, (9)
feed-forward element
— ==
w oty E U + e
GC (8) [ GP (s) >
a controller it

Figure 11.2.1: Block diagram of the feed-forward on the controller

follows as
Y(s) = [W(s) = Y(s) — Z'(s) Grr, (s)] Gc(s) Gr(s) + Z'(s) Gpz(s) - (11.2.1)

With some manipulations one obtains from this

Grz — Grr, GcGp 7 GcGp

Y = 11.2.2
1+ GcGp 1+ GcGp ’ ( 2)
which gives
App, AC Dz — Bpp, BD Cy, BD
Y = - ! ! 11.2.2b
App,Cz(AC+ BD) AC+BDW’ ( )

where for brevity the argument s is omitted. From the transfer functions of Eq. (11.2.2b) one can see

that the characteristic equation is
App,Cz(AC+BD) =0 (11.2.3a)

with regard to disturbance behaviour and

AC+BD=0 (11.2.3b)
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with regard to the reference behaviour. The disturbance will be fully compensated if
Gpz = Grr,GcGp (11.2.4)

from which the required transfer function for the feed-forward element is

Gpz  ACDy
GcGp BDCy

Grr, = (11.2.5)

This approach can only be realised by a controller if the pole excess of Gp is not larger than that of Gpz.
Otherwise a total compensation is not possible. Moreover, the polynomial B D Cz must be Hurwitzian.

For the frequent case that the disturbance and control behaviour are equal, i.e. the case of Gpz = Gp,
the transfer function of the feed-forward elements is

1 A
G =—=—=. 11.2.6
RS G0 T B ( )
As the total compensation of a disturbance in a plant with P behaviour is only possible by a controller
with T behaviour, the transfer function of the feed-forward element, according to Eq. (11.2.6), should
thus show ideal D behaviour. If there is a PI controller in the loop, the feed-forward element must be
designed as a DT element.

Often the feed-forward element cannot be realised as ideally designed according to Egs. (11.2.5) or
(11.2.6), because G¢, besides pure I behaviour, normally contains delay elements. Also in these cases a
DT element is recommended.

11.2.2 Disturbance feed-forward on the manipulated variable

The configuration with feed-forward on the manipulated variable or on the actuator, respectively, is
shown in Figure 11.2.2. From this for the controlled variable it follows that

Y = [(W — Y) Gg — Z’GFF2] Gp + Z’GPZ

and after rearranging

~ Gpz — Gyr,Gp , GoGp

Y = 11.2.
1+ GeGr 1+ GoGrp (11.2.78)
or
A(App,C Dy — Bep,DCy) ., BD
Yy = 2 2 z . 11.2.7h
Arr,C2(AC 1 BD) *ac+ep"” (11.2.7b)

/
feed-forward element

GFFQ(S) - ¢ > Gy (5)
W+ E U + oy Y
G (9) Hg—“ Gy (9) Y,
controller plant

Figure 11.2.2: Block diagram of the feed-forward on the manipulated variable

The characteristic equations are the same as in the previous case with feed-forward to the controller. For
the ideal compensation of the disturbances it follows from Eq. (11.2.7) that

Gpz = Grr,Gp , (11.2.8)
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from which the transfer function of the feed-forward element follows is

Gpz (CDyg
G = — = . 11.2.9
FF2 GP DCZ ( )

For the special case of Gpy = Gp, where the disturbance z acts directly at the plant input, the compen-
sation is performed by Grr, = 1 directly at the plant input..

Similarly as in the case of Eq. (11.2.5) the realisation of the feed-forward element according to Eq. (11.2.9)
is not possible if
degree Dz + degree C > degree Cyz + degree D (11.2.10)

with Gpz = Dz/Cy and Gp = D/C is valid, as Grp, must be realised by PD elements. Also in the case of
a non-minimum phase behaviour of Gp or of instability of Gpy the Eq. (11.2.9) cannot be realised, as the
required feed-forward element is unstable. In those cases in which a dynamical compensation according
to Eq. (11.2.9) is not possible one must be content with a static compensation using a P element

Kpy,

— 11.2.11
ooy (112.11)

Grr, =

where Kpyz and Kp are the gains of the transfer functions Gpz and Gp.

Figure 11.2.3 shows disturbance feed-forward configurations on (a) the controller and (b) the manipulated

steam steam
flow (a) flow (b)
SH
SH
c| X . cooling Cl . cooling
water water
I valve I valve

Figure 11.2.3: Examples of disturbance feed-forward configurations (a) on the controller and (b) on the
actuator of a steam superheater temperature control system

variable, for the case of a temperature control system of a steam superheater (SH) in a power station.
The steam temperature 9 at the superheater outlet is the controlled variable. The manipulated variable
is the cooling water flow in the spray-water cooler (C). Fluctuations of the steam flow 1 have an influence
on the steam temperature and are treated as disturbances. The steam flow (disturbance z) is measured
and fed via Gpr, or Gyr, to the controller or to the manipulated variable, respectively.

11.3 Control systems with an auxiliary manipulated variable

For plants with a distinctive delayed behaviour, besides the actual controlled variable y, a secondary
variable can often be measured and used as an auxiliary variable ya. The auxiliary control loop consists,
as shown in Figure 11.3.1, of the first part of the plant with the transfer function Gp, (s) and the auxiliary
controller with the transfer function Gca(s). The controlled variable then follows directly as shown in
Figure 11.3.1. Now

Y

v {[ov e 2

GCA} Gp, + Z/sz} Gp, (11.3.1)

or on rearranging

v GpzGp, L GcGp,Gp,
1+ (Gec Gp, + Gea) Gp, 1+ (GeGp, + Gea) Gp,

w (11.3.2a)
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7 plant
1 Gpy (9)
_I_
w E U Y
Lo el Gy(s) - G (5) | Gy (9) >

Figure 11.3.1: Block diagram of a control system with auxiliary manipulated variable ya

giwing
v — AC1 Dy Dy P
Cz[ACy(C1AA + D1Ba) + D1DoB Ap]
+ ACg(ClAAigllgi;li DiDoB Ay (11.3.2b)
with Ba D, Dy
GCA:A_A§ Gplza; GPQZFQ-
The characteristic equation with regard to the disturbance behaviour is
Cz [ACy(C1AA + D1Ba) + D1D2B Ap] =0 (11.3.3a)
and with regard to the reference behaviour is
ACy(C1AA + D1Ba) + D1D2B Ay =0 . (11.3.3b)

From this it is obvious that the introduction of the auxiliary controlled variable has an influence on the
stability of the control system.

By a proper choice of G¢a, on the one hand a reduction of the effects of the disturbance on the second
section of the plant (Gp,) can be achieved and on the other an improvement of the behaviour of the main
control loop. The location where the auxiliary measurement g4 is taken should be after the entry of the
disturbance but as close as possible to the plant input. If the first section of the plant contains only short
delays then a P controller is sufficient for Goa. Often the need for an auxiliary controller can be avoided
if the auxiliary variable is connected directly to the input of the main controller via a PT; element.

Figure 11.3.2 again shows the example of the temperature control of a steam superheater system, where
here it is configured with an auxiliary controller that uses the steam temperature measurement 1J; at the
superheater inlet as an auxiliary controlled variable.

DYNAST study example 11.1
PID and PI-D control of a PT;T; plant

DYNAST study example 11.2
PID and PI-D control of a 3rd-order plant

11.4 Cascade control systems

Cascade control systems are special cases of control systems with auxiliary controlled variables. Here,
as shown in Figure 11.4.1, the main controller with the transfer function G¢, does not directly effect



http://virtual.cvut.cz/dyn/examples/examples/control/ac6pi-d/index.html
http://virtual.cvut.cz/dyn/examples/examples/control/ac7pid/index.html

11-6MODULE 11. IMPROVING THE CONTROL BEHAVIOUR BY MORE COMPLEX LOOP STRUCTURES

steam
flow
SH
C cooling
water

Figure 11.3.2: Example of a of a steam superheater temperature control system with auxiliary controlled
variable ya

the actuator, but provides the reference value for the underlying auxiliary controller with the transfer
function G¢,. This auxiliary controller forms together with the first plant section Gp, the auxiliary
control loop, which is inside the main control loop. Disturbances in the first plant section will be already
controlled by the auxiliary controller such that they have less influence on the second section. The main
controller has then only to act slightly.

, plant
7o Gpy, (9)
W+ E [a + U + 3" Y
Cz(s) GCI(S) > Gpl(s) > GPQ(S) >
Y
A

Figure 11.4.1: Block diagram of a cascade control system

When multiple auxiliary variables are measured, multiple cascade control systems can be built. For the
cascade control system of Figure 11.4.1 the controlled variable y is given by

Y
Y = { [(W -Y)Ge, — e Gc,Gp, + Z’GPZ} Gp, , (11.4.1)
Ca
which gives
GpzGp, . Gc,Ge,Gp, Gp,
Y = A w 11.4.2
1+ G01 Gpl (1 + GC2 GPQ) 1+ Gchpl (1 + GC2 GP2) ( a)
and can be written as
v — A1A>Cy Do Dy 7
C7[A1A2C1Cy 4+ B1D1(A2Cy + By D))
B1B2D1 D (11.4.2b)

%
A A4,C1Co 1 BiD1 (4205 + BaDy)

with
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The characteristic equation with regard to the disturbance behaviour is
C7[A1A3C1Cy + B1D1(A2Cy 4+ BaDs)] =0 (11.4.3a)
and with regard to the reference behaviour
A1AsC1Cy 4+ B1D1(A3Cy + BaDs) =0 . (11.4.3b)

It is obvious that the stability is influenced by the underlying auxiliary control loop. If the reference
behaviour of the auxiliary control loop in Figure 11.4.1 is summarised as

Gc,Gp,

Ga = 14 Ge,Gp, ’

(11.4.4)

then Eq. (11.4.2a) can be represented by

_ Gp, Grz ’ Gc,GaGp,
14+ Gc,GaGp, 1+ Gc,Gp, 1+ Gc,GaGp,

Y wo. (11.4.5)

From this equation the block diagram of a single-loop control system can be drawn as shown in Fig-
ure 11.4.2; which describes the same system as Figure 11.4.1. The auxiliary control system with the

A Gy
" 1+G.G,
15
G. G +
Wt G (8| —» g=— ™" 4, Gy (9) Y,
2 AT 146G, G, 2

Figure 11.4.2: Rearranged block diagram of a cascade control system

transfer function G is an element of the basic control loop. Therefore, it is possible to design a cascade
control system in the following steps:

1. Design of the auxiliary control system, i.e. parametrisation of the controller transfer function G¢,
for the given section G'p, of the plant for disturbances. The auxiliary control system must be fast
(high bandwidth) and therefore mostly a P or PD controller is chosen for G, .

2. Design of the main controller transfer function G¢, for the plant transfer function GAGp,. Gc,
has the task to remove steady-state errors in the controlled variable. Therefore, it is expedient to
use a PI controller as long as the plant has PT,, behaviour.

Figure 11.4.3 shows two examples of cascade control systems.

Demonstration FExample 11.1
A virtual experiment using cascade control

11.5 Control system with auxiliary manipulated variable

Disturbances can also be counteracted by a configuration where an additional auxiliary control signal
up is inserted between the actuator of the main control loop and the controlled variable. This auxiliary
manipulated variable will be generated by an additional auxiliary controller Gca. Figure 11.5.1 shows
the corresponding block diagram.

From this diagram it directly follows that the controlled variable is

Y = [(W—Y) GcGp, + 7' Gpy + (W—Y) GCA] Gp, (11.5.1)



http://virtual.cvut.cz/experiments/ballb.html
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(@)

. pump cooling
cooling valve , water
water > P ‘ | =

M 2 A
m,=
= 9A J A stirred
tank
w + G " reactor
G
+ % o ¢
current control — (b)
governor regulator angle |
v G G, P ZS‘ u 1
T 02 Cl g s e > F "
_ - a n
current | ~
converter -«
yA Ty
Yy=n

Figure 11.4.3: Examples of cascade control systems: (a) temperature control of a stirred tank reactor,
(b) governor of a DC motor with motor current control

plant

Figure 11.5.1: Block diagram of a control system with an auxiliary manipulated variable ua

or rearranged

GpzGp, , Gp,(Gca + GeGp,)
Y = z , 11.5.2
1+ (Gpo1 + GCA) Gp, 1+ (GCGP1 + GCA) Gp, ( a)
which becomes
v — ACDyApDy, P

C7[AC1(CaAn + DaBa) + B D1 DyA]

DQ(B D1 AA + AClBA)
+ w. 11.5.2b
ACy1(CoAA 4+ D2Ba) + BD1D2Ap ( )

The characteristic equation with regard to the disturbance behaviour is
CZ [A Cl (CQAA + DQBA) -+ BDlDQAA] =0 (1153&)
and with regard to the reference behaviour is

ACl(CgAA + DQBA) +BDiDyAp =0 . (11.5.3b)
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The stability of the main control loop is influenced by adding the auxiliary manipulated variable ua .
During the choice of the auxiliary manipulated variable it must be observed that the second plant section
Gp, should have an as small as possible delay, because the auxiliary controller can cancel disturbances
faster. In the steady state ua must be zero, if the steady state must be influenced only by w. This is
possible when for Gca a DT element is used.

11.6 Control system with anti-windup measure

In practical applications the manipulated variable v must not exceed given extreme values. This is the
case due to either the bounded power of the actuator or to the physical constraints of the plant. In most
cases these hard limitations of the manipulated variable must be respected. This means that the modulus
of the manipulated variable must not exceed given bounds

[u(t)] < tmax - (11.6.1)

For control system design using linear methods it is difficult to cope with this problem and to abide by
the bounds on the manipulated variable. When the design is performed such that the amplitudes of the
manipulated variable are small and do not reach the bounds, the actuator is not fully exploited and, thus,
the control response is slow. On the other hand, when the bounds are exceeded for a reasonable period
of time undesirable control behaviour may be obtained.

In order to discuss the problem, the bounds are described by a saturation element, as shown in Fig-
ure 11.6.1. The variable uc is the manipulated variable obtained from the controller and u the manipu-

w e Ue — u y
controller —» > lant >
7 1 p
saturation

Figure 11.6.1: Block diagram of a control system with a bounded manipulated variable

lated variable acting on the plant, which is determined from

—Umax for uc (t) < —Umax
u(t) = quc(t) for luc(t)] < Umax - (11.6.2)
Umax for uc (t) > Umax

When the bounds are exceeded the nonlinear saturation characteristic will take effect and influence
the dynamical behaviour. In some cases the closed-loop system may also become unstable or show an
oscillating behaviour.

This undesired phenomenon, called the windup effect, occurs in all control systems where an integrator is
used in the controller. This integrator is necessary to have a zero steady-state control error. In order to
demonstrate this effect, the example from section 9.3 is taken. The plant is given by Eq. (9.3.1) and the
controller by Eq. (9.3.7). The step response of the closed loop without saturation is shown in Figure 11.6.2,
where the response of the controlled variable is the same as in Figure 9.3.2. If the manipulated variable
is bounded by umax = 1.5 (with saturation) the rise time increases due to the smaller values of the
manipulated value in the period from 0.1s to 2s. The increased maximum overshoot and settling time
reflect a worse control behaviour. The reason for this is the following: From the beginning, the control
error decreases and changes sign at 1.6s. As uc is very large at this time (= 2.1), the manipulated
variable u cannot be reduced despite the negative control error. This will only occur when u¢ falls below
Umax at 2s. The problem is obviously that the controller continues to integrate though the manipulated
variable has already reached its bound. As the controller output uc further grows unnecessarily, this is
called the windup effect.

The goal of an anti-windup measure is to counteract the integration of the controller. This can be
performed by feeding back the difference u — uc to the controller. Figure 11.6.3 shows a simple approach
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for an anti-windup measure, where the difference is weighted by the factor v and fed into the controller.
Figure 11.6.2 shows the improvement of the behaviour for v = 1. The settling time is close to the case
without saturation, but the maximum overshoot is half of that without saturation.

without saturation (a)
with saturation
0.5 7 with anti-windup
0 T T T T T T >
0 1 2 3 4 5 6 t[s] 7
y(t) 1
1.00
0.75 with anti-windup
0.50 - without saturation
0.25 7
0 T T T T T T T >
0 1 2 3 4 5 6 t[s] 7

Figure 11.6.2: Step response of the closed loop system with and without anti-windup measure, (a)
manipulated variable u and controller output uc, (b) controlled variable y

v

w e Uc — 1 U
—»O» controller (—e» 1 plant

A

saturation

Figure 11.6.3: Block diagram of a control system with an anti-windup measure
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State-space representation

Module units
12.1 State-space representation of single-input-single-output systems . . . . .. 12-1
12.2 State-space representation of multi-input-multi-output systems . ... .. 12-2

12.3 The relationship between transfer functions and the state-space representation12-3

12.4 State-space vs transfer function approach . . . . . ... ... ... ...... 12-4
12.5 Uniqueness of the state variables . . . . ... .. ... .. ........... 12-4
12.6 Controllability and observability . . . ... ... ... .. ... ..., 12-6

Module overview. This introductory module begins by considering the reasons and advantages for use
of a state-space description. The description is introduced using a specific ezample. The relationship to
the transfer-function form is outlined and discussed. Fundamentals, like transformations, controllability
and observability are briefly introduced.

Module objectives. When you have completed this module you should be able to:

1. Represent a system in state-space form.
2. Determine the transfer function from a description in state-space form.

3. Transform a system into other state-space forms.

Module prerequisites. Differential equations, transfer function.

12.1 State-space representation of single-input-single-output sys-
tems

In the following a short introduction into the representation of systems using state-variable techniques
is given. For this purpose, the example of the RLC network from Figure 4.4.10 is used. The dynamical
behaviour of this network is completely defined for ¢ > ¢, if the

e initial conditions u,(to), ic(to)
and the

e input variable u(t) for t > tg

12-1



12-2 MODULE 12. STATE-SPACE REPRESENTATION

are known. For these specifications the variables i.(t) and u,(t) can be determined for all ¢ > t5. The
variables i.(t) and u,(t) characterise the ’state’ of the network and are therefore called state variables of
the network.

The differential equations of Eqgs. (4.4.29) and (4.4.30) describe the dynamical behaviour of this net-
work. Inserting Eq. (4.4.30) into Eq. (4.4.29) one obtains the 2nd-order differential equation according
to Eq. (4.4.31), which completely describes the system with respect to the input-output behaviour. But
one can also use the two original differential equations and can write them in vector notation so that the
1st-order vector differential equation

die(t) R 1 " 1
dt | | L L| |%(t =

dua(t) | 7| L {%(ﬂ]* 6 e(t) (12.1.1)
dt C

with the initial condition ‘
Ze(to)
Ua(to)

is obtained. This linear 1st-order vector differential equation describes the connection between the input
variable and the state variables. To complete a state-space system, one needs an additional equation that
describes the dependence of the output variable on the state variables. In this example, it is the direct
relationship

Introducing the state vector

into Eq. (12.1.1), with the vectors

Ze(to)
= t =
o iE( 0) |:Ua(t0):| )
1
= lz and c'=[0 1],
0
with the matrix
R 1
_ L L
A= 1 .
C

and with the scalar variables
u(t) =ue(t) and d=0

one obtains the general state-space representation of a linear time-invariant single-input-single-output
system:

x(t) = Ax(t) + bu(t) x(to) initial condition (12.1.2)

y(t) = ctx(t) + du(t) . (12.1.3)

The Eq. (12.1.2) is the state equation, and in the general case it is a linear system of 1st-order differential
equations of n state variables x1, x3, ..., z,, which are combined n the state vector @ = [z1x2 .. .xn]T.

Eq. (12.1.3) is the output equation, which maps the states and inputs linearly to the output. This is an
algebraic equation, whereas the state equation is a differential equation.

12.2 State-space representation of multi-input-multi-output sys-
tems

The Eqgs. (12.1.2) and (12.1.3) describe an nth-order linear time-invariant single-input-single-output sys-
tem. For linear multi-input-multi-output systems of order n with r inputs and m outputs these equations
become

@(t) = Ax(t) + Bu(t) with the initial condition a(tg) (12.2.1)
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where the following notation is used:

y(t) = Ca(t) + Dult)

(12.2.2)

X1 (t)
state vector x(t) = : (n x 1) vector
(1)
ua (1)
input vector u(t) = : (r x 1) vector
U (t)
yi(t)
output vector y(t) = (m x 1) vector
Y (t)
system matrix A (n x n) matrix
input matrix B (n X r) matrix
output matrix (&) (m x n) matrix
feedthrough matrix D (m x r) matrix

It goes without saying that the general representation of Eqgs. (12.2.1) and (12.2.2) also includes the single-
input-single-output case. The matrices A, B, C and D have constants elements. If these elements are
time-varying, the matrices of the corresponding time-varying system are substituted by matrix functions
of time, e.g. A(t).

12.3 The relationship between transfer functions and the state-
space representation

In the following, the Egs. (12.2.1) and (12.2.2) will be transformed into the s domain using the Laplace
transform, which will be done analogously to the scalar case in section 2.5. For this, the operator notation

from section 2.1 is adopted and when applying it to Eq. (12.2.1), one obtains
sX(s)—x(ty) =AX(s)+BU(s) ,

or rearranged
(sI — A)X(s) =x(to) + BU(s) .

The solution of the state equation in the s domain is then given by
X (s) = ®(s) z(to) + ®(s) BU(s) (12.3.1)

with
B(s)=(sI - A)". (12.3.2)

Similarly, for Eq. (12.2.2) yields
Y(s)=CX(s)+DU(s) .

Substituting X (s) from Eq. (12.3.1), the system output in the s domain is
Y(s) =C®(s)x(to) + [C®(s) B+ D] U(s) .

To obtain the relationship with transfer functions, the initial condition x(ty) has to be set to zero. For
a single-input-single-output system according to Egs. (12.1.2) and (12.1.3) the system output is

Y(s)=[c"®(s)b+d] U(s) .
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Comparing this equation with Eq. (3.1.3) the transfer function is given by
G(s)=c"®(s)b+d . (12.3.3)

The matrix ®(s) from Eq. (12.3.2) is a matrix of rational functions of s, which can always be represented
by

1
P(s) = ———=U 12.3.4
where W¥(s) is a matrix with polynomial elements in s. From Eq. (3.1.2) it is obvious that
N(s) =c " ¥(s)b+dD(s) (12.3.5)
and
D(s) =det(sI — A) , (12.3.6)

which is the characteristic polynomial of the system. The zeros of this polynomial are the poles of the
transfer function and at the same time eigenvalues of the system matrix A. If the system in the state-
space representation is fully controllable and observable (see section 12.6), then the number of poles are
equal to the number of eigenvalues.

12.4 State-space vs transfer function approach

The key advantage of transfer functions is in their compactness, which makes them suitable for frequency-
domain analysis and stability studies. However, the transfer function approach suffers from neglecting the
initial conditions. Not only does state-space representation serve as an alternative to transfer functions,
but also it is not limited to linear and time-invariant systems and it has the following advantages:

1. Single-input-single-output and multi-input-multi-output systems can be formally treated equal.

2. The state-space representation is best suited both for the theoretical treatment of control systems
(analytical solutions, optimisation) and for numerical calculations.

3. The determination of the system response in the homogeneous case with the initial condition @(to)
is very simple.

4. This representation gives a better insight into the inner system behaviour. General system prop-
erties, for example, the system controllability or observability can be defined and determined, see
section 12.6.

12.5 Uniqueness of the state variables

Initially it sounds paradoxical that the choice of the state variables is not unique. This means that for
one and the same system with the input w, the output y and n state variables, there exist an infinite
number of state-space representations. For each value of time ¢ one gets the state in the n-dimensional
state space. The n values are the cartesian coordinates of the state

T
€2
T = . =1r1€e1 +x2€3 + ... +xheE, ,

T

where the unit vectors e; are n-dimensional linear independent vectors. Their elements are — besides the
ith element, which has the value of 1 — all zero. For describing the state also other basis vectors can
be used. Candidates are all n linear independent and n-dimensional vectors t;. Therefore, it is always
possible, to write the state as

x=2z1t1 + 20t + ...+ 25t . (12.5.1)
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After introducing the new state
Z1
Zo

Zn

and the quadratic matrix
T = [t1, t2, ..., tn]

one can rewrite Eq. (12.5.1) as
=Tz . (12.5.2)

The constant and regular matrix T' is a so-called transformation matriz. Now, instead of the state x the
new state z can be used and its behaviour analysed. Describing the system in the new coordinates the
state & from Eq. (12.5.2) is inserted into Eqgs. (12.2.1) and (12.2.2) and one obtains

2(t)=(T'AT) z(t) + (T 'B)u(t) (12.5.3)
y(t) = (CT)z(t)+ Dul(t) (12.5.4)
with the initial condition
z(tg) = T *x(to) .
The benefits of the transformation of systems into different state-space representations are:
e Most system properties do not depend on the choice of the state variables. They remain unchanged

after a regular transformation and may be analysed in an appropriate representation form.

e The computational determination and analysis of system properties can be tremendously simplified
if the representation form is specifically selected. In particular certain canonical forms are of interest.

Example 12.5.1

In order to demonstrate a transformation, the example from Eq. (12.1.1) is used with the system param-
eters R =3, L =1 and C = 0.5. The initial condition is assumed to be zero and therefore omitted. With
these values one obtains the state equation as

. -3 -1 1
z(t) = [ 9 O} x(t) + {O] u(t)
and the output equation as

For the regular transformation matrix

one obtains the matrices for Eqs. (12.5.3) and (12.5.4) as
—1
g [ 1 ][ 1)1 -1] [-2 0
rar=| 5 o) [ o) la )= A

wn= [l [

The new representation

(1) = [(2) _ﬂ 2(t) + m u(t)

y(t)=[-1 2]=(t)
consists of two decoupled differential equations with respect to the state variables z; and zs. |

The analysis and treatment of a system in such a structured representation form, as shown in the example
above, is doubtless more simple. As the representation form must be specifically selected depending on
the type of analysis or synthesis problem, the different representation forms, for example, the canonical
forms, are not discussed separately and are introduced in the following sections when they are needed.
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12.6 Controllability and observability

Controllability and observability are important structural properties of a dynamic system. Controllability
can be defined as follows:

The system of Eqn. (12.1.2) is controllable if there exists a control signal u(t) that will take
the state of the system from any initial state x(¢y) to any desired final state x¢ in a finite
time interval.

This condition is equivalent to the following condition:

The system of Eqn. (12.1.2) is controllable if the controllability matrix
S=[b Ab ... A" b A"'b| (12.6.1)

has full rank n.

The concept of observability is parallel to that of controllability and all can be transformed to state-
ments about observability by invoking the property of duality, as discussed later in section 13.4.2. The
observability definition analogous to those for controllability are as follows:

The system of Eqs. (12.1.2) and (12.1.3) is observable if, for any x(tp), there is a finite time
7 such that x(fy) can be determined from u(t) and y(¢) for 0 <¢ < 7.

This condition is equivalent to the following:

The system of Egs. (12.1.2) and (12.1.3) is observable if the observability matrix

0= (12.6.2)

has full rank n.
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systems

Module units
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Module overview. The main design approach for systems described in state-space form is the use
of state feedback. One selects pole locations to achieve a satisfactory dynamic response and develops
the control law for the closed-loop system that corresponds to satisfactory dynamic response.
to design an estimator for the states, because these are generally not measurable. This estimator is an
observer that delivers the information about the states so that they can be used for control. The combined
observer-controller problem is discussed. Several pole-placement designs for controllers with proportional
and integral state feedback and observers based on controller canonical form are given. A comprehensive

example shows the overall design procedure.

Module objectives. When you have completed this module you should be able to:

1. Design control systems using state feedback for pole placement.
2. Design observers by pole placement.

3. Transform a state-space representation into controller canonical form.

Module prerequisites. State space representation, transfer function, poles and zeros.

13-1
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13.1 Structures and properties of state-feedback control sys-
tems

In the following, the design of state-feedback controllers for single-input-single-output systems described
by
z(t) = Ax(t) + bu(t) x(to) initial condition (13.1.1)

y(t) = ctx(t) (13.1.2)
is discussed in detail.

The dynamical characteristics, for example, stability, decay of oscillations or sensitivity to disturbances,
are determined by the distribution of the eigenvalues of the system matrix A in the s plane. The goal
is to influence the system specifically so that it shows a desired behaviour. In the sense of command
input regulation the control system is configured as shown in Figure 13.1.1. It is assumed, that all state

plant
w Uy z=Az+bu Yy
— v n -
Y= " @

fT

controller

Figure 13.1.1: Basic structure of a state-feedback control system

variables are measured. A linear combination of the state variables is fed back by
ug(t) = —fra(t) (13.1.3)

with
f=1[0h fo -0 fu] - (13.1.4)

While this feedback determines the dynamical behaviour, the feedforward of the command variable w
uy(t) = vw(t) (13.1.5)
using the scalar gain v influences the static behaviour. The manipulated variable is obtained from
u(t) = us(t) + uy(t) = —fra(t) + vw(t) . (13.1.6)

After the substitution of the manipulated variable into Eq.(13.1.1) using Eq. (13.1.6), one obtains the
closed-loop system as

x(t) = [A — bfT} x(t) + bvw(t) x(to) initial condition (13.1.7)
y(t) = ctx(t) . (13.1.8)
For the dynamical and static behaviour the following specifications must be fulfilled:

e The dynamical behaviour of the closed loop should be specified by given poles. As these closed-loop
poles are the eigenvalues of the closed-loop system matrix (A — b fT), the desired distribution of
the eigenvalues in the s plane for this matrix is specified.

e In the steady state the control error must vanish so that the plant output follows

Yoo = tlim y(t) = e tlim z(t) = lim w(t) = weo - (13.1.9)
—00

—00 t—o0
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13.1.0.1 State-feedback control in the frequency domain

As the dynamical behaviour of the closed loop is specified in the s domain, it is appropriate to discuss
some properties in the frequency domain. The initial point of this discussion is the closed-loop transfer

function
Y(s)

W (s)
Applying the Laplace transform as shown in section 12.3 to Eqgs. (13.1.7) and (13.1.8) one obtains the
closed-loop transfer function as

= Gw(s) (13.1.10)

Gw(s)=cT(sI —A+bf ) lbv. (13.1.11)
The same procedure for the plant from Eqs. (13.1.1) and (13.1.2) gives
Gp(s)=c'(sI — A)"'b. (13.1.12)

With Eq. (12.3.2) the closed-loop and plant transfer functions are rewritten as

Gw(s)=cT (@ '(s)+bf ) tbw (13.1.13)
and N(s)
= CT = 5 . N
Gp(s) =c"®b D) (13.1.14)

Applying the matrix inversion lemma to the inner part (®*(s) + bfT)~1 of Eq. (13.1.13), one obtains
-1
Gw(s) =c" {@(s) ~®(s)b |1+ fT®(s) b} fT@(s)} bv

ox T B(s)bf T ®(s)b
{c e 1+ f1®(s)b }U

Td(s)b
= % . (13.1.15)
1+ f ®(s)b
After inserting Eqs. (12.3.4), (12.3.6) and (13.1.14) into Eq. (13.1.15) the closed-loop transfer function is
given by

cTU(s)bv
(s)+ F ¥ (s)b
- N(siv , (13.1.16)
D(s)+f ¥(s)b

Gw(s) = D

where the denominator [D(s) + £TW(s) b| is the characteristic polynomial of the closed-loop system and

D(s) is that of the open-loop system. As only the plant numerator polynomial N(s) appears in the
closed-loop transfer function, the closed-loop zeros are the same as the open-loop zeros. This means that
the zeros cannot be influenced by a state-feedback controller; it only moves the poles.

13.1.0.2 Steady state of the closed-loop system

The steady state from Eq. (13.1.9) can only be reached if the state of the closed-loop system for ¢ — oo
approaches the final value
Too = lim x(1) .
t—oo
The condition
() =0=(A-bf ) xe +bvws

is obviously valid, from which the steady state can be obtained as

Too=—(A—bfH) bvws ,
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which is always possible, because for an asymptotically stable closed-loop the matrix (A — b fT) has
always full rank. For the output, one obtains

Yoo = C Too = —CcT (A — bfT)_lbvwoo , (13.1.17)
where it must be observed that this value must not vanish, i.e.
c"A-bfHb#£0.

This condition can be fulfilled, if the closed-loop transfer function Gy (s) from Eq. (13.1.11) has no zero
at s = 0. From the discussion about the zeros in section 13.1.0.1 it is clear that the plant transfer function
from Eq. (13.1.12) must not have a zero at s = 0. This means that

cTA™'b#0. (13.1.18)

With the condition given in Eq. (13.1.18) all given values y, are reachable with command input signals
that have a constant steady-state value of we.

From the conditions in Eqgs. (13.1.17) and (13.1.9) the feed-forward gain of the controller is obtained as

-1

V= AT b (13.1.19)

13.2 State-feedback control with integrator

For a given feedback vector f the feedforward gain v can be calculated according to Eq. (13.1.19) so that
the closed-loop system in Figure 13.1.1 shows the desired static behaviour with a vanishing control error.
The control structure used is not very robust with respect to the control error, because this error is not
fed back. Uncertainties in the plant model parameters or disturbances acting on the plant may cause
steady-state control errors. In order to reject such effects, one can use a similar approach to that shown
in section 11.4 for cascade control. The cascade control system of Figure 13.2.1 has the state-feedback

plant
w4 —€ z=Azxz+bu| Y
—»O0—> f > 0 T >
'y y=clx
T

fT

Figure 13.2.1: Basic structure of a cascade state-feedback control system with integrator

configuration from Figure 13.1.1 as its inner loop. The controlled variable y is compared with the set-
point value w and the control error e is fed back to an integrator. The former feedforward gain v is now
the gain of the integrator. From the closed-loop point of view with this configuration the gain like f is a
feedback parameter. This will be shown in the following.

From Figure 13.2.1 the equations of the closed-loop system can be directly determined as follows:

z(t) = Ax(t) + bu(t) «x(tp) initial condition (13.2.1)
y(t) = cx(t) (13.2.2)
é(t) = y(t) —w(t) (13.2.3)

u(t) = us(t) + uy(t) = —f T a(t) —ve(t) . (13.2.4)
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Combining Egs. (13.2.1) to (13.2.3) of the open-loop system in matrix notation, one obtains
z(t)| A 0] [x(t) b 0
Eq. (13.2.4) for the manipulated variable can be represented by
T
__|f] [=®)
u(t) = [ i (13.2.6)
With the abbreviations

A[CT 0}’ b

I
1
o o
| |

<

*

I
—
|
= o
| E—

8

*

—

~+

~—

I
—
a8
o~

~
| I

Egs. (13.2.5) and (13.2.6) are
()= A" x"(t) + b u(t) + v w(t) x*(ty) initial condition (13.2.7)
u(t) = —f* T (t) (13.2.8)
and for the closed-loop system after inserting Eq. (13.2.8) into Eq. (13.2.7)

x*(t) = [A* —-b* f*T} z*(t) + v w(t) «(to) initial condition , (13.2.9)

which is formally the same system as that with the simple state-feedback controller in Eq. (13.1.7). Here,
the controller parameters in f* instead of those in f must be determined for the desired specifications.
This extended problem is now reduced to the original problem, and for both cases the same design
procedure can be applied. It means, that for the state-feedback controller with integrator the same
design procedures for the controller parameters can be applied as for the original system. This simplifies
the design of the extended problem significantly.

13.3 Design of state-feedback controllers by pole placement

The difficulty of this design consists essentially in the determination of the feedback vector f so that the n
eigenvalues of the system matrix (A —b fT) have the desired distribution. After that, the determination
of the feedforward gain v in the control structure without integrator is very simple, see Eq. (13.1.19).

The characteristic polynomial Q(s) = det {s I-(A-b fT)} of the closed loop system from Eq. (13.1.7)

is a monic polynomial of order n. The coefficients ¢; of it are functions of the controller parameters h;:

det [SI_ (A—bfT)} =q(f)+a(Hs+a(f)s®+. ...+ g1 (f)s" 1+ .

By a proper choice of the vector f this polynomial Q(s) should be made equal to the desired polynomial
P(s) with n zeros, which are the desired poles or eigenvalues s;, respectively, of the closed-loop system:

P(s) =[] (s—si) - (13.3.1)
i=1
Multiplying all factors on the right-hand side of Eq. (13.3.1) one obtains this polynomial as
P(s)=po+pis+pas’+...+pp15" " +5". (13.3.2)

For all values of s, the condition Q(s) = P(s) must be fulfilled. A comparison of the corresponding terms
of both sides gives the coeflicients as

w(f)=po, alf)=p, @(f)=p2, - @a(f)=pu1, (13.3.3)

from which the controller parameters f; can be obtained. This approach, however, has the following
drawbacks:
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e The Egs. (13.3.3) for determining the controller parameters are complicated, in general nonlinear.
e For higher-oder systems the computational effort is large.

e There is no systematic way to solve the equations.

The determination of the feedback parameters can be significantly simplified when the invariance of the
eigenvalues of a system under a regular transformation is observed and used. The idea is to transform the
system into a form which is suitable for the determination of the controller parameters. In the sections
below this idea is used.

13.3.1 Design of a system in controller canonical form

A state-space system in controller canonical form has the following structure:

2(t) = Acz(t) + beu(t) z(tp) initial condition (13.3.4)
y(t) = el z(t) (13.3.5)
with
0 1 0 0 0 o
0 1.0 , o
Ac=| . . b=, e=] . (13.3.6)
o o0 o0 . 1 0 :
—ay —a1 —az . —Gp_1 1 Cn

This canonical form has the following properties:

e The characteristic polynomial can be directly determined from the last line of A., which is

P.(s)=det(sI — A)=ap+ar1s+azs’+...+ap 15" " +5". (13.3.7)
e A system of this structure is always controllable as its controllability matrix according to Eq. (12.6.1)
has always full rank.

e The transfer function of the system is immediately given by

c1tceastcess®+ .. +ey,sth
ap+ars+ass?+...4+a,_18" L 4+sn

G(s) =

The feedback is now defined as

u(t) = —frz(t) (13.3.8)
with
fcl
fc2
fo=1"
fen
For the closed-loop system the system matrix is
0 1 0 . 0
0 0 1 . 0
A, —b. fl = . : : : : (13.3.9)
0 0 0 . 1
—ag— foo —a1— fe2 —az—fe3 . —Gp-1— fen

and its characteristic polynomial is

Q(s) = (a0 + fo1) + (q1 + fe2) s+ (an + fo3) 8>+ ...+ (@n—1 + fon) 8" F 48" .
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Equating this polynomial with the polynomial with the desired poles from Eqs. (13.3.2) one obtains by
comparison of the corresponding terms of both polynomials the controller parameters as

foi=pi_1—a;j_1 for i=1,2, ..., n. (13.3.10)
In the controller canonical form the calculation of the controller feedback parameters is reduced to the
calculation of a simple difference between the coefficients of two polynomials.

13.3.1.1 Design of a system not in a canonical form

In general, when a system is not given in the controller canonical form, one has to transform it by a
regular transformation

2(t) = Ta(t) , (13.3.11)

which brings the system into the desired canonical form according to Eqgs. (13.3.4) to (13.3.6). The
determination of the controller parameters in f. is performed according to Eq. 13.3.10. The feedback
law in the original state is, using Eq. (13.3.11) given by

u(t) = —(feT)z(t) = —fra(t) . (13.3.12)
Finally, the feedback vector is transformed back to
fr=riT. (13.3.13)

The main task in the pole-placement design for systems that are not in controller canonical form, is the
determination of the transformation matrix T. When the original state equation from Eq. (13.1.1) is
transformed by Eq. (13.3.11), one obtains the transformed entities

A =TAT! (13.3.14)
and
be=Tb. (13.3.15)
Eq. (13.3.14) will be further analysed in the form by right-multiplying with T
AT=TA.
With the row vectors ¢} of the matrix T this equation is
0 1 0 0 tT tT
0 0 1 0 ty ty
. . = . A (13.3.16)
0 0 0 1 tr tr
—ap —ar —ap —an1] |t} tr
and after multiplication:
t% ti A
¢l th A
. . (13.3.17)
tr th A
—apti —aity —...—ap_oty | —an_1ty th A
From the first n — 1 rows of both sides one obtains the recursive relationship
ti,=t/A for i=12..,n-1,
and when t{ is known the remaining rows of the matrix T are
th,=tiA" for i=12...,n—1. (13.3.18)
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The first row ¢] is obtained from Eq. (13.3.15), which is also valid. Using the results from Eq. (13.3.18),
the right-hand side of Eq. (13.3.15) has the form:

t{ tib
ty t] Ab
b.=Tb=| . | b= . (13.3.19)
tr tTA"?b
tr tTA" b
or in transposed form:
bl =tT[b Ab ... A" b A" 'b|=t{S. (13.3.20)

The matrix S is the controllability matrix from Eq. (12.6.1), which has full rank if the system is completely
controllable. Under this condition one can obtain the first row by

th=bvls !, (13.3.21)

which is the last row of the inverse controllability matrix, because b. is the n-th unit vector.

Summarising the procedure of the pole-placement design for a system that is not in a canonical form,
the following steps are necessary:

1. Calculation of the controllability matrix S from Eq. (12.6.1), its inverse and extracting the last row
according to Eq. (13.3.21). This is the first row of the transformation matrix T'.

2. Row-wise calculation of the remaining rows of the transformation matrix T using Eq. (13.3.18).
3. Choice of the n eigenvalues s;.
4. Calculation of the coefficients p; of the desired polynomial according to Eqgs. (13.3.1) and (13.3.2).

5. Transformation of the system matrix A according to Eq. (13.3.14) and extracting the coefficients
a; of the characteristic polynomial of the open-loop system from the last row of the transformed
matrix.

6. Calculation of the coefficients of the feedback vector fi according to Eq. (13.3.10).

7. Back transformation of the feedback vector according to Eq. (13.3.13).

13.3.2 Design using Ackermann’s formula

The method described in the previous section 13.3.1.1 needs the computation of the full transformation
matrix T'. This is not necessary as shown by the simplified procedure of Ackermann.

Steps 5 and 6 from the end of the previous section 13.3.1.1 will be combined by using the relationship
for the transformation matrix T' from Eqgs. (13.3.13) and (13.3.18):

T
tl
. tTA
' =[po—ao,p1 —a1, ... pn-1 — an_1]

tTA!

After multiplying, the feedback vector can be represented by two sums as
n—1 n—1
Ffr=t) p A —tf> a; A"
i=0 i=0

Adding the term t] A" to both sums, one obtains

fr=tT PA)—tT P.(A). (13.3.22)



13.4. STATE RECONSTRUCTION USING OBSERVERS 13-9

P(A) is the desired polynomial from Eq. (13.3.2), where the scalar variable s is substituted by the matrix
A. The same holds for the characteristic polynomial P.(s) of the system matrix A from Eq. (13.3.7).
According to the Cayley-Hamilton theorem a quadratic matrix always satisfies its own characteristic
polynomial, i.e. P.(A) =0, Eq. (13.3.22) is simplified to

fr=tI PA). (13.3.23)

As t] is the last row of the inverse controllability matrix S~' the calculation of the feedback vector is
simpler than in the previous case of section 13.3.1.1. The following steps are necessary:

1. Calculation of the controllability matrix S from Eq. (12.6.1), its inverse and extracting the last
TOW.

2. Choice of the n eigenvalues s;.
3. Calculation of the coefficients p; of the desired polynomial according to Egs. (13.3.1) and (13.3.2).
4. Calculation of the term P(A).

5. Calculation of the coefficients of the feedback vector fT according to Eq. (13.3.23).

13.4 State reconstruction using observers

The state-feedback controllers designed in the previous sections assume that all state variables can be
measured. This may not be the case. That is, certain components of the state vector may correspond to
inaccessible internal variables, which may not be available for measurement. The theory of observers has
been proposed to reconstruct an approximation of the state vector based only on available measurements.
Being a dynamical system in itself, the observer is designed to track the n state variables of the original
system. The block diagram in Figure 13.4.1 shows the system structure. The observer has two inputs,

plant

u z=Azx+ bu Yy

y=c'z

observer

8>

Figure 13.4.1: Principle of an observer

u(t) and y(t), and it provides an estimate &(t) of the plant state x(¢). The estimate should satisfy the
condition
lim &(t) = lim «(t) .

t—oo t—oo

Thus, the error between the plant state and the estimate
o(t) = o(t) — 2(t)
should converge asymptotically to zero, i.e.

lim &(t) =0 . (13.4.1)

t—oo
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13.4.1 Structure of an observer

A candidate for a dynamical system in state space form which can fulfil the condition from Eq. (13.4.1),
may have the following form:

&(t) = A&(t) + bu(t) + gy(t) (ty) initial condition . (13.4.2)
In order to show this, Eq. (13.4.2) is subtracted from Eq. (13.1.1) and using Eq. (13.1.2) the state equation
2(t) = [A— g™ a(t) — Aa(t) + [b - i)} u(t)  &(to) initial condition (13.4.3)

is obtained. If the observing error & is to be independent of the plant input u(t), one should make the
choice
b=1">, (13.4.4)

and to have a homogeneous error state equation, one has to set the observer system matrix to
A=A—gc". (13.4.5)
Then the error state equation is
z(t)=[A—gc'] &(t) &(to) initial condition . (13.4.6)

The parameter g is the only design parameter of the observer, which has to be specified so that the error
converges asymptotically to zero, independent of the unknown initial error &(ty). This is only the case if
all eigenvalues of the matrix (A — g cT) have negative real parts.

In order to show how an observer works and to gain the interpretation of the observer equations, A in
Eq. (13.4.2) is substituted by Eq. (13.4.5) and introducing the output error term

the observer state equation is
x(t) = Ax(t) +bu(t) +gy(t)  @(ty) initial condition .

From this equation one can see, that the observer consists of a copy of the plant model and of a feedback
of the error between the plant model output and the estimated plant output using the state estimates
from the observer. The feedback gains in g are the design parameters of the observer.

13.4.2 Design of observers

The design parameter g has to be specified so that the matrix
A=A— gct

has n given eigenvalues §; in the left-half s plane. This means that the characteristic polynomial is given
by

det [sIf(AfgcT)] :H(sféi) .

i=1

The determination of the design parameter is solved in an elegant way by observing that the characteristic
polynomial of a matrix is invariant to transposition. Therefore, the above equations can be rewritten
with transposed matrices as:

AT:AchgT

det sI—(AT—ch)} =H(s—§i) .

i=1
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A comparison of these equations with those of the state-feedback controller do not show structural
differences. Instead of A now AT, instead of b now ¢ and instead of f now § is used. Therefore, an
observer design is the same task as designing the feedback

ut(t) = —g " &(t)

for the system

E(t) = ATE(t) +ey(t) -

Such a system is called a dual system. For this dual system the same design procedure as for the state-
feedback controller can be applied, i.e. the design of a state-feedback controller of a dual system is the
same as the design of an observer for the original system. Therefore, designing an observer, one takes
the dual system and designs a state-feedback controller according to section 13.3. The resulting feedback
vector is then the required parameter vector g of the observer.

13.5 Combined observer-controllers

One is led to the observer problem because of the need to obtain the states for use in the controller.
Now, only the asymptotically correct estimates &(t) of the states (t) rather than the states themselves
are available. A natural question is whether the previous result on pole placement via state feedback
will continue to hold when these estimates of the actual states are available. There is no other option
available than to see what happens with the observer and controller.

In the steady state there should clearly be no loss in using the asymptotic observer, since the error in
the estimates will be zero. The question for the present scheme is whether the incorporation of the
observer dynamical system into the feedback loop will affect the stability of the overall system. That is,
interconnections of stable subsystems may lead to unstable overall systems.

The following analysis on stability is performed by setting up the joint observer-controller system of
Figure 13.5.1. For this scheme the equations for the overall system can be written down by inspection as

plant
w Uy 4 U r=Azxz+bu Yy
'y y=c x
2= Az+but gy
—u
@

_fT

observer-controller

Figure 13.5.1: Basic structure of a combined observer-controller

&(t) = Ax(t) —bfla(t) +bvu(t) x(ty) initial condition
z(t)=gctx(t) + [A —gct - bfT} &(t) + bvu(t) @(tp) initial condition .

To study the overall system in terms of the state x(t) and its error &(¢) the second equation is subtracted
from the first, and one obtains

x(t) = [A - bfT} xz(t)+bf & +bvou(t) wx(to) initial condition

z(t) = [A—gc'] &(t) Z(to)initial condition
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which in matrix form can be written

[igﬂ _ {A fob £7 Abf;cT} [im + [bov} w(t) {gggﬂ initial condition .

As the system matrix of the above overall system has a triangular block form, the characteristic polynomial

of the overall system

det [sI(AbfT) —bft ]

0 sI—(A—-gc"h)

is just the product of the characteristic polynomial of the observer and the characteristic polynomial of
the controlled system
det [sI — (A —bf")] det[sI—(A—gcT)]

assuming perfect knowledge of the states.

This is nice, because it means that the natural frequencies or modes of the overall system can always be
arranged to be stable. In fact, they can be chosen completely arbitrarily.

Another useful consequence is that the controller and observer can be designed independently of each
other. Whether the true states are available, or only asymptotically correct estimates of the states, is
immaterial to the calculation of the feedback vector f. Similarly, the dynamics of the observer can be
calculated from knowledge of A and ¢ without consideration of whether the observer is to be combined
with a feedback controller or not. This is the so-called separation property of the observer-controller
design procedure.

13.6 Example of a state-feedback control system

For a 2nd-order plant, described by

B;EE;] B Ll) 85] {28] + [i} u(t) + [2} 21(t)

and

with the disturbance

and the initial condition

a state-feedback controller with and without observer is to be designed so that the poles of the closed-loop
system are s; = so = —3. The eigenvalues of the observer are given as §; = 55 = —8.

The plant is unstable and has the eigenvalues at 1.0 and -0.5. The desired characteristic polynomial with
the zeros s1 = so = —3 as the given poles is from Eq. (13.3.1)

P(s)=(s+3)(s+3)=9+6s+5>.
The controllability matrix is

S=[b Ab}[ : ﬂ

and its inverse
g1 _ 0.0417  0.0833
~10.0833 —0.0833

The last row of the inverse is
ty = [0.0833 —0.0833] .
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With this data, the feedback vector using Ackermann’s formula Eq. (13.3.23) is

e 1 B Y BT

16 0

= [0.0833 —0.0833] {0 695

} = [1.3333 —0.5208] .

The feedforward gain according to Eq. (13.1.19) is

= ! 1

2 1] ([(1) 85] - {2] [1.3333 0.5208]) [S]
— ! —

2 1] ([_196.6(?(?677 g:éggﬂ) {2]

- o 1] [0.407:11 0.4630] [8}

1.1852 —1.0741| |8
= 0.5625 .

For the observer design the dual system

&(t) 10 ] [&) 2
. = t
LCQ(t) 0 —05] |&@)]| T -1 v®
is used. The desired characteristic polynomial with the zeros §; = §3 = —8 as the given eigenvalues of
the observer is from Eq. (13.3.1)

P(s)=(s+8)(s+8) =64+ 165+ s> .

The controllability matrix of the dual system is

S=[c ATc| = [_21 0?5}

and its inverse
g1 — 0.1667 —0.6667
~10.3333  0.6667

The last row of the inverse is
t} = [0.3333  0.6667] .

With this data, the feedback vector using Ackermann’s formula Eq. (13.3.23) is

T _ 10 10 1 0]t o
9" =[0.3333 0.6667] {64 [o _0.5]+16 {o 4.5}*[0 _0.5} {0 _0.5]}

81 0

= [0.3333  0.6667] [0 “6.95

]: o7 375] .
The observer system matrix is
U | 0 | |27 1 |7983 27
A=A-ge _[0 0.5} [37.5} 2 1]_[75 37}
and, finally, the following observer equation is obtained:
z1(0)]  [-53 27] [#1(t) 8 27
|:gé2(t):| = [75 37) |aa(t)] F (8] U0 T |37.5] YO

Figure 13.6.1 shows the time responses of the state-feedback control system with and without observer.
The responses are divided into three periods. The control system is started at ¢ = 0s and until ¢ = 3s
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the decay of the observing error is demonstrated. At t = 3s one can see the behaviour of the system
following the change in the set point w(¢). Then from ¢ = 6s the disturbance z/(t) is active and one can
see the disturbance behaviour. The observer is started at t = 0s with zero initial conditions, whereas the
plant state is not zero. The estimated states in Figure 13.6.1c and 13.6.1d converge asymptotically to the
real states and the value of w(t) = 1 is reached by the controlled variable y(¢) as shown in Figure 13.6.1b.
The control system follows the set-point change from from 1 to 4 applied at ¢ = 3s. However, due to the
proportional behaviour of the open-loop system the controlled variable y(t) shows a large steady-state
error after the disturbance is applied at t = 6.

The control structure used does not show the desired static behaviour with a vanishing control error
under disturbances. Therefore, a state-feedback controller with an integrator is required to cope with the
disturbance problem. For the modified control structure according to Figure 13.2.1 one has to design a
state-feedback controller for the extended system according to Egs. (13.2.5) and (13.2.6):

&1 (t) 1 0 0] [z1(¢) 8 0
2(t)| = |0 =05 Of |z2(t)| + |8 w(®t)+ | O | w(t) .
é(t) 2 -1 0 e(t) 0 -1
The initial condition is now
)
z(0)= |5
0
For the eigenvalues of the closed-loop system a third value must be given, as the additional state €(t)
of the integrator is introduced. For simplicity the choice s; = so = s3 = —3 is taken and the desired

characteristic polynomial is

P(s)=(5+3)(s+3)(s+3)=27T+275+95% +5°.

The controllability matrix is

8 8 8
S=[b" A" A”b]|=|8 —4 2
0 8 20

and its inverse

0.0625  0.0625 —0.0313
S~ =10.1042 —0.1042 —0.0313
—0.0417 0.0417  0.0625

The last row of the inverse is
t; = [—0.0417 0.0417 0.0625] .

With this data, the feedback vector using Ackermann’s formula Eq. (13.3.23) is
64 0 0

F7=[-0.0417 0.0417 0.0625] |0 15.625 0
74 2275 27

= [1.9583 —0.7708 1.6875] .
From this the feedback vector of the state-feedback is
' =[1.9583 —0.7708]

and the feedforward gain
v =1.6875.

As the state of the integrator is known, the same observer can be used as in the case without integrator.

Figure 13.6.2 shows the time responses of the same experiment as in Figure 13.6.1. The responses in
the first and second period are similar, the amplitudes are somewhat larger and due to the additional
integrator the response on set-point changes is slower, but there is no steady-state error on disturbances.
This is for the case with and without observer, though the observer shows a steady-state error when the
disturbance z/(t) is active.
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44 with observer (a)
2 4
0 i k s

-4 without observer

w(t),y(t),4

without observer
8 w(t)

4 / N
0 \_~~—— with observer 2'(1)

without observer
with observer

o 1 2 3 4 5 6 7 8 s 9

(d)

~ ¥

without observer
with observer

0 1 3 3 A 5 6 7 8 s 01

Figure 13.6.1: Time responses of the state-feedback control system without integrator,
(a) manipulated variable wu(t),

(b) controlled value y(t), set point w(¢) and disturbance z/(t),

(c) state x1(t) and its estimate &1 (t),

(d) state z2(t) and its estimate Zo(t)
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Demonstration Example 13.1
A virtual experiment using state-feedback control of a tank system

Demonstration Fxample 153.2
A virtual experiment using state-feedback control of a VTOL



http://virtual.cvut.cz/experiments/tank.html
http://virtual.cvut.cz/experiments/vtol.html
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44 with observer (a)
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-4 without observer
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(1) (b)

without observer
81 w(t)

o
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0 \
\P with observer 2(t)
4 ; ; ; ; ‘ ;

without observer
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AV s s 6 1 8 s 0%
,(1),3,(t) @
10 I,(t)
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Figure 13.6.2: Time responses of the state-feedback control system with integrator,
(a) manipulated variable wu(t),

(b) controlled value y(t), set point w(t) and disturbance z/(t),

(c) state 1 (t) and its estimate 21 (t),

(d) state z2(t) and its estimate Zo(t)



Module 14

Introduction to fuzzy techniques
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Module overview. This is an introductory module to explain what the term fuzzy is and why fuzzy
logic is used to solve control problems. First, the difference between the crisp binary valued logic and the
fuzzy logic is explained by introducing the grade of truth. This is deepened by considering control system
design with unknown information and with descriptions using rules and linguistic terms. The main ideas
of the fuzzy control methodology is sketched and summarised in five steps, which are followed in the other
modules.

Module objectives. When you have completed this module you should be able to:

1. Understand the basic ideas of fuzzy logic.
2. Understand the main objectives of control system design using fuzzy logic.

3. Understand the basic ideas of fuzzy control.

Module prerequisites. Boolean algebra.

14.1 Crisp and fuzzy logic

Fuzzy logic forms a bridge between the two areas of qualitative and quantitative modelling. Although
the input-output mapping of such a model is integrated into a system as a quantitative map, internally
it can be considered as a set of qualitative linguistic rules. Since the pioneering work of Zadeh in 1965
and Mamdani in 1975, the models formed by fuzzy logic have been applied to many varied types of
information processing including control systems.

The term Fuzzy Logic is a misnomer. It implies that in some way the methodology is vague or ill-defined.
This is in fact far from the case. Fuzzy logic just evolved from the need to model the type of of vague or
ill-defined systems that are difficult to handle using conventional binary valued logic, but the methodology
itself is based on mathematical theory.

We are all familiar with binary valued logic and set theory. An element belongs to a set of all possible
elements and given any specific subset, it can be said accurately, whether that element is or is not a
member of it. For example, a person belongs to the set of all human beings, and given a specific subset,

14-1
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such as all males, one can say whether or not each particular person (element) belongs to this set. This
is appealing since it seems to describe the way human reason. Collecting many elements into sets allows
to describe many occurrences with few rules. For example, the simple statement

IF person is male AND a parent THEN person is a father

applies to many people across the world with complete precision. The rules are formed using operators.
Here, the intersection operator AND is used, which manipulates the sets.

Unfortunately, not everything can be described using binary valued sets. The classifications of persons
into males and females is easy, but it is problematic to classify them as being tall or not tall. The set of
tall people is far more difficult to define, because there is no distinct cut-off point at which tall begins.
This is not a measurement problem, and measuring the height of all elements more precisely is not helpful.
Such a problem is often distorted so that it can be described using the well-known existing methodology.
Here, one could simply select a height, e.g. 1.80m, at which the set tall begins, see Figure 14.1.1a. The
output of a reasoning system using this definition would not be smooth with respect to the height of a
person. A person of height 1.79m would produce a different output than a person of 1.81m. In human
reasoning this property is not observed and it is also undesirable for reasoning systems that are part of
a control system.

Fuzzy logic was suggested by Zadeh as a method for mimicking the ability of human reasoning using
a small number of rules and still producing a smooth output via a process of interpolation. It forms
rules that are based upon multi-valued logic and so introduced the concept of set membership. With
fuzzy logic an element could partially belong to a set and this is represented by the set membership. For
example, a person of height 1.79m would belong to both tall and not tall sets with a particular degree
of membership. As the height of a person increases the membership grade within the tall set would
increase whilst the membership grade within the not tall set would decrease, see Figure 14.1.1b. The
output of a fuzzy reasoning system would produce similar results for similar inputs. Fuzzy logic is simply
the extension of conventional logic to the case where partial set membership can exist, rule conditions
can be satisfied partially and system outputs are calculated by interpolation and, therefore, have output
smoothness over the equivalent binary-valued rule base. This property is particularly relevant to control
systems.

A grade of truth (@) A grade of truth (b)

1 no\t tall tall 1 no\f tall tall
0 - » 0 ; >
1.80m helght T 1.80m helght T

Figure 14.1.1: The difference between the grade of truth in (a) binary valued logic {0, 1} and (b) fuzzy
logic [0, 1]

A fuzzy logic control system is one that has at least one system component that uses fuzzy logic for its
internal knowledge representation. Although it is possible for fuzzy systems to communicate information
using fuzzy sets, most applications have a single fuzzy system component communicating with conven-
tional system components via deterministic values. In this case, and also in this chapter, fuzzy logic is
used purely for internal knowledge representation and, externally, can be considered as any other system
component.

Demonstration Fxample 14.1
Tumbler full or empty ?

Demonstration Example 14.2
The fuzzy set of full and empty tumblers



http://www.atp.rub.de/DynLAB/dynlabmodules/Examples/WhatIsFuzzy/TumblerFullOrEmpty.html
http://www.atp.rub.de/DynLAB/dynlabmodules/Examples/WhatIsFuzzy/TheTumblerFuzzySet.html
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14.2 Why use fuzzy logic for control ?

Controlling a system means that some characteristics of this system are monitored, and, depending on
the values of these characteristics, different controls are applied. An algorithm that transforms sensor
inputs into corresponding control values is called a control strategy. The previous chapters deal with the
traditional approach of control systems design that consists of the following:

e First, one tries to to describe the behaviour of the system in precise mathematical terms, i.e., one
comes up with the exact model of the system.

e Second, one tries to describe in precise terms what one wants to achieve. One wants the control
that is the best in the sense of some criterion.

e Now that the controlled system is described in precise mathematical terms, and the objective
function is described in the same manner, it can be determined for each control strategy and for
each initial state how exactly the system will change and what the resulting value of the control will
be. The main goal is then to find the control strategy for which the resulting value of the objective
function is the largest possible one. This is a well-defined mathematical optimisation problem, and
traditional control theory has developed many methods for solving this problem and designing the
corresponding control strategies.

Traditional control theory has many important applications. There are, however, practical cases when
this theory is not applicable. Indeed, to apply the traditional control theory, one must

e know the model of the controlled system,
e know the objective function formulated in precise terms, and

e be able to solve the corresponding mathematical design problem.

If one of these conditions is not satisfied, then traditional control methodology is not applicable, as in
the following cases:

e Sometimes, the model and the objective function is known, but the design problem cannot be
solved. This is when the design problem is very complicated, time consuming or when the problem
is new and algorithms for solving it have not yet been developed. For example, parking a car is an
example of a problem that traditional control theory has not considered until recently.

e Sometimes, the model is known, but the objective function is unknown. For example, if a control
system for a vehicle is designed, the intended goal is to make the ride most comfortable, but there
is no well-accepted formalism of what comfortable means.

e Sometimes, one does not even know the model of the controlled system. In many practical applica-
tions one can in principle measure all the possible variables and determine the model exactly, but
this will increase the cost drastically. In other practical situations, the main goal of the controlled
system is to explore the unknown, e.g., to control a rover over a terrain of unknown type, or to
control surgery instruments. In such situations, the entire objective of the control is to learn as
much about the system, and one cannot have a precise model of this system before the control is
over.

If traditional control methodology cannot be applied, how can one control? Often, there is an additional
expert knowledge available, for example, expert operators who successfully control the desired system.
Expert operators know how to operate a plant. Therefore it is desirable to extract the control rules from
the expert and use this knowledge in an automatic control system. At first glance, the problem seems
very simple. Since the person is a real expert, one simply ask her multiple questions like “suppose that
21 is equal to 1.2, x5 is equal to -2.7, ..., what is u 77 After asking all these questions, one will get many
pattern, from which one will be able to extrapolate the function f(z1,...,22) using one of the known
methods. Alas, there are two problems with this idea:
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e There is a computational problem. Since one needs to ask a question for each combination of sensor
readings, one may end up having to ask too many questions that takes years.

e There is a more serious problem that makes it in most cases impossible to implement. If one asks
a car driver a question like “you are driving at 80km/h when a car which is 20m in front of you
slows down to 50 km/h, for how many seconds do you hit the brakes?”, nobody will give a precise
number.

An expert cannot usually express his knowledge in precise numerical terms, like “hit the brakes for 1.27s”,
but he can formulate his knowledge by using words from natural language. The knowledge, which one can
extract from an expert consists of statements like “if the velocity is a little bit smaller than maximum,
hit the breaks for a while”.

For the fuzzy control methodology one has to

e know the expert’s control rules formulated by words from natural language and
e one wants to produce a precise control strategy.
The methodology that transform the informal expert control rules into a precise control strategy is called

fuzzy control. The idea was first proposed by Zadeh, and the methodology itself was first proposed and
applied by Mamdani. In this chapter it is described exactly how this transformation is done.

14.3 Ideas of the fuzzy control methodology

Before coming to the details, the main ideas of fuzzy control methodology on the example of a situation
will be illustrated in which everyone feels himself an expert. One of the most widely used control systems
is the simplest rule-based system imaginable, a thermostatic temperature controller. This rule-based
system operates with two rules:

(1) IF temperature is below set point THEN heat is on
(2) IF temperature is above set point THEN heat is off

The success of this controller is due to the combination of the properties, that it is simple, robust and
does not require a complex process model. The model is: when the heat is on, the temperature rises
slowly, and when the heat is off, the temperature falls slowly.

The two IF-THEN clauses above can also be formally rewritten as
IF 2 is A, THEN v is B, forr=1,2

In the thermostat example there is only one input variable (linguistic variable), the temperature z. In
the general case, there are several input variables x1,...,2,, so, in addition to the logical connective
IF-THEN, another logical connective is needed, AND. Then the IF-THEN clauses are

IF z1is A,y AND x5 is A,o ... AND =z, is A, THEN w is B, .

Here, r = 1, ..., R is the rule number, and A,; and B, are words from natural language (linguistic terms),
like “below set point”, “on”, “small”, “large”, “approximately 1.5”, etc. If the standard mathematical
notation for IF-THEN and AND is used, the above rules can be re-formulated as follows:

Ar1(z1) AN Apa(22).oc N App (2) — Br(u) (14.3.1)

where r = 1,..., R. The set of rules is usually called a rule base. The left-hand side of a rule is called
premise, the right-hand side conclusion and the rule itself implication.

The general idea is to represent the rule base in a computer. It has a clear structure. A rule base consists
of rules and each rule, in its turn, is obtained from properties expressed by linguistic variables and terms
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and using logical connectives. In view of this structure, it is reasonable to represent the rule base by first
representing the basic elements of the rule base, premises and conclusions, and then by extending this
representation to the rule base as a whole. It makes sense to use the following steps in the methodology:

1. Representation of the basic properties A.;(z;) and B;(u).
2. Representation of the logical connectives.

3. The representations of the basic properties and of the logical connectives is used to get the repre-
sentations of all the rules.

4. Combination of the representations of different rules into a representation of a rule base.

As a result of these four steps, one obtains an expert system that can give advise for a specialist, who has
to make a decision. In control, a system to automatically make a decision based on its own conclusions
is wanted. Therefore, for control situations, a fifth follow-up step is needed:

5. Based on facts for x; and on the rule base a reasoning procedure makes a decision.

In the following section from the very beginning it is described how these five steps are implemented.
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Basics of fuzzy sets

Module units
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15.5 Fuzzy composition . . . . . . . . .0 o e e e e e 15-8

Module overview. Fuzzy set theory is an extension of classical set theory. Under this aspect the term
of the membership function is introduced. The operations with fuzzy sets are introduced and explained
and illustrated using membership functions. Starting with elementary operators for fuzzy sets, more
complicated operators for modelling of rule bases and reasoning processes are introduced. Interactive
demonstration examples round off the module.

Module objectives. When you have completed this module you should be able to:

1. Describe fuzzy sets using membership functions.
2. Operate with fuzzy sets.
3. Model rules using fuzzy sets.

4. Reason using a rule and a fact.

Module prerequisites. Basics about fuzzy logic.

15.1 Fuzzy sets

In the classical set theory a set can be represented by enumerating all its elements using

A= {a15a25a3a"' 7a/'n} .
If these elements a;(i = 1,--- ,n) of A are together a subset of the universal base set X, the set A can
be represented for all elements z € X by its characteristic function
1 ifzeAd
x) = 15.1.1
Ha (@) {0 otherwise . ( )

In classical set theory pa(x) has only the values 0 (“false”) and 1 (“true”), so two values of truth. Such
sets are also called crisp sets.

15-1
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Non-crisp sets are called fuzzy sets, for which also a characteristic function can be defined. This function
is a generalisations of that in Eq.(15.1.1) and called a membership function. The membership of a fuzzy
set is described by this membership function pa(x) of A, which associates to each element xzy € X a
grade of membership 1A (o). In contrast to classical set theory a membership function pa (z) of a fuzzy
set can have in the normalised closed interval [0, 1] an arbitrary grade of truth, see introductory section
14 and Figure 14.1.1. Therefore, each membership function maps elements of a given universal base set
X, which is itself a crisp set, into real numbers in [0, 1]. The notation for the membership function pa (x)
of a fuzzy set A

A: X —[0,1] (15.1.2)

is used. Each fuzzy set is completely and uniquely defined by one particular membership function.
Consequently symbols of membership functions are also used as labels of the associated fuzzy sets. That
is, each fuzzy set and the associated membership function are denoted by the same capital letter. Since
crisp sets and the associated characteristic functions may be viewed, respectively, as special cases of fuzzy
sets and membership functions, the same notation is used for crisp sets as well, see Figure 15.1.1

u A
He () ()

1.0

C F
0.5

Figure 15.1.1: Membership functions of a crisp set C and a fuzzy set F

The base set X' is introduced first above as a universal set. In practical applications, physical or similar
quantities are considered that are defined in some interval. When such quantities are described by sets,
a base sets can be generalised seamless to a crisp base set X that exists in a defined interval. This is a
generalisation of fuzzy sets.

Base sets are not always crisp sets. Another generalisation is that the base set is itself a fuzzy set. This
is necessary for multi-dimensional fuzzy sets, which are discussed later in this chapter.

15.2 Membership functions

The membership function pa(z) describes the membership of the elements z of the base set X in the
fuzzy set A, whereby for pua(z) a large class of functions can be taken. Reasonable functions are often
piecewise linear functions, such as triangular or trapezoidal functions.

The grade of membership pa (o) of a membership function pa () describes for the special element z = o,
to which grade it belongs to the fuzzy set A. This value is in the unit interval [0, 1]. Of course, z¢ can
simultaneously belong to another fuzzy set B, such that up(zg) characterises the grade of membership of
xp to B. This case is shown in Figure 15.2.1.

Demonstration Example 15.1
Colour as a fuzzy set

Interactive Questions 15.1
Test yourself here

In the following, a set of important properties and characteristics of fuzzy sets will be described.
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A
H Ha Hp
1.0+
054 / JINED,
#(%,) -
0 T Tz

Figure 15.2.1: Membership grades of x in the sets A and B: pa(xzg) = 0.75 and pp(zo) = 0.25

Having two fuzzy sets A and B based on X', then both are equal if their membership functions are
equal, i.e.
A=BS pa(z) =pp(z), z€X. (15.2.1)

The universal set U is defined as
po(z) =1, zeX. (15.2.2)

The height of a fuzzy set A is the largest membership grade obtained by any element in that set,
ie.
hgt(A) = sup pa(x) . (15.2.3)
zeX
A fuzzy set A is called normal when hgt(A) = 1, and it is subnormal when hgt(A) < 1.

The support of a fuzzy set A is the crisp set that contains all the elements of X that have nonzero
membership grades in A, i.e.

supp(A) = {z € X | pa(z) > 0} . (15.2.4)

An illustration is shown in Figure 15.2.2.

HA
1_.
i __core
bound a c 'd d x
oundary —, oundary
P support -

Figure 15.2.2: Some characteristics of a membership function

e The core of a normal fuzzy set A is the crisp set that contains all the elements of X that have the

membership grades of one in A, i.e.

core(A) ={z € X |pa(z) =1} . (15.2.5)

e The boundary is the crisp set that contains all the elements of X that have the membership grades

of 0 < pa(z) <1lin A, ie.
bnd(A) ={z € X |0 < pa(z) <1} . (15.2.6)
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Having two fuzzy sets A and B based on X', then both are similar if

core(A) = core(B) and supp(A) = supp(B). (15.2.7)

e If the support of a normal fuzzy set consists of a single element xy of X', which has the property
supp(A) = core(A) = {zo} (15.2.8)

this set is called a singleton.

The type of representation of the membership function depends on the base set. If this set consists
of many values, or is the base set a continuum, then a parametric representation is appropriate. For
that functions are used that can be adapted by changing the parameters. Piecewise linear membership
functions are preferred, because of their simplicity and efficiency with respect to computability. Mostly
these are trapezoidal or triangular functions, which are defined by four and three parameters, respectively.
Figure 15.2.2 shows a trapezoidal function formally described by

0, r<a,r>d
=2 a<zx <D
z,a,b,c,d) = bme’ T =7 = , 15.2.9
i ) 1, b<zx<e ( )
L c<w<d

which migrates for the case b = ¢ into a triangular membership function. For some applications the mod-
elling requires continuously differentiable curves and therefore smooth transitions, which the trapezoids
do not have. Here, for example, three of these functions are mentioned, which are shown in Figure 15.2.3.
These are

Figure 15.2.3: Membership functions with smooth transitions (Egs.(15.2.10) to (15.2.12))

e the normalised Gaussian function (Figure 15.2.3a)

_(@=0?
wlz, (o) =e 207, (15.2.10)

e the difference of two sigmoidal functions (Figure 15.2.3b)

—1 —1
p(x, a1, Cry00,G) = [1 + e—"‘l(w—@l)} - [1 + e_‘”(”_@)} (15.2.11)

and

e the generalised bell function (Figure 15.2.3¢c)

N(Iaaaﬁag) = 1+‘I—_C
«

2871
] . (15.2.12)

Interactive Questions 15.2
What are linguistic terms?
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15.3 Elementary operators for fuzzy sets

The basic connective operations in classical set theory are those of intersection, union and complement.
These operations on characteristic functions can be generalised to fuzzy sets in more than one way.
However, one particular generalisation, which results in operations that are usually referred to us as
standard fuzzy set operations, has a special significance in fuzzy set theory. In the following, only the
standard operations are introduced. The following operations can be defined:

e The fuzzy intersection operator N (fuzzy AND connective) applied to two fuzzy sets A and B with
the membership functions pa(x) and pg(x) is

panp(z) = min{pa (x), ug(x)}, € X . (15.3.1)

e The fuzzy union operator U (fuzzy OR connective) applied to two fuzzy sets A and B with the
membership functions pa(x) and pp(z) is

uaus(x) = max{pa(x), up(z)}, € X . (15.3.2)

e The fuzzy complement (fuzzy NOT operation) applied to the fuzzy set A with the membership
function pa () is
pa(z) =1—pa(z), zeiX. (15.3.3)

Whilst the operations according to Eqgs. (15.3.1) and (15.3.2) are based on min/max operations, the
complement is an algebraic one. Union and intersection can also be defined in an algebraic manner but
giving different results as:

e The fuzzy intersection operator N (fuzzy AND connective) can be represented as the algebraic
product of two fuzzy sets A and B, which is defined as the multiplication of their membership
functions:

pans(z) = pa(z)us(z), € X . (15.3.4)

e The fuzzy union operator U (fuzzy OR connective) can be represented as the algebraic sum of two
fuzzy sets A and B, which is defined as:

navn (@) = jia (@) + (@) — pa() ps (@), we X . (15.3.5)

Demonstration Example 15.2
What is Fuzzy AND 7

Demonstration Example 15.8
What is Fuzzy OR ?

Demonstration Example 15.4
What is Fuzzy NOT ?

The standard connective operations for fuzzy sets are now defined. As one can easily see, these operations
perform precisely as the corresponding operations for crisp sets when the range of membership grades is
restricted to the set {0,1}. That is, the standard fuzzy operations are generalisations of the corresponding
classical set operations. However, they are not the only possible generalisation. As shown above, the
fuzzy intersection, union and complement are not unique operations, contrary to their crisp counterparts.
Different functions may be appropriate to represent these operations in different contexts. The capability
to determine appropriate membership functions and meaningful fuzzy operations in the context of each
particular application is crucial for making fuzzy set theory practically useful.

When fuzzy operators are later applied within more complex fuzzy logic operations for rules and fuzzy
reasoning, one has to take care of the right combinations of fuzzy operations. For example, in classical
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set theory, the operations of intersection and union are dual with respect to the complement in the sense
that they satisfy the De Morgan laws

ANB=AUB and AUB=ANB.

It is desirable that this duality be satisfied for fuzzy sets as well. Other combinations need equivalences for
commutativity, associativity and distributivity. From Table 15.3 the type of operations can be determined
for which operations are valid. Only distributivity is not given in the arithmetic case. Therefore, one has
to be careful in applications where arithmetic operations are performed.

Table 15.3.1: Validity of fuzzy equivalences

max/min | arithmetic
it AUB=BUA “ «
commutativity . o
. AU(BUC)=(AUB)UC
associativity * *
NBNC)=ANB)NC
distributivit uBNC)=(AUB)N(AUC) N
SV An(BUC) = (ANB)U(ANC)
UB)=ANB
De Morgan M f _ * *
(ANB)=AUB

Interactive Questions 15.3
What do you know from fuzzy operators ?

Interactive Questions 15./
The fuzzy NOT properties

15.4 Fuzzy relations

In the introduction to the fuzzy control methodology, section 14.3, rules have been introduced, which in
mathematical notation are connective operations over fuzzy sets. For example, the operations on premises
in Eq.(14.3.1) can be handled for each rule already by the elementary standard operators introduced in
section 15.3. The means are now available to handle steps 1 and 2 of the methodology. But to cope with
step 3 something more is needed to complete the modelling of rules. That is now added in this section.

First, relations are explained by a simple example from daily life using discrete fuzzy sets. Let us describe
the relationship between the colour of a fruit z and the grade of maturity y and characterise the linguistic
variable colour by a crisp set X with three linguistic terms as

X = { green, yellow, red} |
and similarly the grade of maturity as
Y = { verdant, half-mature, mature} .

One knows that a crisp formulation of a relation X — ) between the two crisp sets would look like this
in tabular form:

|verdant half-mature  mature

green 1 0 0
yellow 0 1 0
red 0 0 1



http://www.atp.rub.de/DynLAB/dynlabmodules/Examples/FuzzyLogic/FuzzyOperators.html
http://www.atp.rub.de/DynLAB/dynlabmodules/Examples/FuzzyLogic/FuzzyNotProperties.html

15.4. FUZZY RELATIONS 15-7

The zeros and ones describe the grade of membership to this relation. This relation is now a new kind
of crisp set that is built from the two crisp base sets X and ). This new set is now called R and can be
expressed also by the rules:

(1) IF the colour is green THEN the fruit is verdant
(2) IF the colour is yellow THEN the fruit is half-mature
(3) IF the colour is red THEN the fruit is mature

As can be seen from this example, a relation, which is called a rule or rule base, can be used to provide
a model.

Demonstration Example 15.5
Test this with your own tomatoes

This crisp relation R represents the presence or absence of association, interaction or interconnection
between the elements of these two sets. This can be generalised to allow for various degrees of strength
of association or interaction between elements. Degrees of association can be represented by membership
grades in a fuzzy relation in the same way as degrees of the set membership are represented in a fuzzy
set. Applying this to the fruit example, the table can be modified to

|verdant half-mature  mature

green 1 0.5 0
yellow 0.3 1 0.4
red 0 0.2 1

where there are now real numbers in [0, 1]. This table represents a fuzzy relation and models the connec-
tives in a fuzzy rule base. It is a two-dimensional fuzzy set and the question now is, how can this set be
determined from its elements.

Demonstration Example 15.6
Test this with your own strawberries

In order to do this, the elements are generalised. In the above example, the linguistic terms where
treated as crisp terms. For example, when one represents the colours on a colour spectrum scale, the
colours would be described by their spectral distribution curves that can be interpreted as membership
functions and then a particular colour is a fuzzy term. Treating also the grades of maturity as fuzzy
terms, the above relation is a two-dimensional fuzzy set over two fuzzy sets. For example, taking from
the fruit example the relation between the linguistic terms red and mature, and represent them by the
membership functions as shown in Figure 15.4.1a, a fruit can be characterised by the property red AND
mature. This expression can be re-written in mathematical form using elementary connective operators
(see Egs. (15.3.1) or (15.3.4)) for the membership functions by

pr(z,y) = min{pa(2), s (y)} (15.4.1)

pr(z,y) = pa(z) ps(y) - (15.4.2)

Figure 15.4.1b shows a 3-dimensional view of these two fuzzy terms and Figure 15.4.1c the result of the
connective operation according to Eq.(15.4.1). This result combines the two fuzzy sets by an operation
that is a Cartesian product

R:XxY—[0,1]. (15.4.3)

From this example it is obvious that the connective operation in a rule for the — operation is simply per-
formed by a fuzzy intersection in two dimensions. For this, both intersection operators from Egs. (15.3.1)
or (15.3.4) can be used.

Combining rules into a rule base the example from above may help when it is rewritten as
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N Hp A
1- red (a) N mature
A B
0.5 0.5
0 > 0 - B
colour x maturity y

Figure 15.4.1: Relation between two fuzzy sets: (a) membership functions, (b) 3-D view of the member-
ship functions, (c) membership function of the relation after applying the min operation to (b)

(1) IF the colour is green THEN the fruit is verdant

OR

(2) IF the colour is yellow THEN the fruit is half-mature
OR

(3) IF the colour is red THEN the fruit is mature

which describes in a linguistic way a union of three rules. For the complete rule base R one can combine
the relations formed for each individual rule with a fuzzy union operator, which is the fuzzy OR according
to Eqs. (15.3.2) or (15.4.1).

Now, step 4 of the methodology introduced in section 14.3 can be specified by taking the rule base from
Eq. (14.3.1) and applying the union operator by writing the rule base with max/min operators as follows:

IU‘R(:Ela T2,... ,:L‘n,u) = mﬁx{min{upr(xl,xg, s 71'71); UB, (U)}} ) (1544)

where pp, (21, x2,...,2,) is the premise of the rth rule. This representation is the standard max/min
representation of a rule base that will be later used for fuzzy controllers. Instead of the max/min
representation a so called max-prod representation is also usual, where the algebraic product

PR(T1, 22, - Ty u) = max{pp, (21,22, ., n) pm, (1)} (15.4.5)

is used to build the relation between the premise and the conclusion.

15.5 Fuzzy composition

In order to make step 5 of the methodology introduced in section 14.3, a reasoning method is needed.
Explaining reasoning by the fruit example, it is assumed that one has a crisp fact: a green fruit. The
decision from the rule base is obvious: the fruit is verdant, and this is similar for the other facts: yellow
and red. But if one has a fact like: the fruit is orange, one does not know how to determine which rule
fires the decision and what the decision is. In the following, a new fuzzy operation type is introduced,
that allows to operate with a given fact and a fuzzy relation to produce an output that represents the



15.5. FUZZY COMPOSITION 15-9

decision in a fuzzy way. This operation is called fuzzy reasoning, which is a special case of the more
general operation called fuzzy composition.

Two relations of the form given in Eq. (15.4.3)

R:X xY—[0,1]

S§:YxZ—][0,1], (15.5.1)

can be composed to one relation
T:XxZ—-10,1]. (15.5.2)

This process is known as composition and, using the max and min operators for union and intersection,
one can express the composition operation 7 = R o § by the corresponding membership functions as
follows:

pr (@, 2) = mas{min{ug (2, y), ps(y, )1} - (15.5.3)

When one takes the above fruit example again with the colour-maturity relation R

R | verdant  half-mature mature
green, 1 0.5 0
yellow 0.3 1 0.4

red 0 0.2 1

and define for & a maturity-taste relation

S sour tasteless sweet
verdant 1 0.2 0
half-mature | 0.7 1 0.3
mature 0 0.7 1

then by applying Eq. (15.5.3) to the elements of these two tables, the following is obtained:

T =R oS8 | sour tasteless sweet

green 1 0.5 0.3
yellow 0.7 1 0.4
red 0.2 0.7 1

When the fuzzy set S is now interpreted as a rule base and the fuzzy set R as a fact obtained from some
measurement data, then the fuzzy set 7 is the result from the reasoning process, which is in this case a
relation.

Demonstration Example 15.7
Before you continue taste your fruits

In the following, first, a one-dimensional crisp fact is taken. Define the fruit colour green as a fact by the
singleton
c'={1 0 0},

where the numbers are the intensity grades of the colours green, yellow and red. When one calculates
the composition 7/ = C’ o R by applying Eq. (15.5.3), where in this case the first operand has only one
dimension, the fuzzy set for the maturity

T'={1 05 0}

is obtained. The result is obvious from the first rule of the rule base R. When a different colour is taken
than included in the rule base entries, say orange as

c'={0 05 05},
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then there is no problem to obtain the value for the maturity
7'={03 05 05}

by applying the composition formula. The reasoning process is now solved.

In the same manner as relations can be composed, the one-dimensional facts can be composed with the
rule base to realise the reasoning operation. This can now be precisely re-formulated for the general case
of a rule base according to Eq. (14.3.1).

If for the rule base
R:Xx)Y—][0,1]

its membership function is described by Eq. (15.4.4) or (15.4.5) and if there is a fact described by the

fuzzy set
A X —[0,1]

and its membership function pas(x), the result
B=A0oR:Y—[0,1]
of the fuzzy reasoning is represented by the membership function

pe (y) = max{min{pua: (@), pr (2, y)}} - (15.5.4)
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Module overview. The idea of a fuzzy system is introduced in this module. Its main components are
described and discussed in detail using examples. The results from the fuzzification module drives the rule
base. The fuzzy inference machine is developed which solves the reasoning. The methods to transform the
fuzzy results of the reasoning process to crisp data is shown in detail. The mainstream in the fuzzy system
of this module is the Mamdani approach which needs the defuzzification step, but the Takagi-Sugeno-type
of fuzzy system is also introduced which avoids defuzzification.

Module objectives. When you have completed this module you should be able to:

—_

. Design a fuzzy system.

DO

. Fuzzify input information.
3. Describe a fuzzy inference machine using fuzzy sets.

4. Defuzzify results from the reasoning process.

Module prerequisites. Fuzzy sets.

In the previous section, elementary fuzzy terms and fuzzy logic operations have been introduced. In this
section, the application to the treatment of rule-based knowledge follows. For this a rule-based fuzzy
system is needed, containing a rule base and a reasoning algorithm, which is used to process crisp or
fuzzy input values x;, 7 = 1,...,n to a crisp or fuzzy output value y, see Figure 16.0.1. Using multiple
inputs and one output implies no restriction as a multi-input-multi-output fuzzy system can always
be decomposed into multiple systems according to Figure 16.0.1. Such systems are the basis for the
realisation of fuzzy controllers. As there are mostly crisp input values z; from measurements and for
controllers only a crisp output y, a fuzzy system must contain additional components, fuzzification and
defuzzification.

16-1
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Figure 16.0.1: Rule-based fuzzy system with n inputs and one output

16.1 Fuzzification

The fuzzification comprises the process of transforming crisp values into grades of membership for lin-
guistic terms of fuzzy sets. The membership function is used to associate a grade to each linguistic term.

Ezxample 16.1.1

For the fuzzification of the car speed value xy = 70km/h the two membership functions pa and pp from
Figure 16.1.1 can be used, which characterise a low and a medium speed fuzzy set, respectively. The
given speed value of zyp = 70km/h belongs with a grade of pa (xg) = 0.75 to the fuzzy set “low” and with

a grade of up(zo) = 0.25 to the fuzzy set “medium”. [
) ,(L)t()ﬂ low medium
' Hy Hry
0.75
0.501

0.25 /

0' 20 40 6080 100 120 140 km/hz
2,=70 km/h

Figure 16.1.1: Fuzzification of a car speed

Demonstration FExample 16.1
Fuzzification example

16.2 Fuzzy inference machine

The core section of a fuzzy system is that part, which combines the facts obtained from the fuzzification
with the rule base and conducts the fuzzy reasoning process. This is called a fuzzy inference machine.
Here rule and composition operations are applied from sections 15.4 and 15.5.

In the following, for simplicity it is assumed that there is only one input z; = z and the rule base is
described with max/min operators from Eq. (15.4.4) by

pr(x,u) = mgx{min{upr(x), g, (u)}}, (16.2.1)
then inserting Eq. (16.2.1) into Eq. (15.5.4) yields

p (u) = max{min{pa (z), max{min{pp, (z), ps, (u)}}}} .
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The max operations can be reordered such that only the relevant operands are on the right-hand side.
Then
pp (u) = max{min{max{min{pa (), pp, (2)}}, u8, (u)}}

e (16.2.2)
= m;ax{min{Hr’ s, (u)}}

is obtained for the reasoning process. The inner term H,., which combines the fact with the premise, is
a constant and is called degree of relevance of the rule r. It characterises the relevance of the fired rule r
and can be treated as a de-normalised universal fuzzy set. The following example will help to interpret
and provide understanding of this reasoning operation by applying graphical means.

Example 16.2.1

A simple fuzzy system is given, which models the brake behaviour of a car driver depending on the
car speed. The inference machine should determine the brake force for a given car speed. The speed
is specified by the two linguistic terms “low” and “medium”, and the brake force by “moderate” and
“strong”. The rule base includes the two rules

(1) IF the car speed is low THEN the brake force is moderate
(2) IF the car speed is medium THEN the brake force is strong

For the linguistic terms in the premises “speed is low” and “speed is medium” those from Figure 16.1.1 are
used. The terms “force is moderate” and “force is strong” are defined in Figure 16.2.1. For these two rules

HA

moderate strong
1.001
He
0.75¢
0.50t
0.251
0 >

40 50 60 70 80 90 100 % u
Figure 16.2.1: Fuzzy set of a car brake force

the membership functions for the premises are up, = pa, pp, = pup, and for the conclusions up, = pc,
up, = pup. The car speed is g = 70km/h, which is a crisp value and therefore can be represented in
fuzzy notation by the singleton pa/(x) = {70km/h}. Inserting these values into Eq. (16.2.2), one obtains

i (u) = max{min{ H, jic(u)}, min{Hz, po (u)}}

with
H, = ggnea))(({min{uA’ (z), pa(z)}}

and
Hy = ma{min{pa (@), p(2)})

In rule 1, there is only a relation between ua and puc. The degree of relevance H; for rule 1 is a horizontal
line of height 0.75, which is the value from the fuzzification as shown in Figure 16.2.2a. The reasoning
operation min{Hy, uc(u)} with rule 1 cuts the membership function pc(u) by this line (yellow area).
The rule 2 is evaluated analogously, as shown in Figure 16.2.2b. Figure 16.2.2c shows the final result
from the union operation over all yellow areas from the inferences obtained with the individual rules. l

Demonstration FExample 16.2
An inference example with one rule
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low moderate
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Figure 16.2.2: Fuzzy inference example: (a) inference with rule 1, (b) with rule 2, and (c) final fuzzy set

Demonstration Example 16.3
An inference example with more rules

The inference shown above is based on the max/min representation of a rule base from Eq. (15.4.4).
Taking alternatively the max-prod representation from Eq. (15.4.5)

ppr (u) = mgx{gleag{min{uw (), pp, (x)}} ps, (u)}
H, (16.2.3)
= max{H, pp, (u)}

is obtained for the max-prod inference. The difference between the max/min and max-prod inference
is that in the first case the membership function of the conclusion is cut and in the second case scaled.
Figure 16.2.3 illustrates this.

Ezxample 16.2.2
For a fuzzy system with the two inputs x; and x5 and the output u the inference of the two fuzzy rules

1) IF (21 = P) AND (25 = M) THEN (u = M)
2) IF (3 = N)OR (22 = S) THEN (u=S),

o~ o~

should be evaluated. The linguistic term S stands for “small”, M for “medium”, L for “large”, N for
“negative” and P for “positive”.

Each rule contains two premises, which are differently connected. In rule 1 the connective operation is
the intersection, which can be performed by the min operation according to Eq. (15.3.1) for pa,, (z1) and
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o @ A1 (b)

LN,

Figure 16.2.3: Membership function of a conclusion using (a) max/min and (b) max-prod inference

T T T T >
u

HA,,(22), and in rule 2 the premise is a union of the two premises (z; = N) and (z2 = S), which can be
performed by the max operation according to Eq. (15.3.2) for pa,, (x1) and pa,, (z2). In the first case the
degree of relevance is Hy = pa,,(x2) and in the second case Ho = pa,, (x2). The membership functions
of the conclusion of each rule will be determined using the degree of relevance of the corresponding rule
by applying either the max/min inference method according to Eq. (16.2.2) or the max-prod inference
method according to Eq. (16.2.3). The reasoning process using both inference methods is visualised in
Figure 16.2.4. |

16.3 Defuzzification

As a result of applying the previous steps, one obtains a fuzzy set ups (u) from the reasoning process that
describes, for each possible value u, how reasonable it is to use this particular value. In other words,
for every possible value u, one gets a grade of membership that describes to what extent this value w is
reasonable to use. Using a fuzzy system as a controller, one wants to transform this fuzzy information
into a single value «’ that will actually be applied. This transformation from a fuzzy set to a crisp number
is called a defuzzification. It is not a unique operation as different approaches are possible. The most
important ones for control are described in the following.

16.3.1 Centre of gravity method (COG)

This approach has its origin in the idea to select a value u’ that, on average, would lead to the smallest
error in the sense of a criterion. If u’ is chosen, and the best value is u, then the error is u'—u. Thus, to
determine v’ the least squares method can be used. As weights for each square (u’ — u)2, one can take
the grade of membership pp/(u) with which u is a reasonable value. As a result one has to find

u = argmi/n/ pn (u) (v —u)?du . (16.3.1)
v Ju

Differentiating with respect to the unknown u’ and equating the derivative to zero, the formula

' fu wpp (u)du
o )

is obtained, which determines the value of the abscissa of the centre of gravity of the area below the
membership function pp (u).

(16.3.2)

16.3.2 Centre of singleton method (COS)

The defuzzification can be strongly simplified if the membership functions g, (u) of the conclusions are
singly defuzzified for each rule such that each function is reduced to a singleton that has the position u..
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of the individual membership function’s centre of gravity. The centre of singletons is calculated by using
the degree of relevance as follows:
!’ ZR u; HT

o XpHe
The simplification consists in that the singletons can be determined already during the design of the fuzzy
system and that the membership function pps (u) with its complicated geometry is no longer needed. The
defuzzification using this formula is an approximation of the defuzzification by Eq. (16.3.2). Experiences
from control show that there are slight differences between both approaches, which can be in most cases
neglected.

u (16.3.3)

16.3.3 Maximum methods

This class of methods determines u’ by selecting the membership function with the maximum value. If
the maximum is a range, either the lower, upper or the middle value is taken for ' depending on the
method. Using these methods, the rule with the maximum activity always determines the value, and
therefore they show discontinuous and step output on continuous input. This is the reason why these
types of method are not attractive for use in controllers.

16.3.4 Margin properties of the centroid methods

As the centre of gravity of the area below the membership functions cannot reach the margins of U,
the membership functions, which are at the margins, must be symmetrically expanded when obtaining
the centre of gravity. This is necessary in order to have the full range of U/ available. This is shown in
Figure 16.3.1. The same expansion is also necessary for the COS method.

Hey & (@) iyt (b)
14 -1
U
,/
IL----
/
/
!
1
| / |
1 Y2 ]
0 : — : b
o 100 « 0 100 «

Figure 16.3.1: Margin of pup/(u) (a) original and (b) expanded

Demonstration Example 16.4
Properties of the defuzzification methods

16.4 The Takagi-Sugeno fuzzy system

In the rule bases described hitherto with the IF-THEN rules of this chapter fuzzy sets both in the premises
and in the conclusions are used. This kind of inference is called Mamdani inference. A modified inference
scheme, developed by Takagi and Sugeno, represents the conclusions by functions. A rule of this form
will be

IF z1 is A;q AND 29 is Ao ... AND z, is A, THEN uw = f.(z1,22,...,2,) .

The structure of the premises are the same as for the Mamdani inference. However, in the conclusion all
linguistic terms B, are substituted by the functions f,, and therefore it is not necessary to define a priori
linguistic terms B,.(u) for the conclusions as in Eq. (14.3.1). The function f, represents a direct mapping
from the input space X7 X Xy X ... x X,, with the input values 1, zo,...,z, to the output space U.
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The connective operation in a rule is in this case performed via the degree of relevance H, of the premise
of the rule R, and the function f, in the conclusion. The final output is determined as a weighted mean
value over all R rules according to

u = ZR H, fr($1 N2 T ,xn)
> H;

The effort of performing a defuzzification is saved, as the crisp value v’ is directly determined by the
inference operation and this makes this method attractive.

(16.4.1)

The Takagi-Sugeno fuzzy system builds an overall combination of functions f,., which are valid in some
range. If the membership functions of the fuzzy sets in the premises are overlapping, the transition
between the functions is always continuous. For the special case of linear functions

n
frl@ o, ) =Y ey (16.4.2)
v=1

the coefficients ¢,,, can be determined by some identification procedure.

16.5 The components of a fuzzy system

In the introduction to this fuzzy system section, in Figure 16.0.1 a fuzzy system is drawn as a black box
with some inputs and an output. Figure 16.5.1 shows the contents of a fuzzy system. Now it is clear,

fuzzy system
rule base

m:> fuzzification inference defuzzification —» u

membership functions

Figure 16.5.1: Components of a fuzzy system

what is in this black box. The input signals combined to the vector = [z1, z2,. .., xq]T are crisp values,
which are transformed into fuzzy sets in the fuzzification block as discussed in section 16.1. The output
u comes out directly from the defuzzification block, which transforms an output fuzzy set back to a crisp
value using methods from section 16.3. The set of membership functions responsible for the transforming
part and the rule base as the relational part contain as a whole the modelling information about the
system, which is processed by the inference machine from section 16.2. This rule-based fuzzy system is
the basis of a fuzzy controller, which is described in the following section.
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Fuzzy control

Module units

17.1 Basic structure of a fuzzy controller . . . . . . ... ... ... ........ 17-1
17.2 Transfer behaviour of fuzzy controllers . . . .. ... .. ... ........ 17-2
17.2.1 Representation using 2D characteristics . . . . . . . . ... ..o 17-3
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17.3.2 Fuzzy control system design . . . . . . . . . ... o 17-9
17.4 Contribution of fuzzy control . ... ... ... ... ... ... . . 0.0, 17-11

Module overview. A fuzzy controller is a special fuzzy system that can be used as a controller com-
ponent in a closed-loop system. The integration of a fuzzy system into a closed loop is shown. Special
emphasis is put onto the transfer behaviour of fuzzy controllers, which is analysed using different config-
urations of standard membership functions. An example for the design of a fuzzy controller for a loading
crane is gwen. Finally, the module series is closed by a general discussion about the contribution of fuzzy
control.

Module objectives. When you have completed this module you should be able to:

1. Design a fuzzy control system.
2. Know the transfer behaviour of a fuzzy control system.

3. Change the membership functions to influence the transfer behaviour of a fuzzy control system.

Module prerequisites. Fuzzy systems, fuzzy sets, PID control.

17.1 Basic structure of a fuzzy controller

A fuzzy controller can be handled as a system that transmits information like a conventional controller
with inputs containing information about the plant to be controlled and an output that is the manipulated
variable. From outside, there is no vague information visible, both, the input and output values are crisp
values. The input values of a fuzzy controller consist of measured values from the plant that are either
plant output values or plant states, or control errors derived from the set-point values and the controlled
variables.

17-1
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A control law represented in the form of a fuzzy system is a static control law. This means that the
fuzzy rule-based representation of a fuzzy controller does not include any dynamics, which makes a
fuzzy controller a static transfer element, like the standard state-feedback controller. In addition to
this, a fuzzy controller is in general a fixed nonlinear static transfer element, which is due to those
computational steps of its computational structure that have nonlinear properties. In what follows the
computational structure of a fuzzy controller will be described by presenting the computational steps
involved. The computational structure of a fuzzy controller consists of three main steps as illustrated by
the three blocks in Figure 17.1.1:

fuzzy controller

input | £ fuzzy ¢ | output U

vl 7 >
filter system filter

Figure 17.1.1: Basic structure of a fuzzy controller

1. signal conditioning and filtering at the input (input filter),
2. fuzzy system according to Figure 16.5.1, and

3. signal conditioning and filtering at the output (output filter).

The input and output filters are for signal conditioning. The external input signals v must be scaled such
that they can be fed as signals « into the fuzzification part of the fuzzy system. In many cases, the signals
in v are the control error e and its derivative é. In this case the input filter contains a differentiating
element. Also other dynamical elements can be in the input filter, e.g. integrators for the control error.
Additionally auxiliary signals from the plant measurements may be used that represent plant states or
disturbances acting on the plant. The design of this input filter depends on the application, which will
be illustrated later by an example.

The fuzzy system contains the control strategy and consists of those components already discussed in
section 16.5. For example, a linguistic formulation of a proportional control strategy would be expressed
by the following rules of the fuzzy system:

(1) IF (control error positive) THEN (manipulated variable positive),
(2) IF (control error zero) THEN (manipulated variable zero),
(3) IF (control error negative) THEN (manipulated variable negative).

A proper rule base can be found either by asking experts or by evaluation of measurement data using
data mining methods.

The output filter is for the adaptation of the crisp output ¢ from the fuzzy system to the manipulated
variable u of the plant. In principle, there are many dynamical and static operations possible. Often, the
output ¢ of the fuzzy system describes an increment of the manipulated variable, and thus an integration
of this increment must occur.

17.2 Transfer behaviour of fuzzy controllers

As already stated, fuzzy systems describe the static behaviour of a fuzzy control strategy. Therefore it is
obvious that the transfer behaviour of such a system can be represented by nonlinear characteristics. This
provides a fine opportunity to compare fuzzy control strategies amongst themselves and with conventional
nonlinear ones.
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17.2.1 Representation using 2D characteristics

To provide a first approach for the design of membership functions for a fuzzy controller component, some
prototype membership functions are introduced. For such prototypes, linguistic terms are introduced.
For example, the following seven terms

NL negative large PL  positive large
NM negative medium PM positive medium
NS negative small PS  positive small

A7 approximately zero

can be used to characterise the triangular shaped fuzzy sets according to Figure 17.2.1. It is important
to recognise that the fuzzy sets defined in this figure and the seven linguistic terms are only a reasonable

-1 0 1 =z

Figure 17.2.1: Prototype membership functions for a fuzzy set with seven linguistic terms

example. For various reasons, emerging from specific applications, other shapes of membership functions
might be used over the given ranges. Moreover, different fuzzy sets may be defined for different variables.
The prototype membership functions are usually chosen only as a preliminary candidate. They may later
be modified by the designer.

For a fuzzy system using this kind of prototype with membership functions which overlaps, both for the
premise and the conclusion the transfer characteristic is nonlinear, as shown in the following example.

Ezxample 17.2.1
For a proportional fuzzy controller with the control error e = w — y as input, with the manipulated
variable u as output, with the rule base

() IF e=NL THEN «=NL
(2)IF e=NM THEN «=NM
(3)IF e=NS THEN u=NS
(4)IF e=AZ THEN wu=AZ
(5)IF e=PS THEN u=PS
(6)IF e=PM THEN «=PM
()IF e=PL THEN u=PL

and with both membership functions of the form shown in Figure 17.2.1, the static nonlinear characteristic
u = u(e) is as shown in Figure 17.2.2 using the assumptions given below. |

17.2.2 Influence of the membership functions and rule base on the charac-
teristic

The above example shows that a fuzzy controller is a nonlinear controller. The form of the characteristic
depends only on the rule base and the membership functions of e and w. In the following discussions
about the influence of membership functions the following assumptions for the fuzzy controller with the
input signal e and the output signal u will be used:
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Figure 17.2.2: Nonlinear characteristic of a fuzzy controller

e For the AND connectives the min and for the OR connectives the max operator will be used.
e The max/min inference will be used.

e The defuzzification will be performed by the COG method with symmetrical membership functions
at the margins.

Input and output values are normalised to the interval [—1, 1], and at first, only the three linguistic terms
NS (negative small), AZ (approximate zero) and PS (positive small) are considered. The rule base is that
of a proportional fuzzy controller

() IF e=NS THEN «=NS,
(2)IF e=AZ THEN wu=AZ,
(3)IF e=PS THEN wu=PS,

with the membership functions shown in Figure 17.2.3a and b. The static characteristic in Figure 17.2.3¢c
is odd symmetrical about the origin due to the symmetry of the membership functions. Because of the
different supports of the membership function for the fuzzy sets AZ of both functions, the characteristic
is approximately piecewise linear and has three distinct levels. The membership functions of the input
e have two overlaps in the intervals [—0.6, —0.4] and [0.4, 0.6] that correspond precisely with the ranges
with the positive slope of the curve. The reason for this is just that two rules in these ranges are
simultaneously active. On the other hand, in the non-overlapping ranges only one rule is active. The
membership function of the output depends in this case only on the degree of relevance and thus the
centre of gravity of the membership function remains constant.

If the number of linguistic terms for the input and output is increased, the characteristic is similar, but
with more sections. The number of sections depends only on the number of linguistic terms and the
width of the sections depends on the degree of overlapping. In the special case without overlapping in
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Figure 17.2.3: Membership functions and static characteristic of the fuzzy controller
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Figure 17.2.4: Influence of the (c) characteristic of a proportional fuzzy controller (a) without overlapping
in the input membership functions and (b) with full overlapping in the output membership functions

the input one obtains the characteristic of a three-level controller, as shown in Figure 17.2.4. In this case
only one rule is active such that only the three crisp values -1, 0 and 1 are generated. Now, consider
varying the degree of overlap of the output membership functions. Figure 17.2.5 shows the case with full
overlap on input and output, where the result is approximately a linear behaviour.

A modification of the output membership functions so that they do not overlap will cause the characteristic
to become close to that of Figure 17.2.5, compare Figure 17.2.6. Therefore one can establish the fact that
the degree of overlap in the input membership functions has a strong influence on the static characteristic
of a fuzzy controller. While small overlaps in the input membership functions generate step characteristics,
with a higher degree of overlap the curves become smoother. The influence of overlap in the output
membership functions has less effect on the characteristic. For a reduction of the support of the output
membership functions the characteristic of Figure 17.2.7 is obtained which does not differ significantly
from that of Figure 17.2.5.

The size of the individual output membership function has a strong influence on the characteristic.
Figure 17.2.8 shows the case for a very small support of the output membership function AZ, which
generates an S-type characteristic with a high gain at the origin. Widening the support of the membership
function AZ inverts the S-curve with a small gain at the origin, as shown in Figure 17.2.9. Thus the form
of the characteristic depends strongly on the support of the individual output membership function.
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Figure 17.2.5: Influence on the (c) characteristic of a proportional fuzzy controller with (a) full overlap
in the input membership functions and (b) full overlap in the output membership functions
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Figure 17.2.6: Influence on the (c) characteristic of a proportional fuzzy controller with (a) full overlap
in the input membership functions and (b) without overlap in the output membership functions
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Figure 17.2.7: Influence on the (c) characteristic of a proportional fuzzy controller with (a) full overlap
in the input membership functions and with (b) reduced support in the output membership functions

The effects of a modified rule base will be demonstrated by an example. The same full overlapping
membership functions are used as in Figure 17.2.5a and b. A modified rule base of the form

()IF e=NS THEN u=PS,
(2)IF e=AZ THEN wu=AZ,
(3)IF e=PS THEN w«=NS,

will give a modulus-type of characteristic, as shown in Figure 17.2.10.
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Figure 17.2.8: Influence on the (c¢) characteristic of a proportional fuzzy controller with (a) full overlap
in the input membership functions and with (b) a small support in the output membership function AZ
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Figure 17.2.9: Influence on the (c¢) characteristic of a proportional fuzzy controller with (a) full overlap
in the input membership functions and with (b) a large support in the output membership function AZ
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Figure 17.2.10: Influence on the rule base on the (c¢) characteristic of a proportional fuzzy controller
with (a) full overlap in the input membership functions and (b) full overlap in the output membership
functions

17.2.3 Representation using 3D characteristics

Up to now, fuzzy controllers with only one input and one output of the fuzzy system have been considered.
The same arguments with respect to the degrees of freedom of a fuzzy system are also valid in the case
of multiple inputs. A graphical representation of the characteristic is not as easy as in the 2D cases of
section 17.2.2. Moreover, for the case of two inputs, a 3D representation is possible. For a fuzzy controller
with a fuzzy system having two inputs e; and es and one output u one gets a band of characteristics in
a 2D discrete representation, or a 3D representation with the output over the two inputs, as shown in
Figure 17.2.11 for a PD-type of fuzzy controller. For the case with more than two inputs, projections on
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Figure 17.2.11: Control system with PD-type fuzzy controller: (a) block diagram and (b) 3D represen-
tation of the characteristics of the fuzzy system with e; = e and eg = ¢é

the 3D space can be used to generate multiple 3D diagrams, but in general these representations have
only a limited usefulness.

A fuzzy controller is typically a classical controller using nonlinear characteristics. But the design and
parametrisation is entirely different.
17.3 Example of a fuzzy control system

In the following the design and functioning of a fuzzy control system will be presented using the example
of the portal-type loading crane shown in Figure 17.3.1

Figure 17.3.1: View of a portal-type loading crane
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17.3.1 Loading crane plant model

The schematic diagram in Figure 17.3.2 shows the principle of a loading crane, which consists of a crab
moving on rails. The load (freight) hangs on a rope from the crab such that the rope and load together

Yo

Y

Figure 17.3.2: Schematic representation of the loading crane

can be treated as a pendulum. The load moves only in the plane that contains the direction of the
rails. The force of the electrical drive, which moves the crab, is proportional to the control signal, fed
into the drive system. The position of the crab and the rope (pendulum) angle are measured. The real
manipulated variable to control the drive is limited to £10 V.

The plant dynamical behaviour can be described by the two coupled nonlinear differential equations

1
jjc = ——————5— [msinp(gcosp + 1$*) + Fu — Ssgn(yc) — D e, (17.3.1)
M + msin®
-1
p= ———5— 17.3.2
4 1 (M + msin® @) ( )
- [msing (g +1p* cos ) + Mgsin g + cos ¢ (Fu — Ssgn(yc) — D yc)]
y=yc +lsing (17.3.3)

with the following parameters and variables of the crane:

position of the load: Y,

position of the crab: Yo,

pendulum angle: ©,

mass of the crab: M = 1000kg,
mass of the load: m = 20...1250kg,
pendulum length: [=10...20m,
acceleration due to gravity: g = 9.80665m/s?,
drive coefficient: F =1000N/V,
static friction force: S =500N |
dynamical friction coefficient: D = 777kg/s,
experimental initial position: Yo = —9m,
experimental target position: yr =+9m.

The control task is to move the load from the initial position 39 to the target position yt such that
the load does not swing at the target position and the transition goes smoothly with a minimum of
oscillations and no overshoot.

17.3.2 Fuzzy control system design

In general, the design of a fuzzy controller is characterised by the fuzzy methodology as described above.
For designing a fuzzy control system from scratch more or less heuristic methods are available. If no
expert or operator is available, one cannot tackle the design problem without some information, typical
a mathematical model, of the plant. The controller of the crane has been designed and tested using
simulation studies by the following generic procedure:



17-10 MODULE 17. FUZZY CONTROL

1. Identification of the relevant input and output variables of the controller, i.e. choice of the linguistic
variables,

2. setting of the possible ranges of the input and output values, i.e scaling of the linguistic variables,
3. definition of meaningful linguistic terms and their membership functions for each linguistic variable,
4. setting up the rule base, and

5. simulation of the closed loop if possible or testing at the plant site.

As the maximum number of rules R, considering all possible connective operations, increases strongly
with the number of inputs n and membership functions m according to

R=m", (17.3.4)

one has to try to keep it low. Hence, as a first approach a control structure according to Figure 17.2.11a
is taken, and for the linguistic variables the control error e = w — y and its derivative é are chosen, each
with the three membership functions N (negative), Z (zero) and P (positive) including the output. Thus
from Eq. (17.3.4) 9 rules for a full rule base have to be specified. The control error is directly calculated
as the difference between the set-point value w and the position of the load y, not of the crab. For
determining the derivative é a differentiating filter may be used. As the set point is changed only in
steps when the pendulum has settled, the derivative é is equal to the derivative —y. Most crane systems
measure the speed of the crab for the internal drive control. Therefore it is reasonable to avoid the
differentiating filter and use the speed —yc of the crab instead. The input filter is now reduced to gains
for scaling signals such that they fit to the range of the linguistic variables. In order to compensate step
disturbances, e.g. caused by static friction S, the output filter is provided with an integrator in parallel
to the proportional channel.

This relatively simple fuzzy control system shows a reasonable behaviour, as shown in Figure 17.3.7a.
The maximum amplitude of the oscillations of the load is about 7°, which is still relatively large. The
control performance can be improved when additional information about the angle ¢ and its speed ¢
are exploited in the new structure shown in Figure 17.3.3. As ¢ is not measured, an input filter (DTy
element) is necessary to generate this signal. Now due to the doubling of the number of inputs, the

w e
fuzz
—»0 > K > W
+ A ! controller
P K2 > P
in u .
WZY o K, —O—> crane ™ Yo
system
P K3 — >
I

=

LDT—»K—» -

Figure 17.3.3: Structure of the loading crane fuzzy control system

problem of an efficient rule base arises. According to Eq. (17.3.4), 81 rules are now necessary if all inputs
enter into all premises. It is thus difficult to formulate such a large number of useful rules. Therefore
one can use a simpler approach of using two separate rule bases, the one for position control that has
already been used for the linguistic variables of e and —1c and the other for angle control for the linguistic
variables of ¢ and ¢. Both rule bases are linked by the fuzzy union operation. The maximum number of
rules is now reduced to 18 and can be further reduced to 14 by removing all unfired rules. Figure 17.3.4
shows the membership functions for the five linguistic variables. The rules are illustrated in tabular form
in Figure 17.3.5. In Figure 17.3.6 two 3D characteristics of the fuzzy system are shown. The nonlinear
behaviour can be clearly recognised.
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Figure 17.3.5: Rule bases for position and angle control

S Wk

Figure 17.3.6: 3D characteristics of the fuzzy system (a) u = u(e, é), (b) u = u(e, ¢)

Figure 17.3.7 shows the results of the fuzzy control system when moving the load from yo to yr. The
input signals are scaled such that they use almost the full range of the linguistic variables. The scaling
factors from Figure 17.3.3 are K1 = 0.1, K5 = —0.5, K3 = 1 and K4 = 6. The parameters of the output
filter are Kp = 2 and K7 = 1.4. The additional angle feedback damps the oscillations to about a half
the number with pure position control, as shown in Figure 17.3.7b. The control system shows robustness
when the length of the rope is doubled as shown in Figure 17.3.7c.

17.4 Contribution of fuzzy control

In many real-life situations, there is a need to automatically control a system such as a car, a chemical
reactor or a crane. In some situations, a reasonable model of the controlled object and how it will react to
different controls are known. Also one can often describe precisely the objective of the control — usually,
to maximise or minimise a certain characteristic such as the plant’s output, say in response to a system
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Figure 17.3.7: Responses of the portal-type loading crane with fuzzy control from initial to target
position for load m = 1000kg: (a) without angle feedback, | = 10m, (b) with angle feedback, | = 10m,
(¢) with angle feedback, [ = 20m

disturbance can be defined. In such cases, the search for the optimal control strategy can be reformulated
as a precise mathematical problem. Thus, in many real-life cases one can explicitly solve the optimisation
problem and thus find the desired control.

In many other situations, however, one does not have a good description of the controlled system, or a
good model is available, but the corresponding optimisation problem is too difficult to solve. In such
situations, one may have the expertise of skilled operators who have the experience of controlling the
system. For example, the experience of drivers who control cars, the experience of chemical engineers who
successfully control chemical plants and the experience of crane operators who successfully operate their
cranes. It may be appropriate to transform this expert experience into an automatic control strategy.

It is often difficult to come up with such a transformation, because expert operators are often unable to
describe their experience in precise terms. Instead they describe their control by using words of natural
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language, which do not have a precise meaning and are, in this sense, fuzzy. There is thus a need for
a methodology that translates such fuzzy rules into a precise control strategy. Fuzzy control is such a
methodology.

Fuzzy control is successful in many real-life problems in which traditional control methods fails or at least
is not so successful. Does this mean that traditional control as shown in the other chapters is the thing
of the past and only fuzzy methods should be used? Of course not, fuzzy control has its limitations too.

The main limitation of fuzzy control is that it is applicable only in the situation of uncertainty, when
there is the complete knowledge about the controlled system not available. Fuzzy control is therefore
good but not optimal. Often, as one gains more and more experience of controlling the system, one gets
a better and better understanding of how the system works. Eventually, this understanding leads to a
precise description of the system, which allows to find an optimal control, which is better than any other
control and in particular, which is better than a fuzzy control strategy.

From this viewpoint, fuzzy control is a temporary phenomenon. This does not mean when our knowledge
grows that fuzzy control will be used less and less. As one obtains more and more knowledge about the
system that is controlled for a long time, new systems and objects attract our attention, and one needs
to be able to control them. For example, the car manufacturer finds a precise description of a certain
type of motor and the engineers learn how to optimally control the motor of this type, but when new
improved motors appear, for these new devices, the engineers do not have the exact model, and thus,
they have to use fuzzy control or similar techniques. As the progress intensifies, more and more new
objects and systems appear that have to be controlled, and therefore, the relative use of fuzzy control
increases. Fuzzy control methodology has its limitations, but it does not have limits.
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A.1 The Laplace transform

A.1.1 Convergence

With respect to the range of convergence of the Laplace integral
[ee]
F(s) = /f(t) e *dt, (A.1.1)
0

now the following considerations are taken:

If the function to be transformed f(t) is stepwise continuous and if there are real numbers o and o’ such
that for all t > 0
(@) <ae

is valid, then the Laplace integral will converge for all s with Res > o’. Particularly, if for ¢’ the
smallest possible value oy is taken, the condition Res > o is the smallest possible convergence range.
Consequently the Laplace integral exists only within some part of the complex s plane. This part is called
convergence area, as shown in Figure A.1.1. The variable o is called the abscissa of convergence. For
A.
jw

convergence area

y

Figure A.1.1: Convergence area of the Laplace integral

values of s with Res > o9 Eq. (A.1.1) makes no sense. Thus for o > o the limit value of f(t)e " for
t — oo must go to zero, but not for o < og.

Example A.1.1

ft) =t
The Laplace integral converges for all s with o > 0, as e™“% for t — oo decreases faster than any power
of ¢ increases. |

A.1.2 The inverse Laplace transform

The so called back transformation or inverse Laplace transformation, i.e. the determination of the original
function from the mapped function, is given by the inverse integral

] c+joo
= — F(s)e® A1.2
£t) 27Tj/ (s)etds  t>0, (A12)
c—joo

where f(t) = 0 for ¢ < 0 is valid. The variable ¢ must be chosen such that the path of integration is in
the convergence area along a line parallel to the imaginary axis at distance c¢ from it, where ¢ must be
larger than the real parts of all singular values of F(s).

It must be observed that Eq. (A.1.2) at a step location ¢ = ¢, delivers the arithmetic mean value of the left
and right limits [f (ts+) + f (ts—)]/2, particularly for t = 0 at the origin, as [f(0+) + f(0—)]/2 = f(0+)/2.
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A.1.3 Main theorems of the Laplace transform
A.1.3.1 Derivative theorem

For a causal function of time f(t), for which the derivative for ¢ > 0 exists, and take into account any
steps at t = 0, the value of 0+ will be chosen for the lower limit of integration for Eq. (A.1.1). This is
necessary to eliminate the case t = 0 from the integration interval. This has no influence on the value
of the integral as far as we restrict on classical functions (no distributions). So one obtains by partial

integration
e [UWO_ /e_St 4 g _ [e " f(t)] +s/e_8tf(t) dt
dt dt ot
0+ 0+
or 4
t
g {%} =sF(s) — f(0+). (A.1.3)
In the case of multiple differentiation it follows that
d"f(t) — AUV ()
J — s"F(s) — n—i i Al4
{ < } s"F(s) ; S D o ( )

A.1.3.2 Integral theorem

From

e[ [0 = [ [ rrareva
0 0 0

one obtains by partial integration

t

¢ {/tf(f) dr} _ —é [/ £() dTe_St]:o 4 % 7f(t) et dt

0

O/f(t) e Stdt

Ve

t

g {/f(f) dT} - EF(S). (A.1.5)

0

A.1.3.3 Convolution in the time domain

For the convolution of two functions of time fi(¢) and fa(t)

Fut) = falt) = / F(7) ot — 7) dr. (A.16)

I can easily be shown by permutation of the variables that the convolution is a symmetrical operation,
so that

f1(t) x f2(t) = fa(t) * f1(t)

or
t

[ 50 fatt =y = O/fm filt - ) dr.

0
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In the following it will be shown that the convolution of two original functions corresponds to multipli-
cation of the related mapped functions, that is

LA{fLR) = f2(8)} = Fi(s) Fa(s). (A.1.7)
The Laplace transform of Eq. (A.1.6) is given by

L{h)* 20} =4 {/tf1(7') fat —7) dr}

- 7 /t e f1(7) fo(t — 7)dr dt.

t=071=0
Substituting ¢ = t — 7 and do = dt, respectively and using the valid extension of the upper bounds of
integration to 7 — oo yields
[ee] (oo}
L@ ry= [ e A0 pe)drds
o=—711=0

As both functions f1(t) and f2(t) have zero values for ¢ < 0, it follows with respect to the lower limit of
integration that

& {Ra(t) * falt)) = / e fi(7)dr / e~ fo(0) dor

The right-hand side of this equation is just the product Fi(s)Fx(s).

A.1.3.4 Convolution in the frequency domain

Whereas in section A.1.3.3 the convolution of two functions of time was the focus of interest, here the
convolution of two functions in the frequency domain is of concern and it can be shown that

c+joo

LA L)} = 2%{] / Fi(p) Fa(s —p) dp. (A.1.8)

c—joo

Here Fi(s) e—of1(t) and F5(s) e—ofs(t) is valid. Furthermore, p is the complex variable of integration.
According to this theorem the Laplace transform of the product of two functions of time is equal to the
convolution of F(s) and F5(s) in the mapped domain.

For the product of two causal functions of time
f(t) = f1(t) fa(t) (A.1.9)

with Laplace transforms Fj(s) and Fy(s) and areas of convergence Re s > 01 and Re s > 029, respectively,
the expression

LUO) = F) = [ £i6) faty 't (A.1.10)
0
follows after taking the Laplace transform of f(t). Using the inverse integral according to Eq. (A.1.2)
c+joo
fi(t) = Do Fy(p)ePtdp c> o0 (A.1.11)
e—joo

and by substituting this relationship into Eq. (A.1.10) it follows that

oo 1 ctjoo
F(s)z/f2(t)e_3t o / Fy(p)ePtdp| dt. (A.1.12)
m
0 Jc—joo
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Permuting the sequence of integration (as far as the integrals fulfil the conditions of convergence) one

obtains
c+joo

/ Fi(p dp/fg —(s=p)tqy, (A.1.13)
27TJ

c—joo

where for the second integral one can make the substitution

/ fo(t)e TP qe, (A.1.14)

This integral converges for Re(s — p) > 0. By substituting Eq. (A.1.14) into Eq. (A.1.13) the validity of
Eq. (A.1.8) is shown.

A.1.3.5 Initial value theorem

It is required to show that

f(0+) = t£r51+ f(t) = 6131010 s F(s). (A.1.15)
One has that -
¢ {fo} = [foea=srs) - s04)
0+
which as s — 0o can be written
lim f(t)e stdt = lggo[s F(s) — f(04)].
0+

As the integration is independent of s, the calculation of the limit and the integration can be permuted
provided that the integral converges uniformly. If & [f(¢)] exists, then

lim f(t)e =0

§—00

is valid. Therefore one gets
lim s F(s) = f(0+).

8§— 00
A.1.3.6 Final value theorem
The final value theorem states that
foo) = thm flit)= lir%sF(s). (A.1.16)
— 00 S—

To prove this one evaluates the limit

hr% f(t)e stdt = 1ir%[s F(s) — f(0+)].

55— s—

0+

Again one can permute the sequence of determining the limit and the integration provided the integral

converges. The result is
o0

[ Ftyae = timfs Fs) - £(0+)
0+
and after integration it follows that

F(00) = (0+) = limfs F(s) — f(0+)]
F(o0) = lim s F(s).
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A.2 The complex G-plane

The complex transfer function G(s) describes a local conformal mapping of the s plane to the G plane.
Because of the preservation of the angles in this transformation the orthogonal grid of lines parallel to
the axes 0 = const and w = const of the s plane will be mapped into an orthogonal, but warped net of
curves in the G plane, as shown in Figure A.2.1.

s plane . G plane
L j_w____p “JIm[G] P
____j__ _____ w = const
-1-r4-r—-——-- N ~/ Re[G]
0.' .
G \
0= const ] . / = const
o= const R—-

Figure A.2.1: Local conformal mapping of the lines ¢ = const and w = const of the s plane into the G
plane (generalised Nyquist plot)

This mapping property will be discussed in the following using the simple example of a 1st-order transfer
function

K
G(s) = . A2.1
) =17 (4.2.1)
For s = 0 + jw one obtains from Eq. (A.2.1)
. K 1+ 0T —jwT
G = = .
(o+iw) = ~ Kagome oot
From this it follows that for the real and imaginary parts of G(s)
14 0T
=K A2.2
Re{G()} = K (e 1 ooge (A.2.2a)
wT
Im{G =K . A.2.2b
w{Ge)} = K g o ( )
For mapping the following two cases are treated:
a) Mapping of the lines o = const
From w from Eqs. (A.2.2a) and (A.2.2b) one obtains
Im{G(s)}
T=-—(1 T) ———= A.2.3
and substituting Eq. (A.2.3) in Eq. (A.2.2a) shows, after a simple rearrangement, that
K 1 K 1
- Im? = | . A24
Re(Go)} -~ 5o | + (60} = |5 o) (A2.4)

This relationship represents for the variables Re{G(s)} and Im{G(s)} the equation of a band of
circles with the parameter o. The centres of these circles are on the real axis of the G plane at
K/[2(1 + ¢T)]. The radii are K/[2(1 + oT)]. For w > 0, K > 0 and 7 > 0 the lines o = const
map into semicircles in the lower G plane, as Figure A.2.2 shows. The semicircles for ¢ = const
are parameterised by the values of w. The circles start with w = 0 on the real G axis and end for
w — oo at the origin of the G plane.
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Figure A.2.2: Conform mapping of the upper s plane (w > 0) into the G plane for the example G(s) =
K/(1+4 sT)

A very important case is the semicircle with the parameter ¢ = 0. It represents the conformal
mapping of the positive imaginary axis of the s plane and is called the frequency response locus,
G(jw), for the system. This semicircle starts for w = 0 with a value of K on the positive real axis
of the G plane and it has for |Re{G(jw)}| = |Im{G(jw)}| the frequency w = wp = 1/T, which is
also called the breakpoint frequency.

From Eq. (A.2.4) it is obvious, that for o > 0 the radius of the semicircle will decrease until it
becomes zero for ¢ — oo and the final semicircle will coincide with the origin of the G plane. For
o < 0, however, the radius will increase to infinity for o = —1/T, and the semicircle will degenerate
to the negative imaginary axis of the G plane.

e Mapping of the lines w = const
If Eq. (A.2.3) is solved for ¢T then

Re{G(s)}
T=—-11 T———= A.25
o7 =~ (1+oTicy (429
and using this in Eq. (A.2.2b), one obtains by elementary manipulations

[Im{G(s)} + %r +R{G(s)} = [%] g (A.2.6)

This relationship also represents a band of circles, but for the parameter w. The centres of the
circles for w > 0 are on the negative imaginary axis at —K/(2wT') and because of the radii of size
K/(2wT') they pass to the origin of the G plane. For w = 0 the radius will be infinite and the circle
degenerates to a line that is the real axis of the G plane. For w — oo the radius shrinks to zero
and the circle degenerates to the origin of the GG plane. It can be easily shown that both bands of
circles according to Egs. (A.2.4) and (A.2.6) are orthogonal.

The transfer function G(s) = K/(1+sT) belongs to a special class of local conformal mappings, the
so called linear mappings. A mapping, described by the equation G(s) = (As+ B)/(Cs+ D) always
maps the circles in the s plane to circles in the G plane. Here lines are treated as a special case of
circles. Introducing the complex G plane one gets for the special case o = 0 of G(s) the frequency
response locus G(jw). The description of systems using frequency responses G(jw) in the G plane
is of high importance for practical applications as the frequency response is a directly measurable
description of a dynamical system.

A.3 Detailed analysis of 2nd-order lag elements

A.3.1 Determining resonances of 2nd-order lag elements

From Eq. (4.4.38) the maximum of the magnitude A(w)max = A(wp) = M, and the resonant peak
frequency wyp, can be simply determined. A(w) is at a maximum, when the denominator of Eq. (4.4.38),
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= (2) ]+ (x2)

is at minimum. Setting the derivative of 1st order to zero one obtains for w = wy

i.e.

da(w)
dw

2
=o=—1+(ﬁ) 122,

wo

P

From this the resonant peak frequency is

wp = wov/ 1 —2¢? (forC< \%) , (A.3.1)
and the maximum of the amplitude for K =1 is
1
20y/1-¢%

From Eq. (A.3.1) it follows that a maximum only exists for (1 —2¢2?) > 0, which gives ¢ < 1/y/2. For
(= 1/\/5 = 0.707, wp = 0 is valid and M, =1 or M, 4 = 0. For ¢ =0, w, = wg and M, = oo is valid.

M, = (A.3.2)

A.3.2 Poles and step responses of 2nd-order lag elements

From the characteristic equation of the 2nd-order lag element

2 1
P(s)=D(s) =1+ —Cs +—s°=0 (A.3.3)
«wo wo

one obtains the poles of the transfer function

51,2 = 7W0< + wo vV CQ — 1. (A34)

The oscillating behaviour of a 2nd-order lag element depends on the position of the poles in the s plane
and this is discussed in the following sections:

a) Case I: 0 < ¢ < 1 (oscillating behaviour: PT2S element)

For this case Eq. (A.3.4) gives a conjugate complex pair of poles

51,2 = —wQC ijwo\/ 1-— D2 (A35)

The corresponding step response is obtained from

K 1
H(s) = c 1 - (A.3.6)
1+2—=s+ —252 5
wo w()
which can be written K2
H(s) = “o (A.3.7)

(s —s1)(s—s2)s

Writing in partial fractions and finding the inverse Laplace transform gives

h(t) = K {1 — g twot lcos (wo 1- CQt) + \/%—CQ sin (wo 1- C%)} } o(t). (A.3.8)

The decay of the oscillations is influenced by the quantity Ta = 1/(wo(), which is therefore called
the decay time constant. From the position of the poles s; and s2 of G(s) the time constant Ty can
be found. The ratio

Re(si)
Im(si)

fort:=1 or 2,

-]
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or
= tan gq. (A.3.9)

is defined as the relative damping ratio of the oscillation.

If a certain value of ( is given then the angle ¢4 between a line from the origin to a complex pole and
the imaginary axis in the s plane is fixed. Also, from the damped oscillation of the step response
h(t), which has the damped natural frequency of

wa = woV 1 — (2 < wy, (A.3.10)

then from Eq. (A.3.8) the ratio of a consecutive overshoot to overshoot or vice versa (see Table 4.4.2)

¢
fi1/2 _ T

b,
can be determined, and from this one obtains the damping ratio as

hy
In -

(= — (A.3.11)
hn
\/71'2 + [m hn“/Q]

Case 2: ( =1 (eritical damping: PTy element)
For Eq. (A.3.4) the two poles of G(s) are

1,2 = —Wo-
This is a double pole on the negative real axis. If a time constant

1
T=—>0,
wo

is defined, one obtains the transfer function as

K
(14+Ts)(1+Ts)’

G(s) = (A.3.12)

which is a series connection of two 1st-order lag elements with identical time constants. The step
response follows from Eq. (A.3.8) with ( =1 as

h(t) = K [1 —e (1 + wot)] o(t). (A.3.13)

Case 3: ¢ > 1 (aperiodic behaviour: PTy element)
In this case from Eq. (A.3.4) G(s) has two negative real poles

51,2 = —woéj in\/C2 — 1.

With the definition of the time constants

one obtains the transfer function as

K

Gls) = (1+Tys) (1+ Tos)

(A.3.14)

Here the system is composed of two PT; elements with different time constants in series connection.
This element also shows typical PTy behaviour. During the calculation of the step response h(t)
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according to Eq. (A.3.8) the arguments of sin and cos will be complex. By applying the hyperbolic
functions
cosjr = coshx and sinjr = jsinhzx

one obtains directly using Eq. (A.3.8)

cosh (wo (2 — 1t> + \/% sinh (wo (2 — 1t>1 } o(t). (A.3.15)

h(t) = K {1 — e ot

d) Case 4: ( =0 (undamped behaviour: oscillating element)

Eq. (A.3.4) gives for this case a pair of imaginary poles of G(s) at
51,2 = ijwo.
With Eq. (4.4.36) and ¢ = 0 one obtains the transfer function

K wd
G(s) = T,° ng ol (A.3.16)

The step response h(t) is an undamped oscillation
h(t) = K(1 — coswyt) o(t) (A.3.17)
of frequency wp, which is usually called the natural frequency.

e) Case 5: ¢ <0 (unstable element)

In this case both poles of G(s) are in the right half s plane and may be real or conjugate complex:

$1,2 = Wo |C| iwo\/ CQ — 1. (A318)

Eq. (A.3.8) is also valid for this case, but the exponential term has now a positive sign. Therefore
the oscillations will not decay. The amplitudes of the oscillations in A(t) will increase exponentially
with time. This behaviour, for which h(t) for t — oo increases indefinitely, is defined as unstable.

A.4 The law of Bode and the Hilbert transformation

For a given amplitude response A(w) there exists only one minimum phase system that realises this
amplitude response. The phase ¢(w) of it can be determined for discrete frequencies w, according to the
law of Bode

o(wy) = 20 / In Aw) = In A(wy)dw. (A4.1)
0

2,2
s w* — w;g

The connection between the real part R(w) = Re{G(jw)} and the imaginary part I(w) = Im{G(jw)} of
the frequency response, which is valid both for minimum phase and non-minimum phase systems, is given
by the Hilbert transformation

B 2 T wl(w)
R(wy) = R(c0) — - / = dw (A.4.2a)
0
and -
2w, [ Rw(w)
I(wy,) = - / w2 dw. (A.4.2b)
0

From this it is obvious that with knowledge of only the real or the imaginary part, the imaginary part
or the real part and therefore the frequency response G(jw) can always be completely reconstructed.
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A.5 Stability considerations using the weighting function

As a transfer function G(s) is the Laplace transformed weighting function g(¢), the stability condition
according to Eq. (5.2.1) can also be reformulated in terms of G(s). In order to show this, the inverse
Laplace transform from section 2.4 is used. If G(s) is given as a rational fraction

_ N(s) N(s)
Gle) = D(s) ap+ais+...+a,s"’ (A5.1)

D(s) =an(s—51)(s—82) ...(s— 8p) = Zaisi, (A.5.2)
then according to Eq. (2.4.7) and Eq. (2.4.10) the weighting function
g(t) = g;(t) (A.5.3)
j=1

consists of v > n terms
g;i(t) =ct'e”, pn=0,1,2,..., j=1,2,...,v, i=12...,n

In general ¢; is a complex constant, and for multiple poles s; of multiplicity r the exponent is = r—1 > 0.
For the modulus of this function one obtains

95 ()] = lejte™!| = ;| e,

For o; < 0 the exponential function decays to zero for t — oo , and therefore so also does |g;(t)|, even if
> 0, because the exponential function decays faster to zero than any other finite power of ¢ increases.

By this consideration it is obvious, that Eq. (5.2.1) is only valid, if all poles of G(s) have a negative real
part. If the real part of only one pole is positive or of a multiple pole is zero, the weighting function
grows with ¢ beyond all limits.

A.6 Equivalence of the Hurwitz and Routh criteria

The validity of the Routh criterion can be verified easily by the equivalence with the Hurwitz criterion.
From the coefficients of the first row of the Routh schema the connection with the Hurwitz determinants
can be seen directly:

Dy =an1
Dy =an 1bp—1 = D1b, 1

D3 = ay—1bp—1¢p—1 = Dacp—1

Dy, =ap_1bp_1cn_1...dn—1€n-1fn-19n-1 = Dp_1gn—1

The coefficients b, 1, ¢;—1 - - . in the first column of the Routh schema are just the quotients of consecutive
Hurwitz determinants. When all Hurwitz determinants are positive, then their quotients and therefore
also the coefficients in the first column of the Routh schema are positive. When the coefficients of the
Routh schema are positive, then also, as a,—1 = Dj, all Hurwitz determinants are positive. Thus, the
Routh criterion is equivalent to the Hurwitz criterion.
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A.7 Determination of Jisg using determinants

Writing the quadratic performance indices in terms of determinants is a general algebraic approach that
is more suitable for a detailed analysis. Eq. (7.3.5) can be rewritten as

(—=1)"*1 det C°,

Jisg = . AT1
158 2a, detC, ( )
For odd n the matrix C,, is
[ an,  Gp_2 as aq 0 07
0
: an Ap_9 e as ai 0
dd .
C?L = . s 0 ap—-1 Qp—-3 ... az ap (A72)
ap-1 an-3 -+ a2 ag 0
0
|01 Gp_3 ... as ag 0 - 0]
and for even n
[an—1 an—3 as ay 0 0]
0
0 Ap_1 Ap_3 as ay 0
C%ven _ n n (A73)
0 Gp ap—2 Ap—4 " a2  aop
0
L an Up—2 Ap—4 e a2 ag T 0 |

Both matrices consist in the upper part of a Toeplitz matrix with the odd coefficients and in the lower
part of a Hankel matrix with the even coefficients of the denominator polynomial A(s) of the control
error in Eq. (7.3.4). The determinant of this matrix is nothing other than the Hurwitz determinant from
Eq. (5.3.4). The other determinant in the numerator of Eq. (A.7.1) is from the same matrix as C,,, but
the coefficients in the last row in Eq. (A.7.2) and in the first row in Eq. (A.7.3) are exchanged for those
of the polynomial

C(s) = B(s)B(—s) = co + 18> + -+ + ¢ 8271, (A.7.4)
Example A.7.1
Example 7.3.1 of determining the best damping ratio ¢ for a second-order system is rewritten using
determinants. For the control error from Eq. (7.3.9) we have the polynomial C(s) from Eq. (A.7.4) as
C(s) = 4C%w2 — §*

and from Egs. (7.3.9) and (A.7.3) follows

-1 4¢3
_q det [ 1w 1+ 4¢2
JISE = — = :
2 FQUO 0 ] 4Cwo
det 2
1w

As this function is a parabola in ¢, with minimum given by

dJise 42 -1
W 40wy

the minimum square error to a step input occurs for { = 0.5 . |
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The procedure shown in this example can be generalised for all quadratic performance indices. If the

control error can be written as
N(s)

A(s) + kB(s)’
where k is a feedback gain to be chosen or for which the optimal value in the sense of a criterion according
to Eq. (7.3.3) must be found, the performance index can be represented as

Frem (—=1)"*1 det(C + kD)
5 = 2 (an + kby) det(A + kB)’

B(s) = (A.7.5)

(A.7.6)

The matrices A and B correspond to the matrix given by Eq. (A.7.2) or (A.7.3), respectively, and C' to
A where the coefficients in the upper or lower row are exchanged for those of the polynomial

C(s) = N(s)N(=s5) = co + c18> + -+ + cp_15°" (A.7.7)

and D to B where the coefficients in the upper or lower row are zeros. The determinants in Eq. (A.7.6)
are polynomials in k. Therefore the performance index can be rewritten as

Jise = —% (A.7.8)
" QU

As Eq. (A.7.9) corresponds directly to the characteristic equation (6.1.5a), the root-locus method can be
applied for the analysis of the performance index in the k& plane.

As we are interested in real values of k, only the behaviour on the real axis of the complex k plane is
needed. The branches are calibrated by the inverse of Jigg. The denominator in Eq. (A.7.6) or (A.7.8)
is the highest Hurwitz determinant. Therefore the real poles (real zeros of P(k)) represent critical values
of k, where the closed loop has poles on the imaginary axis and where Jisg — oo. One can take the
stability margins directly from the branches on the real axis in the k plane.

Now inspecting real breakaway or break-in points. If we apply rule 7 from section 6.2 on Eq. (A.7.9),
from Eq. (6.2.7) we have the condition
d Q(k)

Rl 0, (A.7.10)

which is the same as the condition %JISE = 0 for an extremum of the performance index. Therefore real
breakaway or break-in points in the k plane represent a minimum or maximum in the performance index
and can be used to find optimal adjustments of parameters.

Example A.7.2

Consider the following plant transfer function:

_ 4—3s—17s% 4+ s*
4+ 175+ 2852 + 2183 + Tst + 55

GP(S)

and the controller transfer function

1+ (14 T1)s + 2T;s>
Tis(1+ s) ’

Gc(s) = KC

which contains two free parameters, the gain K¢ and the time constant 71. The control system should
be optimised on step changes in the command or in the plant input using the performance index Jisg.

For both inputs the control error can by described by Eq. (A.7.5) for k = K¢, where it differs only in
the numerator polynomial N(s). While determining the optimal gain by evaluation of the condition in
Eq. (A.7.10) the other parameter Ty is held constant. In the same manner the stability margins can be
determined by using P(k) = 0. For constant values of Jigg one gets the gains according to Eq. (A.7.9).

Scanning over a given range of 71 and plotting the results will generate a combined stability and perfor-
mance diagram as shown in Figure A.7.1. From these diagrams one can see that the optimal controller
structure does not differ significantly for the two system inputs. |
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(b)

0.2 0.4 0.6 08 K,

Figure A.7.1: Stability and performance diagram for step changes (a) in the command and (b) plant
input
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A.8 Tables

Table A.8.1: Step responses for a given pair of complex poles and a real pole with multiplicity & according
to Eq. (10.2.4)

k=1 k=2 k=3 k=4
1.2 1.2 1.2 1.2
hWTl.() N 1.0 M\/r 1.0 N LOHES |
/ w= | L] w= | LA =] oL = |
0.8 | 0.6 O.SI 06108 i t 508 i 0.6
0.4 104 9 —{0.4 9 —0.4H 2 —
0.2 2 O.QJV 3 —0.2 3 —0.2 i —
| | |
00216 s510% 2146 3510% 2 46 810% 2 46 s 10
wot—> wot—> wot—> wot—>
T1,2 k=5 | 1.2 k=6 | 1.2 k=7 1.2 k=8 |
"l f =R St—1.0 ﬁﬂi Loy
0.8 0.6—10.8 —0.8 =108 —
7/ 0.6 0.6 0.6
0.6 1 —06 1 0.6 i 0.6 1 1
0.4 2 o4 —2 0.4 5 —0.4 —P2 -
0.2 i —0.2 i —0.2 3 0.2 \\i -
1 n I [
026 510% 2 46 5 10% 2 46 510% 2 46 s 10
wot—> wot—> wot—> wot—>
Distribution of pol
1stribution or poles “jw
k multiple )
75&1‘0 _WO X
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angle condition
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— inherent, 10-24
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— oscillating, 4-14

— oscillating PT5S element), A-8

— permanent oscillation, 8-6

- PTy, 4-14

— PT35S element, A-8
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— closed loop, 10-3

— closed-loop control, 1-3
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control system, 1-4

feedback loop, 3-7

observer principle, 13-9

— of a series connection of transfer function ele-
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— open-loop control, 1-3

— open-loop system, 7-3

— PID controller, 8-2

— state-feedback control system, 13-2

— state-feedback control system with integrator,
13-4
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— lag element, 9-14

— lead element, 9-12

— of a PT35S element, 4-16

Bode plot

— of the open loop, 9-7

breakaway point

— root-locus method, 6-4

breakpoint frequency, 4-10, 4-19

— PT; element, 9-9

— lag element, 9-13, 9-15
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centre of singleton method, 16-5
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— margins, 16-7
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— coefficients, 5-6
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— position of roots, 5-2

— stability analysis, 5-2

—system with feed-forward on the controller, 11-2
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characteristic function, 15-1, 15-2
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— resonant peak, 9-2, 9-10

— resonant peak frequency, 9-2

characteristics of the open loop in frequency do-
main

— crossover frequency, 5-13

— gain margin, 5-13

— phase margin, 5-13

characteristics of the open loop in the frequency
domain

— crossover frequency, 9-6

— gain margin, 9-7, 9-8

— phase margin, 9-7, 9-8, 9-10

closed loop

— step response, 10-3

— transfer function, 10-2

— bandwidth, 9-2, 9-10

— basic structure, 1-4

— behaviour, 7-3, 10-2

— block diagram, 10-3

— characteristic equation, 6-3, 7-4

— characteristics in the frequency domain, 9-1

— command behaviour, 7-3

— compensator, 10-4
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— disturbance behaviour, 7-3

— instability, 7-8, 10-19

— order, 10-9

— phase angle, 9-2

— pole-zero distribution, 10-2

— poles, 5-8, 10-7, 10-9

— resonant peak, 9-2

— resonant peak frequency, 9-2

— response to step disturbance, 7-10

— signals, 1-4

— single loop, 11-1

— stability, 5-7

— standard quantities in time domain, 7-9

— static behaviour, 7-6

— static property, 7-6

— structure, 10-16

— time response, 9-9, 9-10

— transfer function, 5-5, 7-3, 13-3, A-16, A-17

— with cumulative disturbance, 7-2

— zeros, 10-9, 13-3

closed-loop transfer function, 10-3, 10-16

closed-loop transfer function for command input,
10-17

— desired, 10-16

closed-loop control, 1-2

— definition, 1-3

closed-loop system, 13-3

COG, 16-5

command behaviour, 7-2, 7-7, 7-11

command input, 7-2, 7-6

— step, 7-10

command signal, 7-6

command variable

— step, 10-16

common divisor, 10-21, 10-22

comparison of the different types of controllers,
8-4

compensation, 10-19

— disturbance, 11-3

— of disturbances, 11-2

— of poles, 9-20, 10-5

— of zeros, 10-5

— plant, 10-4

— static, 11-4

compensator, 9-10, 10-5

— generalised design method, 10-7

compensator design methods, 10-2

complement, 15-5

complex differentiation theorem of the Laplace
transform, 2-4

complex shifting theorem of the Laplace trans-
form, 2-4

condition of properness

— of a transfer function, 3-3

condition of realisability

— controller, 10-3

conformal mapping, A-6, A-7
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continuous-time system, 3-1, 4-3

control

— cascade, 11-5

control behaviour, 11-1

control device, 1-2

control error, 1-3-1-5

— dynamical, 7-9

— steady-state, 7-10

— steady-state value, 7-6

control factor

— dynamical, 7-3

— static, 7-8

control loop

— auxiliary, 11-4

— bandwidth of the closed loop, 9-6

— block diagram, 1-4, 1-5

— Bode plot of an open, 9-7

— Bode plot of the open loop, 9-7

— closed, 1-4

— frequency response of the open, 9-6

— resonant peak frequency of the closed loop, 9-5

— step response of a closed, 9-8

control system, 10-16

— complex loop structures, 11-2

— single-loop, 11-7

— state-feedback, 13-2

— with auxiliary manipulated variable, 11-7

— with auxiliary variable, 11-5

controllability, 12-6

controllability matrix, 12-6, 13-8

controlled chain, 1-4

controlled value, 1-4

controlled variable, 1-3, 1-4, 7-3, 10-16, 11-4,
11-6, 11-7

controller, 1-4, 7-1-7-3, 7-8

— integral, 10-10

— state-feedback, 13-2

— tuning parameters, 8-2, 8-3

controller transfer function, 9-10, 10-3, 10-7, 10-17,
10-21, 10-23-10-26

controller canonical form, 13-6, 13-7

— transformation, 13-7

controller coefficients, 10-9

controller gain, 10-9

— critical, 8-6

controller order, 10-11

controller output, 8-2

controller parameter, 10-8, 10-9

controller transfer function, 8-1

convergence

— Laplace transform, 2-1, A-2

convolution, 3-2

convolution in the frequency domain, 2-4, A-4

convolution in the time domain, 2-4, A-3

convolution integral, 3-2

convolution of two functions in the frequency do-
main, 2-4

INDEX

convolution of two functions of time, 2-4
correction elements, 9-10
correspondences of Laplace transform, 2-2
COS, 16-5

crisp set, 15-1

critical controller gain, 8-6

critical damping, A-9

critical period, 8-6

critical point, 5-9-5-11

critical stability, 5-2, 5-3

crossover frequency, 5-13, 9-6
cumulative disturbance, 7-2

D action, 8-3, 8-6

D behaviour, 8-2, 8-3, 11-3

D element, 4-8

D step, 8-3

damped natural frequency, A-9

damping ratio, 4-14, 9-2, 9-10, 10-24

— relative, A-9

dead time, 3-1, 8-6, 11-1

decay of the amplitude, 9-4

decay time constant, A-8

deforming the root locus, 9-18

defuzzification, 16-1, 16-5, 16-7, 16-8, 17-4

delay time, 8-6

delayed behaviour, 11-4

delta function, 2-12

demonstration example, 1-5, 2-9, 7-13, 8-8, 9-22,
11-7, 13-15, 14-2, 15-2, 15-5, 15-7, 15-9,
16-2-16-4, 16-7

derivative action time, 8-2

derivative element, 4-8

derivative theorem of the Laplace transform, 2-4,
A-3

design

— root-locus method, 10-2

— direct, 10-2

— for an unstable plant, 9-21, 10-23

— for reference and disturbances, 10-16

— frequency-domain characteristics, 10-2

— indirect, 10-2

— state-feedback, 13-5-13-8

design in controller canonical form, 13-6-13-8

design method

— root locus, 9-18

— compensator, 10-2

— complex loop structures, 11-1

— empirical, 8-6

— frequency domain characteristics method, 9-1

— pre-filter, 10-21

design of observer, 13-10

desired transfer function, 10-3

differential equation

— initial condition, 3-1

—of a RC lag, 4-9

— solving using the Laplace transform, 2-8
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distribution, 2-12, 2-13

distribution of poles, 10-2

disturbance, 1-2, 1-4, 7-2, 7-6, 11-1, 11-5, 11-7

— at the plant input, 10-16, 10-17, 10-21, 10-24

— at the plant output, 10-16, 10-17, 10-19, 10-21,

10-25

— compensation, 11-2, 11-3

— entry point, 10-16, 10-20

— feed-forward on the controller, 11-2

— feed-forward on the manipulated variable, 11-3

— high-frequency, 9-9

— step, 10-16

— transfer function, 7-3

disturbance behaviour, 7-2, 7-7, 7-9, 10-16

— closed loop, 7-3

disturbance control, 1-4, 7-3

disturbance feed-forward, 11-2

disturbance reduction, 11-5

disturbance rejection, 7-11

disturbance transfer function, 10-17, 10-20, 10-23,
10-24, 10-26

— desired, 10-16

dominant pair of poles, 9-2, 9-5, 9-7, 9-10, 9-15,
9-18

DT element, 4-12, 8-2, 11-3, 11-9

dual system, 13-11

dynamical behaviour, 13-2

— of the closed loop, 7-8, 9-2

dynamical control factor, 7-3

dynamical quality, 5-15

dynamics of the control behaviour, 7-10

DYNAST study example, 4-11, 4-22, 7-8, 8-8,
8-9, 11-5

eigenvalue, 2-12; 12-4, 13-2

empirical tuning rules, 8-6

equation

— algebraic, 2-9

— characteristic, 2-12, 3-4, 5-2, 5-5, 5-6, 6-3, 7-4,
11-2, 11-3

equivalence

— Hurwitz and Routh criteria, A-11

error

— steady state, 9-9, 10-16

feed-forward

— auxiliary manipulated variable, 11-4
feed-forward gain

— state-feedback control, 13-4
feedback, 3-7

— negative, 1-5, 3-7

feedback loop

— of transfer functions, 3-6, 3-7
feedback principle, 1-5
feedforward

— state-feedback controller, 13-2
feedforward gain, 13-4
feedthrough matrix, 12-3
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final asymptote, 4-10, 4-15, 4-16

final value

— frequency response, 4-4

final value theorem of the Laplace transform, 2-5,

4-4, 7-6, A-5

fraction

— rational, A-11

frequency

— breakpoint, 9-9, 9-11, 9-13, 9-15

— crossover, 9-6

— damped natural, A-9

— resonant, 9-5, A-7

frequency domain, 2-2, 2-9, 4-4

— state-feedback controller, 13-3

frequency domain characteristics method

— application example, 9-15

— design method, 9-1

— synthesis of controllers, 9-10

frequency function, 2-2

frequency range, 9-9, 9-11, 9-13

frequency ratio

— lag element, 9-13

— lead element, 9-11, 9-12

frequency response, 4-22; 9-9

— absolute value, 4-5

— addition, 4-5

— all-pass element, 4-21

— amplitude response, 4-2, 4-20, 4-21, 5-11

— closed loop, piecewise determination from Gy (jw),
9-9

— dead time, 4-22

— final value, 4-4

— imaginary part, 4-2, A-10

— initial value, 4-4

— locus, A-7

— logarithmic amplitude response, 4-5, 4-22, 5-12

— magnitude, 4-3

— multiplication, 4-5

— Nyquist plot, 4-4, 4-5, 4-19, 4-22

— of the open loop, 9-6

— phase response, 4-2, 4-3, 4-5, 4-20, 4-21, 5-11,
5-12

— real part, 4-2, 4-3, A-10

frequency response characteristic

— addition, 4-6

— Bode diagram, 4-5

— calculation, 4-5

— definition, 4-5

— Nyquist criterion, 5-7, 5-10

— simple transfer function elements, 4-7

frequency response characteristics, 4-5

function

— bell, 15-4

— characteristic, 15-1, 15-2

— Gauss-, 15-4

— hyperbolic, A-10

— sigmoidal, 15-4
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function of time, 2-2

— causal, 2-4, 2-5, A-3, A4
fuzzification, 16-1-16-3, 16-8, 17-2
fuzzy AND operator, 15-5
fuzzy composition, 15-8
fuzzy control, 14-1, 17-1, 17-8
fuzzy controller, 17-1

fuzzy controller design, 17-9
fuzzy inference machine, 16-2
fuzzy logic, 14-1, 14-2, 15-1
fuzzy NOT operator, 15-5
fuzzy OR operator, 15-5
fuzzy relations, 15-6

fuzzy set, 15-2

fuzzy system, 16-1

— components, 16-8

gain, 7-7, 8-2

— controller, 8-2, 8-6, 10-9

— of a PTy element, 4-11

— of a transfer function element, 4-11
— of the controller, 7-7

— of the open loop, 6-2, 7-6, 7-7

— P element, 4-7

— PID controller, 8-2

— plant, 7-7, 8-6, 8-8, 11-4

gain margin, 5-13, 9-7, 9-8

Gaussian function, 2-13, 15-4
generalised design method

— compensator, 10-7

generalised integral of squared error, 7-11
GISE, 7-11

grade of membership, 15-2

grid

— orthogonal, A-6

Hilbert transformation, A-10
Hurwitz conditions, 5-5
Hurwitz criterion, 5-3, 5-5, A-11
— example, 5-5

Hurwitz determinant, 5-4
Hurwitz polynomial, 5-4, 5-7
hyperbolic function, A-10

I action, 8-3, 8-6

I behaviour, 7-6-7-9, 8-3, 8-6, 11-3
I controller, 8-3, 10-10

I element, 4-7, 4-8, 4-19

I behaviour, 7-6, 7-8, 7-9

TAE, 7-11

IE, 7-11

image function, 2-2

impulse

— Laplace transform, 2-12

inherent behaviour, 2-12, 3-4, 9-2, 10-24
inherent dynamics, 10-20

initial asymptote, 4-10, 4-15

INDEX

initial condition, 12-1, 12-2, 12-5, 13-2, 13-4-
13-6, 13-10-13-12

— of a differential equation, 3-1

initial value

— frequency response, 4-4

initial value theorem of the Laplace transform,
2.5, 4-4, A-5

input

— Laplace transform, 3-2

input matrix, 12-3

input signal

— bounded, 5-2

— sinusoidal, 4-3

input variable, 12-1

input vector, 12-3

input-output behaviour, 12-2

inputs

— multi-input-multi-output system, 12-2

instability

— definition, 5-2, 5-3

— of the closed loop, 7-8

— proving, 5-7

integral action time, 8-2

integral of error, 7-11

integral of absolute value of error, 7-11

integral of squared error, 7-11

integral of squared error and squared control ef-
fort, 7-11

integral of time multiplied by the absolute value
of error, 7-11

integral performance index, 7-10

integral plant, 10-11

integral theorem of the Laplace transform, 2-4,
A-3

integral transformation, 2-1, 2-3

integrator

— state-feedback, 13-4

intersection operator, 15-5

intersections

— of the locus, 5-11

inverse frequency response, 4-6

inverse integral

— Laplace transform, 2-2, 2-5

inverse Laplace transform, 2-2, 2-5, A-2, A-11

inverse plant transfer function, 10-4

ISE, 7-11

ISESC, 7-11

ISTYE, 7-11

ITAE, 7-11

lag, 4-9

lag element, 9-13

Laplace integral, 2-2

Laplace transform, 2-1, 2-2, A-2

— abscissa of convergence, A-2

— complex differentiation theorem, 2-4
— complex shifting theorem, 2-4
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— convergence, 2-1, A-2

— convergency, A-2

— convergency area, A-2

— convolution in the frequency domain, 2-4, A-4

— convolution in the time domain, 2-4, A-3

— correspondences, 2-2

— derivative theorem, 2-4, A-3

— examples, A-2

— final value theorem, 2-5, 4-4, 7-6, A-5

impulse, 2-12

— initial value theorem, 2-5, 4-4, A-5

— input, 3-2

— integral theorem, 2-4, A-3

— inverse, 2-2, 2-5, A-2, A-11

— inverse integral, 2-2, 2-5, A-2

— main theorems, 2-3, A-3

— operator notation, 2-2

— output, 3-2

real shifting theorem, 2-4

— similarity theorem, 2-3

— solving linear differential equation, 2-8

— state-space representation, 12-3

— superposition theorem, 2-3

— weighting function, 3-2, 5-2, A-11

law of Bode, A-10

lead element, 9-11

left-hand rule of the Nyquist criterion, 5-10

— for Bode diagram, 5-13

linear mapping, A-7

linear plant, 7-2

linear system, 3-1, 3-3, 4-3, 4-4

linguistic term, 14-4, 15-4, 15-7, 16-2-16-4, 16-7,
17-3, 17-4, 17-10

linguistic variable, 14-4, 15-6, 17-10

loading crane, 17-9, 17-10

logarithmic amplitude response, 4-5

— logarithmic, 4-5

loop

— poles of the open loop, 9-18

— zeros of the open loop, 9-18

loop gain, 7-8, 9-9

low-pass property, 4-17

lumped parameters, 3-1

magnitude condition

— root-locus method, 6-3-6-5

magnitude of the frequency response, 4-3
magnitude response

— increase, 9-11

main control loop, 11-5-11-7

main controller, 11-5, 11-6

main theorems of the Laplace transform, 2-3, A-3
Mamdani fuzzy system, 16-7
manipulated variable, 1-3, 1-4

mapped function, 2-2, 2-4, A-2

mapped space, 2-9

mapping
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— conformal, A-6, A-7

— linear, A-7

mathematical model, 8-6

maximum methods, 16-7

maximum overshoot, 8-5, 8-6, 10-24
— as function of the damping ratio, 9-3
— calculation, 9-3

— definition, 7-9

measurement device, 1-4, 7-2, 11-1
membership, 14-2

membership function, 15-2

— boundary, 15-3

— core, 15-3

— height, 15-3

— normal, 15-3

— singleton, 15-4, 15-9, 16-3

— subnormal, 15-3

— support, 15-3

method

— frequency domain characteristics, 9-10
— Truxal and Guillemin, 10-3

— Weber, 10-3, A-15

minimum phase behaviour, 4-20
minimum phase system, 4-20-4-22, A-10
mode, 9-2

modes, 2-11, 2-12, 3-4
multi-input-multi-output system

— inputs, 12-2

— outputs, 12-2

— state-space representation, 12-2
multiple pole

— real, 10-2

multiplication

— using Nyquist plots, 4-5

natural frequency, 4-15, 4-17, 9-2, 10-24, A-10

— damped, A-9

negative feedback, 1-5, 3-7

non-minimum phase behaviour, 4-20, 10-5, 10-21,
11-4

non-minimum phase system, 4-20, 4-22, A-10

nonlinear characteristics, 17-2, 17-3, 17-7, 17-11

numerator degree

— transfer function, 3-3

Nyquist criterion, 5-7

— frequency response characteristic, 5-7, 5-11

— general case, 5-9

— left-hand rule, 5-10

— left-hand rule for Bode diagram, 5-13

— simplified case, 5-10

— theory, 5-7

Nyquist criterion using Nyquist plots, 5-8

— of the open loop, 5-9

Nyquist plot

— lag element, 9-14

— lead element, 9-11

observability, 12-6
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observability matrix, 12-6 Parseval’s theorem, 7-12
observer, 13-9, 13-10 partial fraction decomposition, 2-6, 2-12, A-8
— design, 13-10 — conjugate complex poles, 2-7
— state reconstruction, 13-9 — example, 2-7
— state-feedback controller, 13-11 — multiple poles, 2-6
— structure, 13-10 PD controller, 8-4
observer-controller, 13-11 PD element, 4-12, 4-19, 11-4
open control loop, 7-3 PDT; controller, 8-4, 8-5, 9-12
open loop, 7-3 peak time
— frequency response, 9-10 — definition, 7-9
— characteristics, 9-10 performance diagram, 8-5
— gain, 6-2, 7-6, 7-7 performance index, 7-10, 7-11
— pole and zero distribution, 6-8, 6-9 — quadratic, 7-11
— poles, 5-8, 5-9 performance index in time domain
— transfer function, 5-5, 5-8, 6-2, 7-6 — delay time, 8-6
— zeros, 13-3 — generalised integral of squared error, 7-11
open-loop control, 1-2 — integral of absolute value of error, 7-11
— definition, 1-3, 1-4 — integral of error, 7-11
operator — integral of squared error, 7-11
— complement, 15-5 — integral of squared error and squared control
— intersection, 15-5 effort, 7-11
— union, 15-5 — integral of time multiplied by the absolute value
operator notation of error, 7-11
— Laplace transform, 2-2 — maximum overshoot, 7-9, 8-5, 9-3
operators — peak time, 7-9
— for fuzzy sets, 15-5 — rise time, 7-9, 8-6, 9-3, 11-1
optimal tuning — settling time, 7-9, 9-3, 9-4, 11-1
— PID controller, 8-3 period
order of controller, 10-9 — critical, 8-6
original function, 2-1, 2-2, 2-4, 2-8 permanent oscillations, 2-12
original space, 2-9 phase
orthogonal grid, A-6 — non-minimum, 10-5
output phase angle
— Laplace transform, 3-2 — maximum, of a lead element, 9-11
output equation, 12-2 — of the closed loop, 9-2
output matrix, 12-3 phase behaviour
output signal — minimum, 4-20, 4-21
— bounded, 5-2 — non-minimum, 4-20
- sinusoidal, 4-3 — of a minimum/non-minimum phase system, 4-20
output vector, 12-3 phase margin, 5-13, 9-7-9-10
outputs phase response, 4-5, 4-22, 5-12
— multi-input-multi-output system, 12-2 — definition, 4-2
overshoot, maximum, 11-1 — lead element, 9-13
— logarithmic representation, 4-6
P behaviour, 7-6-7-9, 8-3, 11-3 — Nyquist criterion, 5-12
P controller, 8-4, 9-22, 10-11 — of a minimum /non-minimum phase system, 4-20
P element, 4-7, 11-4 — of a non-minimum phases system, 4-20
P step, 8-3 phase shift, 4-3
Padé table, A-21 — continuous, 5-9
pair of poles — lag element, 9-13
— dominant, 9-2, 9-5, 9-7, 9-10, 9-15, 9-18 — lead element, 9-11
— imaginary, A-10 — step, 5-9
parabolic input signal, 7-6-7-8 PI controller, 8-4, 11-3
parallel connection, 4-5 PID controller, 8-1, 9-22
— of transfer function elements, 3-6, 4-5 — block diagram, 8-2
parameter — ideal, 8-2

— lumped, 3-1 — optimal tuning, 8-3
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— real, 8-2

plane, complex

— s plane, 9-18, 9-21, 10-19, 10-21

— G plane, 4-4, 5-9, A-6, A-7

— left-half s plane, 2-12, 5-3, 5-9, 7-6

— right-half s plane, 5-3, 5-9

— s plane, 2-8, 2-12, 4-20, 4-21, 5-3, 5-8, 5-9, 6-3,
A-2, A-6, A-7

plant, 1-4, 7-1, 7-2

— all-pass, 10-5

— gain, 8-8, 11-4

— integral, 10-9, 10-11

— linear, 7-2

— parameter, 9-20, 10-8, 10-19

— proportional, 10-9, 10-11

— step response, 8-6

— unstable, 9-21, 9-22, 10-5, 10-19, 10-23, 10-25

— zeros, 10-9

plant transfer function, 10-16, 10-23

— inverse, 10-4

plant output, 7-6

point of intersection

— asymptote, 4-16

pole

— conjugate complex, 2-6

— double, 7-7

— multiple, 2-6, 5-3

— of the closed loop, 9-18

— plant, 10-19

— single, 2-6, 5-3

— unstable, 10-22

pole and zero distribution

—of a minimum /non-minimum phase system, 4-20

— of a rational transfer function, 3-4, 6-2

— of an all-pass element, 4-20, 4-22

— of an open loop, 6-8, 6-9

pole assignment, 9-18

pole distribution, 5-2, 5-3

— of a PT5 element, 4-18

pole excess, 10-3, 10-17, 10-20, 11-3

pole placement, 13-5

— state-feedback, 13-5

pole-zero distribution

— of a closed loop, 10-2

poles, 2-6, 12-4

— of the closed loop, 5-8

— of the open loop, 5-8, 5-9, 9-18

— of the transfer function, 3-3, 3-4

positive feedback, 3-7

pre-controller, 11-2

pre-filter, 10-9, 10-16

— design, 10-21, 10-24

— unstable, 10-21

preservation of angles, A-6

problem, 4-22, 5-15, 10-26

product, algebraic, 15-5

properness
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— of a transfer function, 3-3

PT; element, 4-9-4-11, 4-17, 4-19, 9-9, 11-5
PT,T; element, 8-6

PTs element, 4-13, 4-17

PT5S element, 4-17, A-8

PT, element, 4-17

PT; element, 4-22

quadratic performance index, 7-11, 7-12

— calculation, 8-3, A-12

quality

— dynamical, 5-15

questionnaire, 3-2, 3-7, 4-5, 4-14, 5-3, 5-15, 15-2,
15-4, 15-6

ramp input signal, 7-6-7-8

rational fraction, 2-5, 2-6, A-11

rational transfer function, 3-3

RC high pass element, 4-12, 4-13

RC lag, 4-9

real part

— negative, A-11

real shifting theorem of the Laplace transform,
2-4

realisability, 10-19

realisability condition, 10-20, 10-24

— controller, 10-17, 10-19, 10-26

— of a transfer function, 3-3, 5-8

— pre-filter, 10-21, 10-22

reference behaviour, 7-6

reference value, 11-6

relative damping ratio, A-9

residual, 2-6-2-8

— theorem, 2-6

resonant peak, 9-2, 9-5, 9-10

— of the closed loop, 9-2

resonant peak frequency, A-8

— of a PT35S element, 4-16

— of the closed loop, 9-2, 9-5

rise time, 8-6, 11-1

— calculation, 9-3

— definition, 7-9

RLC lag, 4-14-4-17, 12-1

root-locus, 6-4

— definition, 6-2

root-locus method

— angle condition, 6-3, 6-6

— angle of departure, 6-7, 6-8, 6-11

— angle of entry, 6-7, 6-8

— application for controller design, 9-18

— breakaway point, 6-4

— examples, 6-10

— magnitude condition, 6-3-6-5

— rules for constructing, 6-5

Routh criterion, 5-6, 5-7, A-11

— example, 5-7

Routh schema, 5-6
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rule base, 14-4, 14-5, 15-7-15-10, 16-1-16-4, 17-2,
17-4, 17-6, 17-7, 17-10, 17-11

s domain, 9-2

— state equation, 12-3

scales

— double logarithmic, 4-7

— single logarithmic, 4-7

separation property, 13-12

series connection, 4-5

— of transfer function elements, 3-5, 3-6, 4-5, 4-6,
4-21

set

— crisp, 15-1

— fuzzy, 15-2

set point, 1-4, 1-5, 13-4

— constant/not constant, 1-4

set theory, 15-1

set-point value, 1-2

settling time, 10-24

— as function of the damping ratio, 9-5

— calculation, 9-4

— definition, 7-9

sigmoidal function, 15-4

signal path, 1-5

signals in the closed loop, 1-4

similarity theorem of the Laplace transform, 2-3

single-input-single-output system

— state-space representation, 12-1-12-3

— time-invariant, 12-2

singleton, 15-4, 16-5

singularity, 2-12

specification

— time response, 7-9

spray-water cooler, 11-4

stabilising of an unstable plant, 9-21

stability, 5-2

— asymptotic, 5-2

— closed loop, 5-7

— conditions, 5-2

— critical, 5-2, 5-3

— fefinition, 5-2

stability analysis, 5-2, 5-7

stability criteria

— algebraic, 5-3

stability criterion, 5-3, 5-6

— Nyquist, 5-7

stability diagram, 8-5

stable system, 5-2

standard form of the transfer function, 10-2

standard forms

— Butterworth form, 10-2

— ITAE form, 10-2

— settling time form, 10-3

state, 12-2

state equation, 12-2

— s domain, 12-3
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state reconstruction using observers, 13-9
state variables, 12-2

— uniqueness, 12-4

state vector, 12-3

state-feedback, 13-2

— with integrator, 13-4

— design, 13-5

— pole placement, 13-5
state-feedback control

— feed-forward gain, 13-4

— steady state, 13-3

— zeros, 13-3

state-feedback control system, 13-2
state-feedback control with integrator, 13-4
state-feedback controller, 13-2, 13-5
— frequency domain, 13-3

— observer, 13-11

— structure, 13-2

state-space transformation, 12-5

— example, 12-5

state-space representation, 12-1

— controllability, 12-6

— Laplace transform, 12-3

— multi-input-multi-output system, 12-2
— observability, 12-6

— single-input-single-output system, 12-1-12-3
— transfer function, 12-3

— transformation, 12-5

static behaviour, 7-6

— of the closed loop, 7-6, 7-8

static control factor, 7-8

statical behaviour, 13-2

steady state, 8-5, 11-9, 13-2

— state-feedback control, 13-3
steady state behaviour, 9-9
steady-state error, 10-9

steam flow, 11-4

steam superheater, 11-4, 11-5
steam temperature, 11-4, 11-5

step command input, 7-10

step disturbance, 8-5

step input signal, 7-6-7-9

step response, 10-25

— lag element, 9-14

— lead element, 9-12

— normalised, 10-2

— of a closed loop with PT5S behaviour, 9-8
— of a PT5 element, 4-18, A-9

— of a PT3S element, A-8, A-10

— of standard forms, A-16, A-17

— PD controller, 8-3

— PDT; controller, 8-3

— PI controller, 8-3

— PID controller, 8-2, 8-3

— PIDT; controller, 8-3

— PT,T; element, 8-8

Stodola criterion, 5-5
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structure

— state-feedback controller, 13-2

structure of an observer, 13-10

sum, algebraic, 15-5

summing point, 1-5

superposition theorem of the Laplace transform,
2-3

synthesis

— for an unstable plant, 10-19

synthesis equation, 10-9

synthesis method

— for an unstable plant, 10-25

— frequency domain characteristics, 9-10

— pre-filter design, 10-24

system

— causal, 2-2

— continuous-time, 3-1, 4-3

invariant, 3-3

— linear, 3-1, 3-3, 4-3, 4-4

— minimum phase, 4-20

— multi-input-multi-output, 12-2

— non-minimum phase, 10-5, 11-4

— output signal, 4-3

— realisable, 5-8

— single-input-single-output, 12-1, 12-2

— stable, 4-20, 5-2

— time-invariant, 3-1, 12-2

— unstable, 5-2

— with dead time, 5-7

— with lumped parameters, 3-1

— without dead time, 3-3, 4-20

system matrix, 12-3

system of differential equations, 12-2

system property, 5-2

Takagi-Sugeno fuzzy system, 16-7
tangent at the turning point, 8-6
temperature control, 11-4, 11-5
test signals, 7-6

theorem

— Parseval, 7-12

theorem of residuals, 2-6, 2-7
time constant

—of a PT; element, 4-9, 4-11

— of a PT5 element, 5-5, A-9

— of an I element, 4-7

time domain, 2-2, 2-5, 4-4

time response

— of the closed loop, 9-9, 9-10
time-invariant system, 3-1, 3-3
time-response specifications, 7-9
time-varying system, 12-3
transcendental transfer function, 3-3
transfer function

— all-pass element, 4-21

— combinations, 3-5

— dead time, 3-3, 4-22
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— definition, 3-2

— desired, 10-2

— disturbance, 10-16, 10-17, 10-23, 10-24
— feedback loop, 3-6, 3-7

— for calculations, 3-5

— I controller, 8-3

— I element, 4-7

— improper, 3-3

— inverse, 10-4

— lag element, 9-13

— lead element, 9-11

— numerator degree, 3-3

— of a cascade control system, 11-5
— of the closed loop, 5-5

— of the open loop, 5-5, 5-8, 6-2, 7-3, 7-6
— P controller, 8-3

— P element, 4-7

— parallel connection, 3-6, 4-5

— PD controller, 8-3

— PD element, 4-12

— PDT; controller, 8-3

— PI controller, 8-3

— PID controller, 8-1

— PIDT; controller, 8-3

— poles and zeros, 3-3, 3-4

— pre-filter, 10-16, 10-21, 10-26

— proper, 3-3

— properness, 3-3

— PT; element, 4-9

— PTs element, 4-14, A-9

— PT35S element, 4-15, A-10

— PT; element, 4-22

— rational, 3-3, 3-4, 4-19, 4-22

— realisability, 3-3

— realisable, 10-24

— series connection, 3-5, 3-6, 4-5
— standard forms, 10-2

— state-space representation, 12-3
— stricly proper, 3-3

— transcendental, 3-3

transfer function elements, 4-7

— series connection, 4-6

transfer function for command input, 10-24
transformation

— controller canonical form, 13-7
— state-space representation, 12-5
transformation matrix, 12-5, 13-7
tuning parameters of the controller, 8-2, 8-3
tuning rules

— empirical, 8-6

turning point

— tangent, 8-6

unambiguously reversible mapping, 2-2
undamped behaviour, A-10

union operator, 15-5

universal set, 15-3
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unstable

— PT5S element, A-10

unstable behaviour, 10-19

unstable plant, 9-21, 9-22, 10-5, 10-19, 10-23,
10-25

unstable system, 5-2

value of truth, 15-1, 15-2
variation of the plant parameters, 10-19

weighting function, 3-2, A-11
— Laplace transform, 5-2, A-11
windup, 11-9

windup effect, 11-9

Z€eros
— controller transfer function, 10-19, 10-21
— of the closed loop, 10-9

— of the open loop, 9-18

— of the plant, 10-9

— of the transfer function, 3-3, 3-4

— plant, 10-19

— state-feedback control, 13-3
Ziegler-Nichols tuning rules, 8-6

— method of the stability margin, 8-6

— method of the step response, 8-6
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